
THE ESSENTIAL MULTIPLICITY FUNCTION

BY W. R. SCOTT

Introduction. Rad5 and Reichelderfer [3] have defined the essential multi-
plicity function for continuous plane transformations. We wish to consider the
following inverse problem. When is a function the essential multiplicity function
of some continuous plane transformation? As this question appears to be rather
difficult, the one-dimensional case is discussed first. The complete answer is
given in 3.2. In 2.1, we consider a generalization of the essential multiplicity
function to general (one-dimensional) transformations. Here also, a complete
answer is given to the corresponding inverse question. Finally in 4.4 a partial
result is given in the two-dimensional case.

1. Definitions and preliminary theorems.

1.1. Let E be a non-empty subset of [0, 1]. Let f(x), f*(x), x . E, be real-
valued functions. Let E* be a non-empty subset of E. Let p(f, f*, E*)
sup f(x) f*(x) for x E*.

1.2. Let f, E, and E* be as in 1.1, and let yo be finite. Then the crude multi-
plicity N(yo f, E*) is the number (possibly +) of points in the set
f- (yo) E*.

This concept was introduced by Banach in [1].
1.3. Let f, e, and E* be as in 1.1. Let (yo f, E*) equal the supremum

(possibly -J-o) of the positive integers ] suct that there exist xo E*,
x E*, for which (i) x0 < x < < x, and (ii) either f(xo) < yo, f(x) > yo,
f(x) < yo or f(xo) > yo f(x) < yo f(x.) > yo "". If there does
not exist such a positive integer It, then let (yo, f, E*) O.

1.4. Let E be as in 1.1, and let y f(x), 0 _< x _< 1, be a continuous function.
The essential multiplicity (yo, f, E) is the supremum (possibly - of the non-
negative integers ]c such that there exists an e(], yo, f) > 0 for which it is true
that if y f*(x), 0 _< x _< 1, is a continuous function such that p(f, f*, [0, 1]) <
e(/, yo, f), then N(yo f*, E) >_ .

1.5. If E [0, 1] the symbols p(f, f*), N(y, f), (y, f) nd (y, f) will be
used to denote p(f, f*, E), N(y, f, E), (y, f, E), and (y, f, E) respectively.

1.6. THEOREM. /f y f(x), 0

_
x

_
1, is a real-valued continuous function,

then O(y, f) =- (y, f).
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