ON GAP SERIES

By Tatsuo Kawata

1. Let <P(x) be a continuous
periodic function with period 27 which
satisfies the Lipschitz condition of
order X (0<x<1), Suppose through
this paper that
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The object of the present paper is
to discuss the various similar proper-
ties of the series

o
(1.2) 2 Cn P (Arx),
n=1
as the Fourier series with gaps, for
example, the convergence, mean conver-
gence, absolute convergence of (1.2)
and distribution properties of partial
sums of (1.2).

Among other results, M.Kac has pro-

ved that if A, are positive integers
such that
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then the convergence of
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implies the convergence of (1.2) at
almost all x and the mean conver-

gence in every finite interval.() Recently

M.Udagawa and the author proved that
the convergence property of (1.2) under
the condition = cw.w*< oo holds good
for non-integer sequence An
Also it was shown by M.Kac that, if

Pl = eix , then the above re-
sult also holds even if the integral
character is not suprosed (*), and in
this case the divergence of 21.4) i~
plies the almost everywhere divergence
of {L.2). The last fact is due to M,
Eac Yand P.Hartman (%), For general
series (1,2), the more severe condition
than (1.3) on gaps is necessary for the
vaiidity of the last fact. Recently
M.Udagawa and the author proved that
the almost everywhere convergence of
(1.2) under the condition T cnt< o0
follows for non-integer sequence iAa}
with (1.3). In § 2, we shall prove
the more complete thevrem (Theorem 1)
as to (1.2) which is well known for
Fourier series with gaps (1.3), under
the following gap condition,

-
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where ¢ 1is any positive number, and
the 1A,, 1is not necesgsarily an Iinteger.

The Fourier series with gaps (1.3)
of a bounded function, converges abso-
lutely. 1This is well known theorem of
S.Sidon, which was genmeralized to the
non-harmonic series, (almost periodie
Fourier series) by M.Udagawa and the
author. *) Corresponding theorem for

the general series (1.2) wi
in Theorem 12 ( ) will be shown

In the last section we shall con-
sider the behavior of the distri i
of partial sums Fibution
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and let (1.3) to be nold. We agtt -
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Then
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where ,4 is a constant independent of
d' and 4 .

This lemma was proved by M.Kac (%) in
the case {Ax} are integers and was
generalized by M,Udagawa and the author
to general case.® We shall supross @.x)
tc be real in this paper. §
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Lemme £ be
the Fourier cosine and sine coefficients

%; @(x) which satisfies the condi-
ions in lemma . ( a,=o by h.m, and
denote
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If (3.3) holds and
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A being a constant in (2.2), then
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Proof. We have
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