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the sample size required to come to a terminal decision, but only certain aspects
of it (for example, its expected value), can be handled as above, using the proper
Win(x) at each stage.
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ON A CHARACTERISATION OF THE GAMMA DISTRIBUTION
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An intrinsic property of the gamma distribution, as proved by Pitman [1], is
that if X;, X, - -+ , X, are n identically distributed independent gamma, variates
with the distribution function

— 1 —X vy P2
dF(X)—Wp—)eX dX 0=X<x< »)
then the sum X; + X, + -+ + X, is distributed independently of any function
9(X1, Xy -+-, X) SatiSfymg g(X1’ Xoy ooy Xa) = g0 Xy, MNXy, -+, NX,)
for any nonzero real . That is, g(X;, X», - -+, X,) should be a function inde-
pendent of scale. In the present paper the converse theorem is proved for a
particular class of g-function.

TaEOREM. Let X, , X2, - -+ , X, be n identically distributed independent random
variables with a finite second moment. If the conditional expectation of the ratio of
two quadratic forms (O_a:;X:X;)/(O_X.)’, (where the elements of the matriz (a:;)
satisfy the relation Y_a;; # Zai,-/n) for fixed sum X3 + Xy + - -+ + X, be equal
to its unconditional expectation, then each X follows the gamma distribution.

For a matrix A = (as;) where the relation D a,; = D _a;;/n holds, the method
suggested does not lead to any solution of the problem. It is also interesting to
note in this connection that the stronger assumption of stochastic independence
of the sum X; + X; + --- + X, and ¢(X,, X,, -+ X,) is not necessary for
this particular class of g-function.

The following lemma is required for the proof of the Theorem.

LemMA. If u and v are two random variables such that for fixed v, the conditional
expectation of u/f(v), where f(v) is a function of v, is equal to its unconditional ex-
pectation (provided it exists), then

» E(ue™) = E{u/f()}-E{f()e™} .
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