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Let f(2) be analytic in the unit disk |z | < 1, and let
u 1 27 1 1p & i/p
() ={g [[lp sl 0<p<

Mo (r,f) = max | () |.

The function f is said to belong to the class H” (0 < p < ) if M, (r, f)
is bounded for 0 < r < 1. Hardy and Littlewood [4], [5] proved that f ¢ H®
implies

Mo, f) = o(M=m)"%), 0 < p<g< o,
and they pointed out that the exponent (1/¢ — 1/p) is best possible. In
the present paper, we show that the Hardy-Littlewood estimate is best possible
in a stronger sense, and we apply this result to prove that several known
theorems on the Taylor coefficients of H” functions are also best possible.

TreorEM 1. Let0 < p < ¢ < 0, and let ¢ (r) be positive and non-increas-
ingon 0 <r <1, withe(r)—>0asr— 1. Then there exists a function f ¢ H”
such that

Mo(r,f) # 0(0(r) (1 — r)"*%),

For ¢ = o, this theorem was obtained in [6]. The more general result
is now deduced from this special case. We shall need the following elementary
lemma (see [2, Kap. IX, §5]).

Lemma. Letl <p < w,andletp = (14 7)/2, where0 < r <1. Thenas

r—1,
27

f lpe — r[™®dt = O((1 — r)"™®).
0

Proof of Theorem 1. Let f e H?, p < g, and suppose first that 1 < ¢ < .,
Ifp= 1+ r)/2, we have

f(z) = §L F&) dg, 2 = re”.

e J|flmp § — 2
Thus, by Hélder’s inequality and the lemma,

My(r,f) S C1 - "')nl/qu(P:f)-

From this it is clear that the theorem for 1 < q < « follows from the case
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