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0. Introduction. Suppose that we have k random samples of size n from popu-
lations with distribution functions Fy , F,, - - - , F; all belonging to the same class
Q of distribution functions. That is, X, Xj, - -+, X4, are independent random
variables, and X; has distribution function F, if (¢ — 1)n < ¢ < an. The
k-sample problem is to test the hypothesis that ¥y = F, = ... = F;. The
hypothesis, as well as the alternative that the distribution functions are not
identical, remains invariant under relabelling of the distribution functions, and it
is natural to ask that a test also be invariant under a relabelling of the samples.
In this paper we will consider only tests which are invariant under all permuta-
tions of the k samples.

In Section 1, one-parameter families of distributions are introduced, and the
‘locally most powerful invariant rank tests are found. These tests are all based on
a statistic of the form

(01) ,::1 J—l (Wu W)a’ii )

where the a;; are constants depending on the one-parameter family, and W;is a
random variable which is one if the 7th and the jth order statistic from the com-
bined sample both come from the same sample, and Wi = 0 otherwise. We
take Wi = 1and W = 1/k.

In Section 2 the limiting distribution of this statistic is found under the null
hypothesis, and under a sequence of alternatives in Section 3. In Section 4 the
locally best invariant rank test statistic is shown to be asymptotically equivalent
to a quadratic form in certain statistics which arise in the two-sample problem.
In Section 5 it is proved for many families of alternatives which include those of
the translation type, that the locally best invariant rank test is asymptotically
equlvalent to the test which maximizes, among all tests, the average power over
spheres in the parameter space. This optimality property is an asymptotlc
analogue of the well-known F test and seems not to have been previously  dis-
cussed. In Section 6 the general results are applied in a special case showing that
the Kruskal-Wallis test possesses the cited optimality properties.

The point of departure in the present paper is the investigation of invariant
rank tests. Previously, locally most powerful rank tests against one-sided para-
metric alternatives § > 0 have been obtained. For the two-sample problem such
tests reject the hypothesis 8 = 0 when L = Y b,Z; > constant, where {Z,} is
the rank order vector, Z; = 1, or 0, according as the 7th ordered observation is,
or is not, from the first sample, and where the b,’s are constants depending on the

Received 29 July 1964; revised 4 February 1965.
! This research was supported by the National Science Foundation under grant GP-1643.

1207

[ ,f'%
ok
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to | .z

The Annals of Mathematical Statistics. MINORY
www.jstor.org



