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It is well known and easily proved that if p is an odd prime, then

() L-o c /p,

wherec 4-1ifp 1 (mod4) ndc iifp 3 (mod4). (See, for
example, the remark on Theorem 212 in Lndu’s Vorlesungen ber Zahlen-
theorie.) As Guss noted mny years go, it is much more difficult mtter
to show that the plus sign must be tken in both cses. A proof originating
from Kronecker is given by Hsse in his Vorlesungen ber Zahlentheorie
(pp. 449-452). It my be worthwhile to give proof not very dissimilar
from this but perhaps trifle simpler nd more se-contined.

Write
e/, P -- 1.

Then from the identity
p--1x-+x-+--.+x+l= =(x-F)

and the equalities

(1-n)/(1-r)=1+++.--+-,
(1-)/(-) +++...+

where mn 1 (rood p), we have
p--1(2) p H_ ( ) P-,

where is a unit. We prove further that

(3) p )/: {2 sin (2n/p)}.

In fact from the identity
(-1)/ . -,),x-l+x-+--.+x+l= x (x- )(x

we have
p 1-I?), ( )(

IIyG,)/ (v )( -)

IXFG1)/. 2 sin (2n/p) ,
from which (3) follows, since each sine is positive.
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