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LIMIT THEOREMS FOR THETA SUMS

JENS MARKLOF
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1. Introduction. The classical theta sum is defined by

N
Sy (x) = N_l/ZZe(nzx), (1)
n=1

wheree(t) = exp(2rit). We are interested in the asymptotic behaviourSgfx)

as N tends to infinity, for arbitrary values of in R. The case when is rational

is the easiest. It is not hard to see that h&réx) = A(x)NY2+ 0(N~Y2) with

some constand (x) (which can be zero for certair), for Sy (x) reduces to ordinary

Gauss sums. The more difficult part of giving estimates for generic valuesvafs

first discussed by Hardy and Littlewood [3], [4], using diophantine approximation.

Their methods were later refined in a number of publications, some of which we will

mention here. In contrast to these approaches, we investigate the asymptotic behaviour

of theta sums by means of ergodic theory, exploiting a connection to the geodesic

flow and the horocycle flow on the unit tangent bundle of a certain hyperbolic surface.
In order to simplify the presentation of the main ideas, we replace the sharp cutoff

in the sum (1) by a smooth one; that is, we take “&fGnction f (with compact

support, say) and consider the sum

Sn(x) =N"Y2Y" f(n/N)e(nx). 2)
neZ

Choosingf to be the characteristic function of the intery@l 1] would clearly lead
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