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0. Introduction. The main objective of this work has been to try and solve
the following problem, which was introduced by Blackwell and Freedman and
made the subject of further work by Chow and Teicher, Breiman, and Gundy
and Siegmund.

Let S, = X1 4+ -+ 4 X, be the sum of independent random variables {X.,}
with EX, = 0, EX,’ = 1,n = 1, 2, ---, with the stopping time t»(c) =
inf {nin = m, |S.| > en'},0 < c< 0o,m=1,2, -

(i) Is Pltn(c) < o] = 1? (i.e.is tn(c) a stopping rule?)

(i) For fixed k(=1,2, ---),is Et,f(c) < o?

We have sought conditions on {X,}7, and values of m and ¢, such that (i)
respectively (ii) hold. Before reaching a solution, which is given in Section 3,
it was necessary to obtain some results in the related areas of martingales, stop-
ping rules, and the Central Limit Theorem, so that Sections 1 and 2 are self-
contained and possibly of independent interest.

1. Convergence of moments in the central limit theorem.

1.1. Summary. Let {X,} be independent rv’s with EX, = 0,8, = Xj + ---
+ X.,and s, = ES, forn = 1,2, ---, and ui; = EX/, vi; = E|Xj| for j,
i=1,2 .

In (1.2) the Lindeberg condition of order », L, , is defined and in (1.3) it is shown
that, when the central limit theorem holds, Ly is necessary and sufficient for the
convergence of ¥ (S./8,)" to the 2kth moment of a N (0, 1) distribution.

Von Bahr, [11], has delved more fully into the question of convergence of
moments in the central limit theorem, but his more involved results do not con-
tain the present ones.

1.2. Definitions. A sequence of independent rv’s {X,} with EX, = 08, =
Xi+ - + Xo, 8. = ES,5,n =1,2, -- -, issaid to obey a Lindeberg condition
of order » = 2 (i.e. L, holds) if s, < w,n = 1,2, -+, and

1) Do Juxjizen 1 X7 = 0(s”) asn — o« forall e > 0.

L. is the classical Lindeberg condition which is necessary and sufficient for the
asymptotic normality of S,/s, , and maxi <z <n EX, W = 0(ss’), asn— oo, Consider
also

@) Dt [uxjizen X" = 0(s’)  asn— o, alle > 0;
and
3) D BIX) = o(sd) asn — .
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