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1. Introduction

Let K be an algebraic number field of finite degree n over the rationals,
and let J(K) be its ring of integers. If m is a positive integer greater than
unity, let J,n(K) be the additive group generated by the mh powers of the
elements of J(K). Clearly J,(K) is a subring of J(K). Needless to say,
Jm(K) is that subset of J(K) in which Waring’s problem for mh powers is
to be considered. The identity

x +
shows that

m! J(K) J.(g) J(g).

Hence J,n(K) consists of certain of the residue classes of J(K) modulo
m! J(K). Further J,,(K) can be determined in a particular case by an
examination of the quotient ring J(K)/{m! J(K)}. This determination can
be rather complicated, especially when m is composite.
When m is a prime q, the situation is somewhat simpler than in the general

case. In particular, it is easy to characterize those algebraic number fields
K for which J(K) J(K). We shall do this in this paper. Examples of
our main result are as follows: (A) J3(K) J(K) unless either 3 is rami-
fie in J(K) or 2 has in J(K) a prime ideal factor of second degree, (B)
Jll(K) J(K) unless 11 is ramified in J(K), (C) Jl(K) J(K) unless
either 31 is ramified in J(K) or 2 has in J(K) a prime ideal factor of
fifth degree or 5 has in J(K) a prime ideal factor of third degree. For most
primes q the situation is analogous to that for q 11, that is, we usually can
say that Jq(K) J(K) if and only if q is not ramified in J(K). This
generalizes the familiar result [10] that J.(K) J(K) if and only if 2 is not
ramified in J(K).
The primes for which complications occur, are those special primes q ex-
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The phrase "q is ramified in J(K)" means that q is divisible by the square of some

prime ideal in J (K). By the so-called ramification theorem (see [6]) the condition that
q is ramified in J(K) is equivalent to the condition that q divides the discriminant of
K. Accordingly our results could easily be modified by replacing the former condition
by the latter.
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