Orbits of Hyponormal Operators
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1. Introduction

We show that orbits of hyponormal operators display simple growth patterns. We
then use our orbital-growth observations to prove that hyponormal operators are
never supercyclic, which generalizes a result due to Hilden and Wallen [6, p. 564]
and answers a question raised by Kitai [7, p. 4.5]. We also establish that every
hyponormal operator is “power regular,” which means that if 7" is a hyponormal
operator on the Hilbert space H, then lim,,||T"h||}/* exists for every h € H. That
every normal operator is power regular follows from results in [2] (see also [5]).

Interest in the behavior of orbits of bounded linear operators on Hilbert space
derives from the invariant subspace (subset) problem for Hilbert space opera-
tors, which is to determine whether every bounded linear operator on a separable,
infinite-dimensional Hilbert space H must leave invariant some proper, nonzero,
closed subspace (subset) of H. Consider, for example, the following simple propo-
sition, well known to operator theorists.

PROPOSITION.  Suppose that the linear operator T is a contraction on the Hilbert
space H such that

(a) thereis anonzero vector h in H whose orbitunderT (T"h :n=0,1,2,...)
has limit 0, and
(b) there is a vector g € H whose orbit under T is bounded away from 0.

Then there is a proper, nonzero, closed subspace M of H that is invariant for T.

Proof. Let M be the closed linear spanof {T"h : n =0, 1,2, ...}. That M is in-
variant for 7' and is nonzero is clear. We now argue by contradiction that g is not
in M so that M is properly contained in H.

Suppose that g is in M ; thus, there must be a sequence ( p,) of polynomials such
that (p,(T)h) converges to g. Let ¢ > 0 be such that ||T"g|| > & for all nonnega-
tive n (here, || - || denotes the norm induced by the inner product on H). Choose
the positive integer j large enough so that || p;(T)h — g|| < &/2. We then have,
for every nonnegative integer k,
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