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Surfaces of general type whose canonical
map is composed of a pencil of genus 3

with small invariants

By

Jin-Gen YANG * and  Masayoshi MIYANISHI

O. Introduction

Let X be a minimal surface of general type over the complex number field.
Assume tha t pg  (X )  3 , a n d  1Kx1 is com posed o f  a  p e n c il .  The existence of
such  surfaces w as know n a s  e a r ly  a s  1948 b y  Pompilij's exam ples. Later
the re  have been  s tud ies  by  Beauville, Debarre, Xiao a n d  o th e rs  ( [3 ] , [5 ] ,
[1 0 ] ,  [1 2 ] ) .  Refer to Section 2 o f [4 ] for a nice survey.

Let b denote the geometric genus of the image of the canonical map and let
g  denote  th e  genus o f  a  general m em ber o f  th e  penc il o f  w h ich  1Kx is
com posed. Assume that g 3. Then the inequality

_ ._4pg (X) +4 (b— 1) (1)

is valid with very few exceptions (cf. Theorem 2.3  o f  [4 ]).
In  this paper w e w ill give an example with pp= 3, b = 0, g =3 and K 2 =  7.

Then we will prove that is the lowest possible 10.
The other possible exception t o  (1 ) is  the case pg = 4  and Mr = 9, which

was proposed as an open problem in  [ 1 1 ] .  W e will prove that this case does
not occur, and consequently there is only one exception to  (1).

1. Preliminaries

1.1. P 2 -bumdles over P". F irs t w e  s ta te  so m e  b asic  fac ts  about
P 2 - bundles over the projective line  13 ', w hich w ill be used throughout this
p a p e r .  W e will use ig (n) to denote either the invertible sheaf of degree n on
P I o r  its corresponding line bundle, depending on the context.

Let V be a  vector bundle of rank 3 over P 1 . It is w ell-know n that V can
be decomposed into a direct sum of line bundles, i.e., V 0 (k )  ED 0 (m) 0 0 (n).
L et W =P (V ) be the  associated P 2 -bundle over P ' and let f  :  W -43 '  denote
th e  na tu ra l m a p .  Since P  ( V  L )  P ( v )  f o r  any  line  bundle  L, we may
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