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SEMI-TENSOR PRODUCT OF MATRICES AND ITS SOME
APPLICATIONS TO PHYSICS *

DAIZHAN CHENG! AND YALI DONGT

Abstract. In this paper we first give a general definition of a new kind of matrix products,
called the semi-tensor product, which was firstly proposed in [4]. Certain new properties related to
the later applications are proved. Using them, some problems in physics are investigated. First of all,
the Carleman linearization of some dynamic physical systems is considered. It is used to investigate
the invariants. A rigorous proof for the solvability is presented. Secondly, the problems of invariants
of planar polynomial systems is converted to the solvability of a set of algebraic equations. Thirdly,
we consider the contraction of a tensor field. A simple proof for general contraction is obtained.

1. Introduction. A new matrix product, called the semi-tensor product was
introduced in [4]. Some of its applications have also been revealed there. In this paper,
we first generalize the definition of semi-tensor product to matrices with arbitrary
dimensions. Then certain new properties are proved, which are necessary for further
investigation.

As an auxiliary tool, some properties of the commutation matrix are also inves-
tigated.

Some physical problems are discussed in the paper by using semi-tensor products.
First, we consider the Carleman linearization of a nonlinear system, particularly, a
polynomial system. We give a rigorous proof for the necessity of the equations for
the polynomial type of first integrals. Moreover, for planar case, a more general type
of first integrals is considered. A set of algebraic equations are presented for the
existence of more general type of integrals.

Another problem considered is the contraction of tensor fields. A general proof
for the formula of contraction of tensor fields is presented. It is used a lot in general
relativity, but we did not see a proof for general case.

It is obvious that the new matrix product is useful in many other physical prob-
lems. The main purpose of this paper is to introduce this new matrix product and to
show some of its applications.

The rest of the paper is organized as the follows: In section 2 the general definition
for left and right semi-tensor products are given. Several examples are presented in
section 3. The commutation matrix and its properties are discussed in section 4.
Section 5 gives a tensor form expression for polynomials. Some properties, which are
required in later discussion are presented in section 6. Section 7 gives certain formulas
and properties of Carleman Linearization. The invariants of a planar polynomial
systems is discussed in section 8. Section 9 devotes to the general property of the
contraction of tensor fields. Section 10 is the conclusion.

2. Semi-tensor Product of matrices. Given two matrices A € M,,x, and
B € M, 4, where M,y is the set of s x ¢t matrices. In this section we consider the
left and the right semi-tensor products of A and B. We need the following notations:
Let a,b € Z+, where Z7 is the set of positive integers. We denote by a A b the largest
common divisor of a and b, and a V b the least common multiplier. For instance,
6A8=2and 6V8=24.
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566 D. CHENG AND Y. DONG

DEFINITION 2.1.  Let A € Myxn, B € Mpyq and o = nV p. Then the left
semi-tensor product of A and B, denoted by A x B, is defined as

AMB:(A@I%)(B@)I%). (2.1)
The right semi-tensor product of A and B, denoted by A x B, is defined as
ANBZ(I% ®A)(I% ®B). (2.2)

Where @ is the Kronecker product of matrices.

Note that if n = p these two products are degenerated to the conventional matrix
product. So both of them are generalizations of the conventional matrix product.

The following properties are fundamental. Using definition, they can be proved
by straightforward but tedious computations. So the proofs are omitted.

PROPOSITION 2.2. The semi-tensor products satisfy
1. Distributivity

(A+ By x C=(Ax C) + (Bx C),
(A+B)xC=(AxC)+(BxC), (2.3)
Cx (A+B)=(CxA)+(CxB), '
Cx(A+B)=(CxA)+(CxB)
2. Associativity
(Ax Byx C = Ax (Bx C), (2.4)

(AxB)xC=Ax(Bx().

Many properties of the conventional matrix product remain true for this (left or
right) semi-tensor product. For instance, we give the following:

PROPOSITION 2.3. 1. (Ax B)T = BT x AT; (A x B)T = BT x AT.

2. If M € My,xpn, then M x I, = M and M x I, = M; If M € Mpp,xn, then
I, x M =M and I,, x M = M.

In the following let A, B be two square matrices.

3. Ax B and Bx A ( Ax B and B x A) have the same characteristic function.

4. tr(Ax B) =tr(Bx A); tr(Ax B)=tr(Bx A).

5. If both A and B are orthogonal, (or upper triangular, or diagonal), then so is
Ax B or Ax B.

6. If either A or B is invertible, then AX B~ BxX A and Ax B ~ B X A, where
~ means two matrices are similar.

7. If both A and B are invertible, then

(AxB)'=B"1'xA" (AxB)'=B1'xA"
8. The determinants of the products are
det(A x B) = (det(A)) " (det(B))?; det(A x B) = (det(A))= (det(B))?,

where o, n, and p are as in Definition 2.1.
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PROPOSITION 2.4. 1. Let A € M5, and B € Myy,. Then C = Ax B = (C%),
i=1,---,m, j=1,--- q, with

C" = A" x Bj. (2.5)

where A" is i-th row of A and Bj is the j-th column of B.
2. Let A and B be split into blocks as A = (AY) and B = (B;). Assume

‘dimrow(Aik) :ﬁ7 Vil k.
dim column(By;) p

Then C = (CY), with

CY =) " A" x By;. (2.6)
k

It is worth to emphasize that the right semi-tensor product does not have similar
properties as in Proposition 2.4. So the left semi-tensor product is more convenient
in use. In the sequel, we consider the left semi-tensor product as a conventional
extension of conventional matrix product.

Let A € My« and m An =t. Set m = mgt and n = ngt, then mg and ng are
co-prime. We define a power of A as

Al = A,
AR = A x AR k> 1.

Similarly,

AR = A,
AXRAD) = A s AMF > 1.

As for the dimension of A* or A*F, it is easy to prove by mathematical induction
that A% e Mmlthnlgt and A%k ¢ Mmthngt.

Let A € My,xpn and B € Mpy,. In practical problems the most useful case for
the semi-tensor product is either n is a factor of p, i.e., nt = p for some integer ¢, or
p is a factor of n, i.e., n = pt for some integer ¢t. For the first case we denote

A =<t B. (27)
For the second case we denote
A= B. (2.8)

In the rest of this paper we assume, without any exception, that
A1. Either (2.7) or (2.8) holds.

As a convention, sometimes we simply use AB = A x B. There is no confusion
because when the dimensions of A and B are suitable for conventional matrix product
the left semi-tensor product coincides with the conventional matrix product.



568 D. CHENG AND Y. DONG

3. Some Examples. In this section we give some simple examples to show the
new matrix products.

EXAMPLE 3.1. Let X €e R™ and Y € R™. Then

X[)(Y:(X@In)Y:(l’lylxlyn x?nylajmyn)T:X(gY,

X )Y =(I,® X)Y = (z1y1 " Tm¥1 - $1ym~--ﬂcmyn)T=Y®X;

0
ExamMPLE 3.2. Let
b1 b2
e <a11 a12 a3 a14> . B- b?1 bas
a21 a9 a3 a24 :
be1 b2
Thena:4\/6:12’ﬂ:4/\6:27 and
Ax B=(A®I;)(B®I,)

a11b11 + a13ba1
a12b31 + a14be1
a11b21 + a13bs;
a21b11 + as3bay
a22b31 + az4be1
a1b21 + az3bs1

a12b21 + a14bs1
a11b11 + a13bay
a12b31 + a14be1
a22b21 + az4bs1
a21b11 + a23ba;
a22b31 + a24be1

a11b12 + a13ba2
a12b32 + a14be2
a11b22 + a13bs2
a21b12 + as3byo
ag2b32 + a24b62
a1b22 + a23bs52

a12b22 + a14bs52
a11b12 + a13b42
a12b32 + a14be2
a22b22 + az4bs2
a21b12 + a23baz
a22b32 + a24be2

AxB=(I3® A)(I, ® B)
a11b11 + a12b21 + a13b31 + a14bar  a11b12 + a12b22 + a13b32 + a14b42
a21b11 + agebor + a23bz1 + agabar  a21b12 + agabas + azzbs + azsban
_ a11b51 + ai2be1 a11bs2 + a12be2
| a21bs1 + azsber a21bs2 + az2b62
0 0
0 0
0 0
0 0
a13bi1 + a14ba1 a13b12 + a14b2a
a93b11 + asabar a23b12 + az4b22
a11b31 + a12b41 + a13b51 + a14be1  a11032 + a12ba2 + a13bs2 + a14bs2
a21b31 + ag2ba1 + ag3bsy + azsbg1  az1bza + azabaz + azsbse 4 az4be2
|

The following example shows how the multi-fold of cross-product in R® be per-
formed semi-tensor product.

EXAMPLE 3.3. Consider the cross-product in R3. Let e; =i, e5 = j and e3 = £,

and

3
k .o
e X ej = E ciek, 4,7 =1,2,3.
k=1
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Construct a matrix, called the structure matrix as

¢l Cla 0%3 Ch1 Cho 0%3 Czln 05152 0}53
M= 0%1 C%Q 6%3 031 C%z 033 031 C%z 033
0%1 01132 (3?3 Cgl 0‘32 033 Cgl 032 Cgs
0 0 O 0O 01 0 -1 0
=10 0 -1 0 O O 1 0 O
01 0 -1 0 00 O O
Consider X, = (as,bs,cs)T € R®, s =1,--- ,n. Then it is easy to see that

X1 xXo=Mx X; x Xg=MX;Xs.

Since the semi-tensor product is associative, unlike the cross product we don’t need
to worry about the order of the product. In general

((Xl XXQ)X-“)XXn:MnXlXQ--'Xn.
]

The last example gives an additional reason for introducing the left semi-tensor
product.

ExaMPLE 3.4. Let X,Y,Z, W € R". Then
(XYY ZWT) € Myysn.
Let’s do the following transformation (within conventional matrix product) :
XYYy (zwT)y =x T2y Wt = vT2)xwT =yT(Zzx)WT'. (3.1)

The above transformation seems legal because Y7 Z is a scaler and the conventional
matrix product is associative. But finally we meet ZX, which is not defined. Now if
we generalize the conventional matrix product to left semi-tensor product, the puzzle
is solved completely. Not only ZX is well defined but also the equality (3.1) holds
perfectly. O

4. Commutation Matrix. The commutation matrix was introduced in [8]. We

give a constructive definition:

DEFINITION 4.1. An mn x mn matrizc Wiy, ») is called a commutation ma-
triz if we label its columns by (11,12,--- /1In,--- ;ml,m2,--- ;mn) and its rows by
(11,21,--- ;ml,--- ,1n,2n, -+ ,mn), and set its entries in the (I, J)-th row and (i, j)-
th column as

I
:6’J—

w(IJ))(i_j) ,J

{17 I=iand J =j, 1)

0, otherwise.

When m = n we denote Wi, ,j = W,.
EXAMPLE 4.2. Let m =2 and n = 3, W[y 3 is expressed as

(1) (12) (13) (21) (22) (23)

1 0 0 0 0 0 (11)

0 0 0 1 0 0 (21)

- o 1 0 0 0 0 (12)
23 = 0 0 0 0 1 0 (22)

0o 0 1 0 0 0 (13)

o 0 0 0 0 1 (23)
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While W[372} is

—~
—_
~—
—~
—_
~—

SO OO O - =
SO~ OO O N
— oo oo oW

We refer to [7] and [9] for the following properties.

ProproSITION 4.3. 1. The inverse and the transpose of a commutation matriz
are

Winm] = W[Tm] =w! (4.2)

[m,n]’
2. When n=m (4.2) becomes

Winy = Wiy = W[;]l. (4.3)

Given a matrix A = (a;;) € Myxn. We use V.(A4) and V;(A) for its column
stacking form and row stacking form respectively. That is,

Ve(A) = (a11 -+~ am1, -+ 5 ain -~ amp) 7

V;(A) = (all o Qinytct ,Gml amn)T~

The commutation matrix can realize the swap between row and column stacking
forms of a matrix:

PROPOSITION 4.4. Let A € M,,xn. Then

(4.4)

The following factorization property is very useful for simplifying the product of
swap matrices etc.

PROPOSITION 4.5 [5].

W[p»qr] = (Iq ® W[pm])(W[p,q] @)= ® W[p,q])(W[pm] ® Iq)’ (4.5)

Wipg,r) = (Wip,r) @ 1)Ly © Wig, 1) = (Wig,n ® 1p)(1g @ Wipi)- (4.6)
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5. Tensor Form of Polynomials. Denote by BX the set of k-th homogeneous
polynomials in R™. It is obvious that z* is a basis. That is, let p(zy,--- ,z,) € BF.
Then there exists a row vector F € R"" such that

z)=Fi* (=Fxzx- - xzx). 5.1
p(x) ( ) (5.1)
k
Of course z* is a redundant basis. So the coefficient array F' is not unique. F is
a symmetric coefficient array, if for same monomials (such as z$zs and z27%), the
corresponding coefficients are equal.
A natural basis, denoted by x ), is

ok k-1 k=1 _k\T
Ty = (o7, 2) T2, Tp1my, L Ty)

)

that is, arrange the set of k-th degree monic monomials in alphabetic order.
It can be proved by mathematical induction that the dimension of x4 is

(n+k—-1)
oty k=20 o=t

5= dim(z ) =
Then there exist two matrices Ty (n, k) € M« and Tg(n, k) € My, ,», such that
2 = T (n, )y, omw = Tg(n, k)z".
Moreover, it is an immediate consequence of the definition that
T(n,k)Tn(n, k) = I.
Now given a p(x) € BF, which is expressed as
p(z) = Fa¥ = Gy,

then FTx = G.
But since " is redundant, G1p is only the symmetric expression of F.
Next, we consider the differential of a matrix with differentiable function entries.

k

DEFINITION 5.1.  Let H = (h;j(x)) be a p X ¢ matriz with the entries h;;(x) as

smooth functions of x € R™. Then the differential of H is defined as a p X nqg matrizc
obtained by replacing each element h;; by its differential dh;; = (algiiz) R a}g;(w)),

Our goal is to apply it to polynomials. We construct an n¥*1 x n*+1 matrix ®;
as

k
), = ZL,,S ® Wink—s n). (5.2)
s=0

Then we have the following differential form of z*, which is fundamental in the further
approach.

PROPOSITION 5.2 [5].

D(z**1) = dp x 2F, (5.3)
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6. Some Properties. In this section we give a few properties of the semi-tensor
product. Most of the proofs can be obtained by definitions and straightforward com-
putations.

PROPOSITION 6.1.  Assume A € My, «, 18 given.
1. Let Z € Rt be a row vector. Then

AXZ =Z X Wi g X AX Wiy = Z x (I; ® A). (6.1)
2. Let Z € R! be a column vector. Then

ZX A=Wy X Ax WX Z= (1 ®A)x Z (6.2)
3. Let X € R* be a column, Y € R® be a row. Then

XY =Y x W[t,s] x X. (63)

PROPOSITION 6.2.  Let A € Myxpn and B € Mpyxq. Then
Wimp) (A ® B)Wgn) = (B® A). (6.4)
Particularly,

(Ip X A)W[n,p] = W[m,p] (A (24 Ip), (6.5)

The following property of swap is very useful.

PROPOSITION 6.3. Let X; e R, i=1,---,m. Then

(In, @ @Tniy @Winyng )] @ Ingy ® - @0, ) X1 X 1 Xi Xi1 Xigo - X
=Xy Xi1 X1 Xy Xio - - X
(6.6)

A natural question is: why we need semi-tensor product? Before ending this
section, we should like to answer this question. It can be seen easily that a semi-tensor
product can be expressed by conventional matrix product with Kronecker product.
But the point is: if an expression has both conventional and Kronecker products, the
associativity doesn’t exist. But since conventional product is a particular semi-tensor
product, the associativity remains true between them. This advantage makes many
manipulations of matrix products possible. In later discussion it can be seen from
time to time. Without semi-tensor product, some formulas are just impossible (not
only difficult) to be deduced.

7. Carleman Linearization. In this section the tensor product form will be
used to analyze the Carleman linearization. Using the linearization form, a kind of
first integrals are investigated and a general formula is obtained.

Consider a dynamical system

&= f(z), zeR", (7.1)
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where f(z) is an analytic vector field with f(0) = 0.

J. Carleman has proposed a method to embed it into an infinite dimensional
linear system. We refer to [11], [1] and the references there in for details and later
development.

Choosing x, 2, --- as a basis, the system (7.1) can be expressed as

i =Fa+ Fa® 4+ Fa® 4 (7.2)

where F is an n x n matrix and Fb is of n x n? and so on.
We may consider z2, 2 etc. as a set of independent arguments and calculate
their derivatives to get the Carleman linearization form as

9:5 Ay A Az A oo z
IQ 0 AQQ A23 A24 e I2
=2l1=10 0 A3 Agy .- 231 (7.3)

THEOREM 7.1. In Carleman linearization form (7.3) the coefficients A;; are
determined by the following equations.

Ay =F;, i>1,

k-1
Ap s = 2 I @ Foy1 @ k-1
i=0

(7.4)

Proof. According to chain rule, we have

E
[u

d k—1 oo
—((Ek) — § xz¢$k—z—1 _ E $1F5+1$k_l+s~
dt —

i=

s=01

Il
=)

Using equation (6.2), we have
SCZ.EH_l:EkiZ#S = (Ini X E@+1) X Ik+s = (Inz X Eg_i_l X [nkfi—l)xk+s.

The equation (7.4) follows. O

We can formally express (7.3) in a linear form as
X = AX, (7.5)

where A is an infinite dimensional block upper triangular matrix.

An infinite dimensional block upper triangular matrix has some special properties,
which make the expression (7.5) meaningful. We give a brief discussion here:

Denote the upper left (leading) k blocks minor of an infinite dimensional block
upper triangular matrix A by Ag. That is

A A o A
0 Ay - Ay
A, =1 .

0 0 - A
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We say a block upper triangular matrix with square diagonal blocks to have a
set of structure constants (k1,ke,---) if the dimensions of the diagonal blocks are
dim(A4;;) = k; x k;. For instance, for equation (7.3) the structure constants are
(n,n?,n3,--+). For statement ease, we identify Aj with it extension: an infinite
dimensional block upper triangular matrix, A} with Ay as its upper-left minor and
zero for all other elements. Using this convention, the coefficient matrix, A, can be

considered as

A= lim Ak.

k—oo

k

This limit is well defined because if we denote the (ij)-th element of Ay as aj;,

then the sequence of {afj, k=1,2,---} has the form as
= (07 o 7070ij7cijacij7' te )7
i.e., it is a constant sequence except the first finite terms. Based on the same argument

the following notations are well defined.

DEFINITION 7.2. 1. Let A and B be two block upper triangular infinite dimen-
sional matrices with same structure constants. Then we define the product of A and
B as

AB := lim AkBk
k—oo
2. Assume Ay, 1 =1,2,--- are invertible, then we define
A7l = lim At

k—o0

e = lim e

k—o0

Ay

Now it is natural to use linear solution
X =t X,

as the solution of the non-linear system (7.3). In fact, we can use only finite term to
approximate the solution.
Denote the (4, j)-th block of e4*? by EZ’“J(t) Then it is easy to see that
E5(t) =E5(t), s>k, i<k

Hence we can define
X"(t) =Y Ef(t)X§.
k=1
From (7.3) it is clear that if

X(t) = lim X"(t)

n—oo
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exists, then it is the solution of (7.1) with X (0) = Xj.

We are particularly interested in the upper triangular matrices obtained by Car-
leman linearization. In the Carleman linearization form (7.3) suppose F; = Aj; is
stable (anti-stable), i.e., Rec(A11) < 0 ( Rec(A411) > 0 ), then A is invertible. In fact,
we have

THEOREM 7.3.  Assume Fy = Ay; has eigenvalues as o(A11) = {1, , A},
then Ay, © > 2 have eigenvalues

o(Aii) = { Ak + -+ Ay [ bryoe ki =1, nj

Proof. First, we assume the eigenvalues of A, are distinct and their corresponding
eigenvectors are

{617"' 7€n}

Then a straightforward computation shows that
Agi(Ery X X &) = (Mg + oo Mgy ) (g X X &gy ).
To avoid notational mess, we show it for only ¢ = 2. By (7.4) we have
Agy =1, ® A1 + A1 @ Iy,
Then

Ap(&ix &) = (L, @A+ A1 ®1,)(& X&)
= (I ® A1) (& x &) + (A @ I,)(& = &)
= A& x &+ Nk x &

Since all A\; are distinct, we can claim that all
{52 |><£J |Z7]:17 7n}

are linearly independent. In fact, since \; are distinct, all §; are linearly independent.
Now a straightforward computation shows that

(517"' 7€n> ®(€1, 7577,) = (61517"' aflf’na B f’né_la"' 7§n£n)

The claim follows.
Hence the eigenvalues of Agy are

J(AQQ)Z{)\¢+>\]' ‘Z,j:]., ,n}.

By continuity, the eigenvalue structure is also true even the multi-fold eigenvalues
exist. O

Next, we consider a polynomial system
&= Fio+ Fa? + - 4 Fpab. (7.6)

The Carleman linearization technique is used to investigating its first integrals of
the form

H(t,z) = e $'P(x).
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Particularly, this kind of first integrals of Lorenz systems were discussed in [11] ,
of Lotka-Volterra systems were discussed in [1].

Assume P(z) = Py + Pix + - -+ + Psa®, with symmetric coefficients Py, -- -, Ps.
(Where “symmetric” means the coefficients for the same monomial terms with differ-
ent factor orders are the same. Say, the coefficients for z%xo, x12221 and zo2? are
the same.) It is easy to see that if £ # 0, then Py = 0. So we simply assume Py = 0.

Setting dH (t,z)/dt = 0, we get

X

All Alk' 12

(Plv o 7P5) :

ASS PPN PR As,s«l»kfl xs-‘r‘k—l
N (7.7)

1,2
:g(Pla' 7Ps) :
’

Since the basis, x*, is redundant, the coefficients are not unique. Using this

form to search first integral may be too conservative. In other words, the conditions
obtained may not be necessary, because under another equivalent coefficients another
kind of first integral may also be obtained.

To get necessary and sufficient condition we have to convert the system into the
natural basis. Set

P, = PTg(n,i), Aij;=Tg(n,i)A;Tn(n,j).

Putting them into (7.7), it turns out to be

Ay oo o A z
- - Z(2)
(P17' 7Ps) ’ :
Ass e o As,s+k—1 x(s_‘_r_l)

X
- L(2)
—g(Pla' ) 9) :
Z(s)

THEOREM 7.4. Denote h; = P, B;; = Aﬁ Then system (7.6) has first integral
H(t,x), iff, there exists & such that the following equations have non-zero solution
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(hla o 7hs)
Bi 0 0 -~ 0\ [l hy
By By 0 --- 0 ha ha
= ;
le BsQ Tt Bs,s hs hs
Bsii1 Beti2 -+ Beyis (7.8)
: hy
By Bro - By s ha | 0
0 Bryi12 -+ Bryis .
: h
0 e 0 Bs+k—1 s

Next, we consider the solution form of equation (7.8). We need some a new
notation: Let Id(I;n*) be the set of k-th fold indexes. That is, I = (i1,--- ,i}) and
let iy goes from 1 to n first, then i,_; and so on. e.g.,

Id(I;2%) = (111,112, 121,122,211, 212,221, 222).
A row of vector h € R™" is said to be symmetric with respect to Id(I;n*), if

h’il,"',ik = hy Vo € Sk.

lo(1), sl (k)
Where the S} is the permutation group. e.g.,
h=(21,1,1,3,1,3,3,—2)
is symmetric with respect to Id(I;23). because
hi12 = hi21 = ha11 =1, hiza = ha12 = ha21 = 3.
The following lemma itself is interesting.

LEMMA 7.5. Assume the row vector h € R™ is indexed by Id(I;n*) and is
symmetric with respect to Id(I;n*). F € My, x,. Set

A:F®Ink—1 + L, QF QI k—2+ -+ L1 QF.

Then hA is also symmetric with respect to Id(I;n*).

Proof. Interchanging any two indexes can be realized by interchanging adjacent
indexes. Hence we have only to show that hA is invariant under the interchange of
two adjacent indexes. Set

o = ni-1 @ W[n] ® Ink—j—l.

It is obvious that swapping the j-th and the (j + 1)-th indexes of h yields the new
vector h®. Since h is symmetric with respect to Id(I;n*), then h® = h, and hence
h®A = hA. To see hA is symmetric, i.e., hA® = hA, it suffices to show that

Ad = DA.
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Note that the terms in A have the following form:
I® - RQIQFRI® - 1. (7.9)

If F does not locate on j or j + 1 position, then it is obvious that ® commutes with
equation (7.9). So we have only to consider the related two terms in A. That is to
show that

Wi (FOI+I@F)=(F®I+1® F)Wy.

Note that W[;]l = W}y, equation (6.5) implies the above equality. O

PROPOSITION 7.6. Let the eigenvalues of Fy in (7.6) be 0 = {\1, -+ ,A\n}. Then
in equation (7.8) the eigenvalues of By are

O'(Bkk):{)\il_i—...—'—)\ik |i1,~~‘ Jig=1,--- ,n}.

Proof. Since By = flgk and the eigenvalues of Ayy is oy, it is enough to show
that Agr and Agy have same eigenvalues. Let p be an eigenvalue of Agy. Then there
exists a P # 0 such that

Pﬁkk = ,u15.

By definition, A, = T(n, k)AgeTn (n, k). Note that Tg(n, k)Tn(n, k) = I, then

L) Z(1)
- Z(2) - Z(2)
PTB (n, k)AkkTN (n, k‘) = [LPTB (n, k)TN (n, k‘) (710)
L(k) Z(k)
Set P = PTg(n, k), then P # 0 is a symmetric set. For P, (7.10) becomes
z! z!
z? z?
PAkk . == p,P . . (7.11)
ok zk

According to Lemma 7.5, PAyy is still a symmetric set. By the uniqueness of the
symmetric coefficients, we have

PAkk = ,uP.

Hence, p is also an eigenvalue of Agy.
Conversely, assume p is an eigenvalue of Ag,. Then p = A;; +--- + A;,. Denote
by Y; the eigenvector of Fy with respect to A;;, then we construct

V=) Yo @ @Yo,
o€Sy

where S is the k-th order symmetric group. It is obvious that

YAkk = p,Y.
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Since Y is symmetric, there exists Y # 0 such that Y = YTg(n, k). It follows that
YTg(n, k) A = pY Tg(n, k).
Right multiply both sides of the above equation by T (n, k) yields
Y Ap = pY.
That is, p is an eigenvalue of Ayy. O
PROPOSITION 7.7. 1. If equation (7.8) has solution h # 0, then

E=c1hi, +- A,

where N, -+, A, € 0(F1); ¢1,-++ ,¢s are either 1 or 0.
2. If h has a component hj # 0, then & € oJ. If h has t non-zero components,
hi, #0, -+, h;, #0, then o® has at least a t fold elements. Here o' = {c1 i, + -+ +

Ct/\it | Cl,-"* ,C € {0, 1}}
3. If (7.6) has a linear first integral H(t,x) = e ¢'hTx, then for any integer
j >0, Hi(t,x) = e 35 (hT) 27 is a first integral of (7.6).

Proof. 1 and 2 are the immediate consequence of the Proposition 7.6. We prove
3. If (7.6) has a linear first integral H(t,x) = e ¢'hT X, then

Fih = ¢h,
Fh=0, i=2,--,k

Let p = (0,,,0,2,--- ,0,5-1, ), where Oy is the zero vector in R*. Since
Ajitsc1 =11 @Fs+ 1,2 Q@F, I+ +Fs @1,
then
{Ajjhj = jen,
Ajph? =0, t=j+1,---,j+k—1,

which implies that p satisfies (7.7) with & being replaced by j¢. O

Proposition 6.7 provides a convenient tool for searching the first integrals. In fact,
after fixed the &, the problem becomes a problem of solving linear algebraic system.
For Lorenz system, 1-2 of Proposition 7.7 are known [1]. So the current result stated
here is a generalization of their work.

ExaMpPLE 7.8. Lotka-Volterra equations model the interactions between biologi-
cal species and chemical reactions. Lotka-Volterra equation can be written as

n
Ti = T4 ai+Zbij$j , =1, n. (7.12)
j=1

Let n =2 [11]. Set

_ (a1 O _ (b1 b1z 0 O
A”‘(o ag)’ A”_(o 0 by b22)'
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Then
2a4q 0 0 0
_ | 0 a1+as 0 0
Ay = An@L+L®A;n= 0 0 artas 0 |
0 0 0 2(12
Ags = ApelL+1L® A
2b11 b2 b2 0 0 0 0 0
_ 0 b bar biz+ b2 0 0 0 0
a 0 0 O 0 bi1+0b21 b1z by O
0 0 0 0 0 ba1 b2 2baa
The Carleman linearized form becomes
T A11 A12 0 0 cee X
{,.62 0 A22 A23 0 te .’IJ2
3

is = 0 0 A33 A34 T x

Say, we search for the first integral of the form: H(t,z) = e~ (Pix + Py2?). Then

Lo 0o Lo
Tp(2,2)=[0 05 05 0, Tn(2,2) = ,
0 O 0 1 010
0 0 1
1 0 0 O
01 0 0
01 0 0
0 0 1 0
@3 =10 1 ¢ ol
0 0 1 0
0 0 1 0
0 0 0 1
B = AT, By = Al = Tp(2,1)A o
11 =A3, Ba=Aj,=T5(2,1)A12Tn(2,2) = :
0 bar bao
20,1 0 0
Bgz = TB(Q, 2)A22TN(2, 2) = 0 ai + as 0 y
0 0 2(12
2b, 2b12 0 0
Bl =Tp(2,2)A3Tn(2,3) = | 0 byy+byy bia+bay 0
0 0 2bo1 2b9o

We conclude that the second degree integral exists iff the following equation has

non-zero solution:
Bi;p 0 hi) ¢ hi
By1 B/ \ ho ho |’

Bsaha =0,
where the only possible ¢ should be ¢ € {a1, as, 2a1,2a2,a; + ag}. O
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8. Invariants of Planar Polynomial Systems. In this section we consider the
invariants of planar polynomial systems with non-polynomial invariants. Consider a
polynomial system

i=Fy+ Flx+--+ Fa®, zeR% (8.1)
The invariants considered are of the form
H(z,t) = e¢'aal (Py + Piz 4 - - + Bab). (8.2)

This kind of invariants was investigated in [1]. Recently, the Darboux method has
been used in searching such invariants [2].

Our purpose is to convert the problem into a set of algebraic equations. Using
(5.3), the time derivative of H(z,t) is

dH _ 9H .
= ¢eta9al (Py + Pia + - + Piat)
+ egt(ax‘f‘flxg, ﬁx%xg_l)(Po + Pix+ -+ Pat)(Fo + Fyo + - - + Fja®)

+ St al (P + Py®yz + - + PO _ 127 (Fy + Fra + - - - + Fpzb).
Setting

dH
dt

and noting that
T120 = (0100)22%, (azy, fz1) = (04 a0)z,
we have

£(0100)z%(Py + Pix + -+ + Piat)

+(0B8a0)z(Py+ Pix+-+ Pal)(Fy+ Fiz + - + Fpa)

+ (0 10 0)1]2(P1 + Pz + -+ qu)lflxl_l)(Fo + Fix+---+ Fkl’k>
=0.

Using (6.2), it can be expressed as

E0100)[(Is @ Py)x?+ (I, @ P)a® + -+ + (I, ® P)x'+?]

+(08a0)[(l2® Py)z+ (Io®@P)z*+ -+ (I ® Pz

X (Fo—l—Fla'}—‘r“'—i-Fkl’k)

+ (0 10 0)[([4 & P1)$2 + (I4 & P2<I>1)x3 + -+ (I4 X B@l,l)x”‘l]
X (F0+F1x+~~-+Fkxk)
=0.

Using (6.2) again, we can multiply the products out to get

+1
STE0100)[Iy ® Ps_q]zst!

M i+j=s
+208a0) > [(I2® P) (I @ Fy_y)]a™
5=0 i=0,7=0
fetl i4jes
+ Z (0 10 0) Z [(14 X Piq)i_l)(IQiJA ® Eg_i)}xs+l
s=1 i=1,j=0

=0.



582 D. CHENG AND Y. DONG

Converting term by term to natural basis, we have the following result.

THEOREM 8.1. The system (8.1) has invariant of the form of (8.2), iff the
following algebraic equations have solution (&, «, 3, Py, -+, P)):

(08 a0)[(I;® Py)(I2® Fy)] =0

i+j=s
{5(0 100)(Ii® Pooy) + (08 0) 027; (1 ® P (T @ Foo)]
i=0,j=
—%@10®lgfwug®3¢iQUTH®F;0@IwQJ+J):Q
i=1,7=0
s=1, 041 (8.4)
1+j=s
{(0 ﬁ « O) ' OZ: O[(IQ ® Pi)([21‘+1 [ sti)]
1=U,)=
+m1omZSSH@4®H¢FQQ§H®F;Q@INQJ+1)m
i=1,;=0

s=14+2,--,l+k.

REMARK. The advantage of this approach lies on: 1. It can be solved numerically
by computer. 2. The approach can be easily extended to higher dimensional case.

To depict the second item in above remark, consider the case of n = 3. 3D Lotka-
Volterra system has been discussed in [3]. Using our approach, assume the system
considered is (8.1) with z € R?, and the invariants are of the form:

H(z,t) = eStafalad(Py+ Pz + -+ Pat). (8.5)
Then one sees easily that

z1w913 = (0000010 --0)z® := §a®;
N—~— Y~
5 21
and

(axors Brixs yriz) =0 v 00 a 0 0 0)z? :=na’.

Then the corresponding (8.3) becomes

€623 (Py + Pix + -+ -+ Pat)

+n2?(Py+ Pz + -+ Pal)(Fy + Fiz + - + Fa®)

+ 5£U3(P1 + Po®ix+ -+ .Pl(I)lfll'lil)(Fo + i+ + Fkxk)
=0.

(8.6)

Then the rest argument in the above remains available for producing the set of alge-
braic equations.

This approach provides only the algebraic equations for the solutions. It doesn’t
provide all detailed solutions as in [3].
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9. Contraction of Tensor Field. The semi-tensor product is a powerful tool
for treating multi-dimensional data in matrix form. This is one of its major contri-
butions.

The following statement is cited from [6]: “It is also sometimes convenient to
use matrix methods to handle the summations over repeated suffixes. These meth-
ods are restricted to quantities carrying either one or two suffixes, enabling them
to be arranged as either one-dimensional arrays (row vectors or column vectors) or
two-dimensional arrays (matrices).” In the above statement one sees easily that in
conventional way only one or two dimensional data can be treated in matrix form.
But semi-tensor product, collaborated with tensor product and swap matrix etc., can
treat higher dimensional data in matrix way easily.

For instance, in this section we consider the contraction of a tensor field [6, 10].
Let 0 € T7(V) be a tensor field of the type (r,s) on an n dimensional vector space
V,1<p<r 1<q<s Wedefine a contraction, 72 : (V) — Tsrjll(V) in the
following way: Fix a basis (di,--- ,d,) for V and its dual basis (e!,---,e") for V*
respectively. For w € T7(V'), denoted by

TR ) R s . .. .
wjy“jliw(d“’...’le’e ,"‘,65), Zla”'727“3.]13"'7]5*1;"'371'

Then we get an n”T*-dimensional data, and arrange them into a matrix, M,,, as

1---11 1..-12 n---nn
il et el
Wi...12 Wiz o Wia2
M= " . (9.1)
1---11 1.--12 n---nn
Whemn Ynemn 0 Wieonn

Matrix M, is called the structure array of the tensor w. Now it is not difficult to
verify the following formula:

W(O'l,"' 7Us;X1a"' ,X»,-) (9 2)
=0ogX - Xopg X M, x Xq XX X,. ’

Next we define the contraction, 7¥(c) by its structure matrix, with the entries
determined by

111;;% . Z i1ipein
wjl"'fq"'js o Wiy wdggs® (9'3)

p=Jq

Where the “” means the corresponding index is missed.

Since the definition depends on the basis (generally, in tensor field case, it depends
on the coordinate change), we have to show that this definition is independent of the
coordinate change. It was said that under the suffix form, the proof is “cumbersome”
[6]. We will give an elegant matrix proof. In addition, the structure matrix of the
contracted tensor will be obtained.

First of all, we give the structure matrix of 72(c). Let { = n*~'and n=n""l.
Then the structure matrix M, can be split as

My - My,

M,=| : , (9.4)
Mfl e an
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where each block M;; is an n x n matrix.
Then a straightforward computation shows that

LEMMA 9.1. Assume p=1 and ¢ = s. Then we have
tI‘(Mll) cee tI‘(Mln)
Mfrg(a) = = TR(MU). (95)
tI‘(Mgl) e tI‘(Mgn)
The operator TR takes trace for all split n x n blocks.

Now for general case, we have to swap the index p with r, and the index g with
s. The swap of any two elements can be realized by a sequence of the swaps of two
adjacent elements. Using (6.6), we have the swapped structure matrix as the follows:

M, = [ (L2t @ Wi @ L) My T8 (Tr2mt @ Wiy @ It)
(9.6)
= HlMJHQ.

Similar to M, we can split M into & x 1 blocks of n x n matrices, denoted by ]\Zf”
Then we have

PROPOSITION 9.2.  The structure matriz of 78 (o) is

M5y = TR(M,) = TR(II; M,II,). (9.7)

We give a simple example to show this contraction.

EXAMPLE 9.3. Let n =2, r =2, and s = 3. We consider 7{(c). Denote

11 12 21 22
apoap g an
T
ap o o o

M. — 122 Q122 Q122 Q129

o= | a1 120 o1 92
moan an o
dpoap e o
331 Q221 Q231 G323
11 12 21 22

Q32 Q32 Q222 (229

I, = Hi}:o It ® W[Q] ®Iy = (I ® W[Q])(W[Q] ® Ir)
100 0 00 OO
0 0001O0O0O0
01000 00O
B 0 000O0T1O0TUO0
N 0 01 00 0O0O0
0 000O0OO0OT1F®
0 001O0O0O0O0
0000 O0O0O0T1
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1 0 0 O

Mo — W — 0 01 0

2=7ET 1o 1 00

0 0 0 1

Then

11 21 12 22
ap ap an o an
“ap o ap G
ap ap ap o
I M-Il — Qaz12 Q212 G212 Q3212
1 oll2 — all (121 CL12 a22
Fi e
122 a%? 122 Q122

11 12 22
222 G322 G223 04323
Using it, the Proposition 9.2 yields

ajpy + a3 aji +adh
ajje + G319 GjT + a37o
atyy + a3y ajs +azs
a1y + 355 G139 + G35,

Moy =

Next, we prove that the structure matrix defined by (9.6) is independent of the
coordinate change. Now assume we have a coordinate change as z = z(z) with the
Jacobian matrix as J = %.

The following Lemma can be verified by straightforward computation.

LEMMA 9.4. 1. Let P € Msym, Q € Myxn, and A; € Mpxyp, i =1, ,m.
Set

A Ay
i=| | =wre| : |=rea
Am Am
Then
Ay QA
=P
A, QA
Moreover,
QA

TR(A) =P -TR| :
QA
2. Let P € Mp,xs, Q € Mypxn, and A; € Myyrxn, it =1,-+- ,m. Set
A= (A Ap) = (A1 An) (PR Q) = AP© Q).
Then
([11,... ,Am) — (A1Q, -, AnQ) P.
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Moreover,

TR(A) = TR(A1Q, -+ , AnQ) P.

Now we are ready to prove the main result: the contraction is well defined.

THEOREM 9.5.  The contraction defined by (9.3) is independent of the coordi-
nates.

Proof. Let

M, =

Using Proposition 9.2, we have
Moy = TR (1 M1lz) .

Now consider a coordinate change z = z(x), then M, becomes M, , which is

My=J'® - @J 'M,J® --®J.

s t

Notice that II; is commutative with J ' ® --- ® J_l7 and Il is commutative with
| —

S

J® ---®J. Applying Proposition 9.2 to M., we have
& & pplying Proposition W AY

o) = TR(IL(J '@ @J YM;(J@ - @J) 1

s t

= TR|(J'® - @J HIMI) (J@-®J)
N————’
s t

= TR|(J '@ - @J Hel HYM)J@ @ J)aJ)

= (J'® @ HWYTRJI M M)NJ@ - ®.J)

s—1 t—1
= J'® - @J HWIRM,)J®- - ®J)
—_— ———
s—1 t—1
= (J'® @] WM (Jo---®J).
s—1 t—1

Note that the last third equality is from Lemma 9.4. The proof is completed. O
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10. Conclusion. In this paper the left and right semi-tensor products of any
two matrices were defined and several basic properties were obtained. Then under the
assumption Al a few further properties, which are necessary for the later discussions,
were investigated.

As applications of the semi-tensor products to physics, some physical problems
were considered. First of all, the general formula for the Carlman’s linearization was
presented. The necessary and sufficient condition for the existence of polynomial type
of first integrals was proved. Then for planar polynomial systems a non-polynomial
type of invariants was investigated. The problem was converted to the solvability of
a set of algebraic equations. Another problem considered is the contraction of tensor
fields, which is useful in relativity etc. We gave a rigorous proof and provided a matrix
structure for the contracted tensor field.

REFERENCES

[1] L. Caro, M. R. FEIX, Families of invariants of the motion for the Lotka-Volterra 1st family,
J. Math. Phys., 33:7 (1992),pp. 2240-2455.

[2] L. Caro, M. R. FEIX, J. LLIBRE, Darbouz method and search of invariats for the Lotka-
Volterra and Complex Quadratic Systems, J. Math. Phys., 40:4 (1999), pp. 2074-2091.

[3] L. CAIRO, Darbouz first integral conditions and integrability of the 3D Lotka-Volterra system,
J. Nnolinear Math. Phys., 7:4 (2000), pp. 511-531.

[4] D. CHENG, Semi-tensor product of matrices and its application to Morgen’s problem, Chinese
Science, series F, 44:3 (2001), pp. 195-212.

[5] D. CHENG, X. Hu, Y. WANG, Non-regular Feedback Linearization of Nonlinear Systems via a
Normal Form Algorithm, Automatica, 40:3 (2004), pp. 439-447.

[6] J. FOSTER, J. D. NIGHTNGALE, A Short Course in General Relativity, Springer-Verlag, 1995.

[7] R. HorN, C. JOHNSON, Topics in Matriz Analysis, Cambridge University Press, Cambridge,

1991.

[8] J. R. MaaNus, H. NEUDECKER, The commutation matriz: some properties and applications,
Annals of Statistics, 7 (1979), pp. 381-394.

[9] J. R. MaaNus, H. NEUDECKER, Matriz Differential Calculus with Applications in Statistics
and Econometrics, Revised Ed., John Wiley & Sons, 1999.

[10] R. K. Sacus, H. Wu, General Relativity for Mathematicians, Springer-Verlag, 1977.

[11] W. M. StEEB, F. WILHELM, Non-linear autonomous systems of differential equations and
Carleman linearization procedure, J. Math. Anal. Appl., 77 (1980), pp. 601-611.



588 D. CHENG AND Y. DONG



