ASYMPTOTIC LINES THROUGH A PLANAR POINT OF A SURFACE
AND LINES OF CURVATURE THROUGH AN UMBILIC

By Taomas L. Downs, Jr.

1. Introduction. If a regular point of a surface is not an umbilic, there pass
through it two asymptotic lines (which may be imaginary) and two real lines
of curvature.! If a point is an umbilic, this conclusion does not follow, for a
circular umbilic is a singular point for the differential equation of the lines of
curvature and a planar umbilic is a singular point for the differential equations
of both families of curves. In a previous paper,® the author has studied the
relations between two finite sets of directions at a planar point: the “true
asymptotic directions’”, which are the possible tangent directions of the asymp-
totic lines through the point, and the ‘“true principal directions”, which are the
possible tangent directions of the lines of curvature. In the present paper, we
shall consider the asymptotic lines which are tangent to a given true asymptotic
direction at a planar point and the lines of curvature which are tangent to a
given true principal direction at a planar or circular point.

No previous results for the asymptotic lines appear to be known. The lines
of curvature have been studied in the general case by Delloue;? the present paper
amplifies his conclusions. In special cases, the lines of curvature have been
treated by several writers, among whom may be mentioned Cayley,* Darboux,’
Picard® and Wahlgren.”

The results for the asymptotic lines are not parallel to those for the lines of
curvature. To an arbitrary true asymptotic direction at a planar point, there
is tangent a unique asymptotic line in the most general case, two asymptotic
lines in the next most general case. To an arbitrary true principal direction at
a planar or circular point, there is tangent in general either a single line of curva-
ture or an infinite number of lines of curvature, depending upon certain definite
conditions.
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