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FUZZY TOPOLOGIES CHARACTERIZED
BY NEIGHBORHOOD SYSTEMS

RICHARD H. WARREN

In this paper we prove that neighborhood systems are an equivalent
method for determining fuzzy topologies. This characterization of fuzzy
topology uses the definition of neighborhood of a point which was giv-
en in [3] and used in [4] to describe continuity between fuzzy topolo-
gical spaces. The sequence of development in this paper parallels Chap-
ter 9 in [2].

In [1] the authors give a different definition for the neighborhood of
a point and then are able to characterize a proper subclass of all fuzzy
topologies on a fixed set. The difficulty with their definition is that dis-
tinct fuzzy topologies can have the same system of neighborhoods.

DEerFINITION 1. Let X be a set. A fuzzy set in X is a function from X
into [0, 1], the closed unit interval. So g is a fuzzy set in X iff
g:X—[0,1]. To each set E C X corresponds the “crisp” fuzzy set pg
which is the characteristic function of E.

We shall continue the pattern begun in [4] of relating fuzzy sets to
other fuzzy sets by the function operations of =, =, <, A, V, V,
/\, + and —, where f = g iff flx) = g(x) for all x € X and f + g is
defined by (f + g)(x) = fix) + g(x), with similar definitions for the other
operations in the list. Negation of each of the operations is determined
by one x € X. It is assumed that a supremum (infimum) of fuzzy sets
taken over an empty index set is p ().

DerFIniTION 2. Let X be a set and let T be a family of fuzzy sets in
X. Then T is called a fuzzy topology on X iff it satisfies the conditions:

(a) 0 (= py) and 1 (= py) are in T;
Mb)ifg, €T, i €L, then V{g:i €I} ET;
(c)ifg heT, theng \NheET.

The pair (X, T) is called a fuzzy topological space (abbreviated as fts).
The elements of T are called open fuzzy sets. By a fuzzy set in a fts
(X, T), we mean a fuzzy set in X.

DEFINITION 3. [3]. A fuzzy set n in a fts (X, T) is a neighborhood of a
point x € X iff there exists g € T such that g = n and n(x) = g(x) > 0.
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