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1. INTRODUCTION

For p > 0, let #, denote the class of bounded linear operators T on a Hilbert
space < whose powers admit a representation

Tnh:pPUnh (heyf;n:1, 2, ...),

where U is a unitary operator (called a unitary p-dilation) on some Hilbert space
4 containing 4 as a subspace, and where P is the projection from & to . In-
trinsic characterizations of operators of class %, were given by B. Sz.-Nagy and
C. Foiag [6]. Later, J. A. R. Holbrook [3] and J. P. Williams [7] introduced the con-
cept of the operator radius w(p) of an operator T, relative to %p. The operator
radius is defined by the formula

w(p) = wlp; T) = inf{y: v>0, y'1T e %,}.

It is known that w(1) coincides with the norm [|T| while w(2) is simply the numer-
ical radius

w(2) = sup {|(Th, b)|: |n| =1}.

Holbrook [3], [4] investigated basic properties of w(p). Among other things, he
showed that w(p) is a nonincreasing function of p, that

w(l) < p-wlp) < (2p' - p)-wlp') (p<p",

and that w(») = lim w(p) coincides with the spectral radius of T.
p—

Further, Holbrook [4] proved the convexity of w(p) on (0, 1), and he asked
whether w(p) is convex on the whole interval (0, ©). Our main purpose in this paper
is to prove that log w(p) is convex on (0, «).

In Section 2, using function-theoretic methods, we shall show that log w(p) and
log {(e£ + 1) w(ef + 1)} are convex on (0, ») and (-, »), respectively. Incidentally,
we point out the reciprocity law

p-wip) =@2-p)-w2-p (0<p<2),

which has hitherto been overlooked. As a consequence of convexity, we show that
p-w(p) is decreasing on (0, 1) and increasing on (1, «).
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