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1 Introduction

The Cauchy problem for the heat equation

qtu� Du ¼ 0; t > 0; x A Rn;

ujt¼0 ¼ u0ðxÞ; x A Rn;

�
ð1:1Þ

has a solution

uðt; xÞ ¼ 1ffiffiffiffiffiffiffi
4pt

p n

ð
R n

e�jx�yj2=4tu0ðyÞ dy ð1:2Þ

which has the following three estimates for t > 0

kuðtÞkLy a
cn

tn=2
ku0kL1 ; ð1:3Þ

kuðtÞkLp a cn;pku0kLp ; 1a pay; ð1:4Þ
and

kuðtÞkLp a
cn; p;q

tðn=2Þðq�1�p�1Þ ku0kLq ; 1a q < pay; ð1:5Þ

where

kukLp ¼
ð
Rn

juðxÞjp dx
� �1=p

:

(1.3) and (1.4) follow immediately from (1.2). We can derive (1.5) from (1.3) and

(1.4) by use of interpolation (see Proposition 2.1 below).

Dirichlet and Neumann problem in a half space Rn
þ ¼ fx ¼ ðx 0; xnÞ; x 0 A Rn�1;

xn > 0g has a solution respectively as

uDðt; xÞ ¼
1ffiffiffiffiffiffiffi
4pt

p n

ð
R n

þ

½e�ðjx 0�y 0j2�ðxnþynÞ2Þ=4t � e�ðjx 0�y 0 j2�ðxn�ynÞ2Þ=4t�u0ðyÞ dy ð1:6Þ
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