ON A TEST WHETHER TWO SAMPLES ARE FROM THE SAME
POPULATION'

By A. Warp® anp J. WoLFowITZ

1. The Problem.! Let X and Y be two independent stochastic variables
about whose cumulative distribution functions nothing is known except that
they are continuous. Let 21, T2, , Zn be a set of m independent observa-
tionson X and let 1, - - - , ¥ be a set of n independent observationson Y. It
is desired to test the hypothesis (the null hypothesis) that the distribution
functions of X and Y are identical.

An important step in statistical theory was made when “Student’ proposed
his ratio of mean to standard deviation for a similar purpose. In the problem
treated by “Student” the distribution functions were assumed to be of known
(normal) form and completely specified by two parameters. It is clear that in
the problem to be considered here the distributions cannot be specified by any
finite number of parameters.

It might nevertheless be argued that by virtue of the limit theorems of
probability theory, “Student’s” ratio might be used in our problem for large
samples. Such a procedure is open to very serious objections. The popula-
tion distributions may be of such form (e.g., Cauchy distribution) that the limit
theorems do not apply. Furthermore, the distributions of X and Y may be
radically different and yet have the same first two moments; clearly “Student’s”
ratio will not distinguish between two such distributions.

The Pearson contingency coefficient is a useful test specifically designed for
the problem we are discussing here, but one which also possesses some disad-
vantages. The location of the class intervals is to a considerable extent arbi-
trary. In order to use the x* distribution, the numbers in each class interval
must not be small; often this can be done only by having large class intervals,
thus entailing a loss of information.

2. Preliminary remarks. Denote by P{X < z} the probability of the rela-
tion in braces. Let f(xr) and g(z) be the distribution functions of X and Y
respectively; e.g., P{X < z} = f(z). Throughout this paper we shall assume
that f(z) and g(z) are continuous.

Let the set of m + n elements 21, --- , Zm and ¥, - - - , Ya be arranged in
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