ON FAITHFUL REPRESENTATIONS CF

FREE GROUPS

By Tsuyoshi HAYASHIDA.

That the fundamental group of a
Riemannian surface has no relation other
than

(1) ABA B AsBs As' By =E

is recognized from the algebraic funce
tion theory. But in general it is hard
to see whether or not certain given mat-
rices considered as a multiplicative
group have any relation such as (1).

And when we represent a group by matri-
ces, above all in the case of free grou-~
ps, we must be careful about the exist-
ence of the intrinsic matrices-relations
(for non-singular matrices) like

(2) A“.sz“ Au':~‘L>.jn-~=E
finite

In fact 1n the case of characteristic p,
there are such identities as {(2),
shall prove that thers are no such iden-
tities in the case of characteristic O or
infinite fleld, or if “length” is short
in the case of finite fleld, I shall
show 1in a similar manner that a free
group which is generated by countable
elements; 1s contained 1n the unimodular
group of order two whose components are
integers.,
~ Theorem. ILet A,B,--°, L De
matrix-variables of order m and let
their components run through the field
having infinitely many elements. Then
there 13 no system of a finite number
of non-zero integers oty , Bi, e, 0,00, A5y
such that A%Bf...A%.. M. .=E is
an identity for non-singular matrices,
Proof., When a system of integers
Cotyy Buyoes, oi, ven  2g,000) is glven, we
can find matrices Ao, Bo,---, L, , whose
components are elements of & and
A BoP  ASLL Lk E . It is suf-
ficlent to show this in the case m=2
for 1If m>2 we can choose aii=1 (i>2),
aiz=0 (1 02} »2) oc « Put A=p=c¥
and let x#o0, Y#0, x+B; %0, Y+5#0,
Then, if A 1s substituted by 8%c*
we find A¥BA..A%...L*..=E is not re-
duced to the trivial case: E=E
Proceeding in this manner; the proposi-
tion will be reduced to the case when -
the number of matrix-variables 1s two.
Now we have to show that there are
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27

no identity 1like
(3) A“BM... A““g“ﬂ:E )

Suppose there exist such one. Put A,

=[; :), Bf-& ?) in (3). Then we obtains
o b o I+ B X 14 XmBreh
Ao‘Bo""Aomen=( g,xp' 1')( p:g. 1

=(d«ﬂ«-~o¢.‘pmx"‘+-~- %)
* x>
oLy~ U g #0 .

The polynomial @ dmBmX +:+  must be
1 for all values of A in 2 , But if
m=i and ® contalns infinitely
many elements, this 1is Impossible.

Remark., In the case of Galols
field 4 , if the order p° of f 1is
greater than the “length” m , the above
proof 1s applicable.

When we take H=(1' 0') 'T'=(? ol)
any element M of the unimodular group
can -be expressed uniguely in the form

M= £ H*TH* T ... TH*ITH* , 1in
which we must take oi=+1 ov -1 ’
but «s and om are possibly zero
[Takagis Shotd Seisuron Kégil. This is
easlly verified when we notice that

Sl
TH:"““? , TH ”(01
If we represent M Dby =(do, X,
<+« ,Oa,®m), then as an example, counta-

ble elements (1,—1, (), (1,1,=1, 1, 1), -,
d, 1, 1,~1, 4,1, generate a free group.
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