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Let T be a bounded operator on a Banach space, and let P be a nonzero poly-
nomial. The theorem of A. R. Bernstein and A. Robinson [2] says that if P(T) is
compact, then T has a nontrivial invariant subspace. An easy generalization is that
if f is analytic in a neighborhood of the spectrum o(T) and £(T) is compact, while £
is not identically zero, then T has a nontrivial invariant subspace. A related result
of W. B. Arveson and J. Feldman {1] says that if a nonzero compact operator C is
contained in the uniform closure (T) of the polynomials in T, and if in addition T
i§ quasi-nilpotent, then T has a nontrivial invariant subspace. (This was proved in
[1] for operators on Hilbert space; several authors ([3], [4], [5]) have extended it to
arbitrary normed spaces.) One might hope to generalize all these results by elimi-
nating the hypothesis of quasi-nilpotence in the last theorem. Although we have not
done so, we have produced another fragment of evidence in this direction, namely,
the following.

THEOREM. Let T be a bounded lineay opevator on a Banach space. Suppose that
some analytic expression in T is a nonzevo compact opevator C. Then T has a non-
trivial invariant subspace.

Before we go into the proof, we should, of course, say what we mean by “analytic
expression.” To begin with, if f is analytic in a neighborhood of ¢ (T), we call £(T)
a basic analytic expression in T. Also, if ag, a;, *** is a sequence of complex num-

bers such that 27 a.nTn converges in norm, we call this sum a basic analytic ex-
pression. By a (general) analytic expression we mean an element of the ring gener-
ated by the basic analytic expressions. A general analytic expression is thus an
operator of the form p(A;, ***, A), where p is a polynomial and A}, -, A, are
basic analytic expressions. (We could allow greater breadth to the concept of analy-
tic expression, as will become clear in the course of our argument, but for the sake
of simplicity we delimit it as indicated. We shall comment on this at the end of the

paper.)

Note that all the analytic expressions belong to the uniformly closed algebra
AB(T) generated by T together with the operators (A - T)-1 (A ¢ o(T)). The algebra
#B(T) is generally larger than (T), although it coincides with «(T) if o(T) hap-
pens to be a single point.

We shall need two lemmas. The first of these is a generalization of Abel’s theo-
rem to series in a Banach space.

LEMMA 1. Let Ay, Ay, A,, -+ be elements of a Banach space. Suppose that
the sevies 24 A, converges. Let 0 < 0 <u/2, and let Sy be the angular vegion

Sep = {z: |z2] <1, -0 <arg(1-2z)<8}.

Received September 6, 1969,
The research in this paper was partially supported by NSF Research Grant GP
7176. The first author is a National Science Foundation postdoctoral fellow.

Michigan Math. J. 17 (1970).
23



