ubliship,
& 7,

Y o8 . o
%@;{E} Physical Mathematics

{25 52\

Abbas and Ibrahim, J Phys Math 2015, 6:1
http://dx.doi.org/10.4172/2090-0902.1000134

Research Article Open Access

New Analytical Formulae to Calibrate HPGe Well-type Detectors
Efficiency and to Calculate Summing Corrections

Abbas MI'* and Ibrahim OA?

'Physics Department, Faculty of Science, Alexandria University, Alexandria, Egypt
2Physics Department, Faculty of Science, Beirut Arab University, Beirut, Lebanon

Abstract

Direct mathematical method is used in this paper to calculate the photo peak efficiency of a system containing
a radioactive source placed in the well of a well type detector. Attenuation of the source and detector’s walls are
included. In addition summing corrections are also included. The comparison between published experimental values
and present calculated values are given. This work proved quite success in predicting the photo peak efficiency of
certain detectors even for a radionuclide emitting rays with different energies.
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Introduction

The direct mathematical method is an analytical method created
by Younis S. Selim and Mahmoud I. Abbas to calculate the total or
photo peak efficiency of radioactive detectors [1-4].Then it was used
by several authors. The comparison between the analytical values
and experimental ones shows that the error is very small. Besides, the
direct mathematical method is built on simple physical concept and
mathematical integrals and it does not need long computer programs
like other analytical methods. This analytical method is used to calculate
the photo peak efficiency of a radioactive source placed in the well of a
well type HPGe detector.

In this paper, the direct mathematical method is explained, then
a detailed mathematical perspective is described and a comparison
between analytical, experimental and those obtained by Monte Carlo
method is given. In addition, new method to correct for summing
corrections is discussed.

Description of our system

Our system is made of a well type semiconductor detector made by
Canberra. Its active material (Ge) is mounted in aluminum end cap of
thickness 0.5 mm and having an external shielding of lead. The source
should be put in the detector well; it can be a “point source” with very
small size or a volumetric source that can fit in the well.

The radioactive source contains radioactive nuclide emitting
gamma rays. Each nuclide can emit gamma rays with specific energy;
the rays emitted can be attenuated by the source material and container
walls as well as the detector’s walls. Other rays will be absorbed by the
detector material. The rays absorbed with in the detector active medium
will deposit their energy in it. A ray can deposit all its energy or part
of it depending on the way of interaction. The energy deposited will be
turned into an electric signal. This electric signal is sent to an amplifier,
then to a multichannel analyzer that will record the pulse. Finally a
computer will display all the signals depending on their energy Figure 1.

The total efficiency of the system is defined to be the total number
of rays detected divided by the total number of rays emitted while the
photo peak efficiency is defined to be the number of rays detected
within certain energy divided by the number of rays emitted at this
energy. In this work we will focus on photo peak efficiency [5].

Direct mathematical method

This method uses simple mathematical idea to calculate total
efficiency as well as photo peak efficiency. It starts from this perspective,
when a photon enters the detector active medium, the probability for it
to not interact with the detector is given by o~#< where p is the linear
attenuation coefficient expressed in cm™ and d is the distance covered
in the detector active medium. So the probability for a photon striking
a detector to interact with its material is done by:

P=1-¢*" (1)
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Figure 1: Demonstrates the dimensions of the detector.
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Where, is the total attenuation coeflicient and it depends on the
detector material type and photon’s energy. Also the photon might be
absorbed by the walls of the detector or by the source material itself.
The probability to be absorbed by certain non-detecting material is

—#-1The “attenuation factor” caused by several walls or barriers can
be done by [6-10]:

a, =TI, "ie[0;n]. )

Where, H; is the attenuation coefficient of the ith absorber and 1 is
the distance covered in that absorber. So in general, the probability for
a single photon, to cross n barriers then enter the detector material, and
interact with it depositing certain energy will be:

P=a_,..(1—e’“"d); (3)

While the probability of the same photon to be interacted with the
detector depositing all its energy will be:

P=a, (1-¢""); )

Where, p_is called the photo peak attenuation coefficient. The
interactions contributing to determine y_ are: photoelectric effect and
pair production. While Compton scattering does not contribute unless
followed by photoelectric effect. Measuring efficiency for certain system
requires two main things, the first one is full awareness of the geometry
of the system to calculate the distance a photon emitted at certain polar
and azimuth angle will cover in detecting and attenuating materials.
Besides it requires understanding the different kinds of interactions
between the photon and these materials. In addition, detector dead
time and summing out effects must be known also.

So for a point source the efficiency in general will be the sum
‘integration” of all rays detected at any polar or azimuth angle divided
by the total number of rays emitted at certain energy or the integration-
sum of the probability function (equation.3) over the entire solid angle
divided by the total solid angle: 4m. The general rule is:

. [[[a, (1-e™)sin6dpdo |
4

(5)

To calculate the photo peak efficiency of the same point source, we
replace y by p .

Mathematical Perspective
Axial point source

To derive an equation for this efficiency, we will start by studying
the different path lengths allowed for a photon starting from a point
source. Then we will write a mathematical equation covering the
entire solid angle, which is a developed form of equation 5 to deal with
different functions of the distance covered in the detector “d”.

Allowed path lengths in detecting and attenuating materials:

For a photon created by an axial point source, five path lengths
are allowed for a photon in the detecting material. All the path lengths
functions are illustrated in Figures 2 and 3.

1. If the photon enters the detector from the well’s bottom and
leaves from the bottom the path length “d,” followed will be:

d, =h/cos (6) (6)

2. If the photon enters from the well’s bottom and leaves from
the outer side, the path length function will be:

|_* Detector's axis

T |0 ten (e

* 0:+n- tan™ (R/H}z)

H-z
! cos(mn—8) |sin®

™ 8:= fan(r/z)

I 8:5tan (r/z-h)

S
\. well’s wall -

cos®  min

Well's bottom
h

- bottom

d. =h/cos(8)

Figure 2: Drawing not to scale showing to the left a projection on a vertical
plane passing through axis not to scale and to the right a three dimensional
drawing of the detector and the four path lengths allowed for a photon emitted

R
from a source located at = >k

4 cos(n-8) =miné

— d.=h/cos(8)-

Figure 3: Three dimensional drawing not to scale of our detector showing the
four path length allowed for a photon emitted from a point source located at
R

height “z” less than -— h
R h
dy=—-— (7)
sind cosé
3. Ifthe photon enters the detector material from the well’s side
and leaves from the bottom:
d _ z _ r (8)

3 N
cosf sind

4. If the photon enters the detector from the well’s side and
leaves from the outer side. The path length “d,” followed will be:

R r

d,= )

4 — . .
sin@ sin@

If the photon enters from the well’s side and leaves from the face,
the path length function will be:
__H-z _r
: cos(z—0) sinf

(10)

While the distance traveled by the photon in the non-detecting

. . C e t
materials usually source container or detector shielding is simply, D
sin

if the

if the photon crosses the wall of source or shielding; and -

photon is crossing the bottom of the container or the well’s bottom; t is
the thickness of the absorber.

J Phys Math
ISSN: 2090-0902 JPM, an open access journal

Volume 6 - Issue 1+ 1000134


http://dx.doi.org/10.4172/2090-0902.1000134

Citation: Abbas MI, Ibrahim OA (2015) New Analytical Formulae to Calibrate HPGe Well-type Detectors Efficiency and to Calculate Summing

Corrections. J Phys Math 6: 134. doi:10.4172/2090-0902.1000134

Page 3 of 6

Photo peak efficiency: Since we are dealing with an axial point
source, the azimuth angle does not affect the path length of a photon,
the later depends only on the polar angle. We will start our study by
defining four polar angles that are important to our study.

1

Which are :4 =tan™ ; and

r IR -
——;6,=tan”' —;0, =7 —tan'
z—h z -z

0,=x—tan™ H% . These polar angles are shown in Figure 2.
We have to discuss two cases:
A If the point is located at a height more than %.h. (Figure 2):
For 0<6<6 ; the photon has to follow path length: d,.
For 6,<0<0,; the photon has to follow path length: d,
For 6,<6<6,; the photon has to follow path length: d,.
For 6,<0<0,; the photon has to follow path length: d_.

For 8,<6 <m; the photon will never strike the detector.

So the photo peak efficiency is given by:

f:j; p,.sinedq;dmj:ji" pl.sin0d<pd¢9+J':iji” p4.sin€d¢d5+I::ji” posinddpdd ()1
4z

&=

Where p, = a,. (lfe"“‘“)

B. If the point source located at a height less than Ri.h.
(Figure 3): B

For 0<6<6,; the photon has to follow the path length: d .

For 6,<0<0 ; the photon has to follow the path length: d,.
For 6,<6<0,; the photon has to follow the path length: d,
For 6,<6<6; the photon has to follow the path length: d..
For 63<9<T[; the photon will never strike the detector.

In this case the photo peak efficiency will be:

(217 pysinedede+ [ [ p,sinbdgde+ [ p,sindpdo+ [ [ p, sinbdpde (12)
&= 2 A )
4r

Non Axial point Source

For a point source not located on the axis of detector the path length
functions allowed depend on two things only where the photon enters
the detecting material and where it leaves. These things in turn depend

on the location of the source (its height “z” and the axial distance
as well as the polar and azimuth angle (Figures 4-6).

« »

P’

Allowed path Lengths: In general for a photon generated at a point
source S (p; z), the path length it can follow can be:

e Ifit enters from the well’s bottom and leaves from the bottom.
The path length it can follow is d, (as identified before in equation 6).

e Ifit enters from the well’s bottom and leaves from the side:

d - tpcos(p)+4R* —(c.sing)’ _z-h (13)

2 .
sin & cos@

If it enters from the side and leaves from the bottom:

4 :i_ip.cos(gp)+\/r2 —(p.sing)’ (14)

cosd sin @

4. If it enters from the side and leaves from the side:

Figure 4: Clarifies the path length function d,’; the distance covered
in the detector is AB, shown as dashed line to the left. It is clear the total
distance SB is z. cos® but AB=SB- SA. To get SA we made a projection on
anhorizontalplane containing the point A. the projection of SA: “S’A” is simply

S'A=4r? ~(p-sin (/,)3 — pcos(p) as it is obvious by simple geometry of triangle

>

A
SA=
AHO. Sil’l((g) .

VW R% — (p - sing)?

frZ — (o - sin @) 2

Figure 5: Clarifies the path length d,’. The solid segment AB “to the left”
represents the distance covered in HPGe Material. By projecting on a
horizontal plane “to the right’we obtain AB’ the projection of AB.

p.sin(rp]alf‘fa \p.cos(d}

For ¢<d. and according to the simple For d=d-and according to the simple geometry of
geometry of triangle OPA right at P. the triangle OHB right at H. Segment BH is

segment AP is 77 — (psing)? and SA is  |/r7 — (psing)land SBis 477 — (psing)? +
7* = (psing)? — p.cos (@) p.cos (¢)

Figure 6: Shows a projection on a horizontal plane containing the well bottom
to discuss the + in the equation of d,’ according to this figure. This “t” turns —
for <@_and + for >¢.

- +\/R2 —(c.sing)’ _ \/rz —(c.singp)’ (15)
4 sin 6 sin @

A’B’is \/Rz —(p.sin @)’ —\/RZ —(p.singp)’

5. If it enters from the side and leaves from the upper face:

H-z _J_rc.cos((o)+x/W-Sinfﬂ)2 (16)

s cos(7—0) sin(z — 6)
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Photo peak Efficiency: Studying the photo peak efficiency of a
non-axial point source is more complicated than the axial source case,
because we will study the path length functions allowed according to
polar and azimuth angle both range from 0 to . We define four new
polar angles illustrated in Figure 7:

g =tan'| =2 1.0, =tan"' e ;0, =tan™ R=p ;0,=tan™ Rtp
z—h z—h ’ z

z

In the lower part of the detector (located below the point source)

(0<9<EJ
2

A projection is shown in Figure 7 on a horizontal plane containing
the well’s bottom to understand the different places the photon can
enter from.

According to this projection:
For 0<61, the photon has to enter from the well’s bottom.

For 91<9<92, the photon can enter either from the well’s bottom or
well’s side depending on the azimuth angle: ¢.

If ¢ <@’ ; “illustrated in figure 7” the photon enters from the well’s
bottom.

If ¢ >¢’ ; the photon enters from the well’s wall.

2
z—h P
+ p -r
l(tanﬁj »

2")'(241] (17)

tan @

@, '=cos”

For 6>6,; the photon must enter from the wall.

A similar projection on a horizontal plane containing the detector’s
bottom can show where the photon can show the detector:

For O<93, the photon has to leave from the bottom

For 6,<8<8, the photon can leave either from the bottom or from
the wall depending on the azimuth angle: ¢.

If ¢ <@ “indicated in figure” the photon leaves from the wall

If ¢ >@; the photon leaves from the wall.

2

z J- 2 2
( + p —R
o tan @ (18)

¢C :co
z
2. p.
p (tan@]

-]
o r8.<B<B;
. r

/\ [*2™
(P

{z-h)/tan(8)

@=0
Lh

—

k

Figure 7: Shows a three dimensional drawings of our system with the four
angles 8,; 6,; 6, and 8, to the left and a projection on a horizontal plane
containing the well’'s bottom. Equation of ¢ 'can be applying the cosine law
in the triangle S’AQO:

\b=n

Pjane of
Symmetry

Figure 8: Shows to the left a 3 Dimensionalillustration the polar angles: 6, 6,
8,and 8,.Projection of these polar angles 8, 6. 6, and 6; on the upper surface
of the well and detector is shown to the right. Also @_ and ¢_’ are shown for
two random angles. The simple geometry of triangles S’OA and S’OB allow
us to derive the equations of ¢_and ¢_’.

0<6, 6,<6<86, 6,<6<86, .
@< (p’c @ > (p’c 94< a< E
0<0, d, d, d, d,
6,<6<6, d, d, d, d/
P<9Q,
6,<6<6, d, d, d, d,
P>9,
d, d, d, d/
6,<6<—

Table 1: shows the path length followed by the photon depending on its polar and

azimuth angle for <% .

For 6> 8, the photon must leave from the wall.

Note that: the equation of ¢_can be obtained similar way as ¢’ by
just replacing “r” by “R” and “z-h” by “2” shown in Table 1.

el
S 4+ 507 2505 Acos(¢7,) = AO. So cos (g, ) =>4 +50_ 40"
25054

In the upper part of the detector (located above the point source)
0>Z.
2
To study the path length function followed by a photon striking
the upper part of the detector we will start by defining five new angles:
H-z T -1 T VH -z

0,=Z +tan tan™ ; 6, =—+tan” 30, ="—+tan” :6,=Z +tan™ -z
T2 R+ 2 R-p 2 r+p 2 r—p

For %< 0 < 0 ; the photon must enter from the well’s wall and leave
from the detector’s wall so it must follow path length d,’.

For 0,<0<0; the photon must enter from the wall but it can leave
either from upper side or wall depending on the azimuth angle ¢. It
leaves from upper face for <@ _ and from the wall for ¢>¢,_.

A2y ke
@, =@cos” _tan® ] (19)

H-z
2.p.
p(tanB)

For 6 6<6< 67; the photon must enter from the well’s wall and leave
from the detector’s upper surface following path length d,’.

For 6,<8<8,; the photon can enter the detector from the wall and
leave from upper face following path length d.” and not strike the
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Zgen, 0.<6< 6 6,<6<6, 6,<6<6, E (keV) Expt. [5] Present work M.C. [5]
59.5 59.9 58.3 64.4
*<@,’ d d ds ds’ 88 60.5 64.3 66.06
®,<o A d5 dg’ ds 122 56.35 63.4 64.3
o<, d ds ds ds’ 279 31.08 31.1 33.98
»>e, 4 ds d’ 0 392 21.85 236 24.25
Table 2: Shows the different path length functions allowed for a photon crossing 514 16.86 18.06 18.57
the upper part of the detector (@ >%). 661 13.78 14.2 14.84
834 11.02 11.2 12.21
E (keV) Expt. [5] Present work M.C. [5] 898 6.43 64 75
465 67.68 61.2 72.77 173 4.72 51 5.57
59.5 723 733 771 1333 41 441 4.62
88 76.75 753 80.87 1863 3.03 263 3.32
122 73 74.7 77.8 Table 4: Comparison between different values calculated using our program,
279 405 414 41.99 Monte Carlo method and experimental ones for a source with 8 cm® volume of
392 28.26 285 30.09 water that contains same radionuclides.
514 221 21.6 22.79
661 17.76 16.9 18.56 Where g, is the efficiency of a point source as identified before in
898 7.64 7.7 8.34 equation 21.In case of cylindrical sources of radius S and height H, we
1173 5.6 5.6 6.25 have to integrate over dp and dh:
1332 4.77 4.63 5.46 2 H oS
1863 3.45 2.9 3.62 o= x| enxpxdpxdn (23)

Table 3: Comparison between different values calculated using our program with
experimental ones for a source constituting of a plastic vial of diameter 1.5 cm
containing 3 cm?of water in which the following radioactive nuclides are dissolved.

detector for ¢ >¢_" shown in Table 2.

( 54 pt =1
s _ tan @
@, =cos” ( ) (20)
2.p. tan 6

For 6>6,; the photons leave without touching the detecting material.

So the point source efficiency will be:
1 G G G O
e= —{”pl i sin Hd$d6,+fjpz 1, sin0dpd 6 + ”p, Iy sinOdpd 6 + sz.i4 sin @dpd 6
2” 00 00 00 00
X xS xS xS
+j j pyiysin Bdpd 6 + j j Py sin Odpd 6 + ” pyiy sin@dpd 6+ ” Py sin 0dpd 6 +
60

J'jp, gy 5111601(/1ah9-$—“.p2 g, sm@d(pd&-#“.p, Ji,.sinsin Odpd 0 + _szt sin@dpd 6 + (21)
6rdc 6 ¢ e

z z

Jz'f[p‘.il sin Odpd 6 + ﬁ:mlz sin Odpd 6 + ﬁpri; sin Odpd 6 + J;Jﬂ'pb,j4 sin Odpd 6 +

”]14 sin Odpd 0 + I JI’s sin Odpd 6 + I Ip4 sin Odpd 6 + ”p< sin Odpd 6 + ij, sin @dpd 6

050,'
2

Where, ijisa function that turns to 1 when 6<63 and turns to zero
if else.i, is a function that turns to 1 when 6,<6<6, and simultaneously
q)<(pc’; but turns to zero if else., ijisa function that turns to 1 when
0,<0<8, and @>¢_’; but turns to zero if else., i, is a function that turns to
1if 6>0, and turns to zero if else.

Efficiency of a cylindrical source

The efficiency of a coaxial disc source of radius S (S<r) placed inside
the well can be done by integrating over dp and p ranges from 0 to S.
the integration over d¢ is useless because of the symmetry:

2 N
g:?xj‘gl,xpxdp (22)
0

This equation in its developed form was used to calculate the
theoretical values represented in Tables 3 and 4.

Summing out Correction

Since we are dealing with photo peak efficiency; it is crucial to be
aware of the signals resulting from the simultaneous detection of two
rays. The result will be a pulse recorded within a channel of height
corresponding to the sum of energies of both rays. This is frequent
when a radioactive isotope emitting two or more gamma lines in its
decay. There is a possibility that one ray will interact with the detector
material depositing all of its energy in it, so it is expected to be recorded
in the full-energy peak (photo peak), but the other might deposit part
of its energy or all of it. Thus the total energy deposited will be higher
than the one corresponding to the full energy peak of the first and the
first ray will never be recorded in the full-energy peak.

In our program we added the effect of the summing correction.
For example Cobalt-60 emits simultaneously two gamma lines with
energies 1173 and 1332keV. According to equation5, the probability of
a 1173keVgamma line to be recorded in the full-energy peak should be

a (1—e "> where W,y IS the photo peak attenuation coefficient of the
photons having 1173keV energy. This probability will decrease because
of the 1332keV gamma line is depositing its energy. The probability
of 1332-ray to escape the detector will be ¢™#2* where y, here is the
total attenuation coefficient of the photons having 1332 keV energy. So
equation 5 turns to:

P=a, (- ey gl (24)
Results and Discussion

Equations 11, 12, 23 and 24were used to get the efficiency of point
sources and cylindrical sources. Comparison between the calculated
values in our work, those calculated using Monte Carlo method and
experimental values is tabulated in the following table.

20Ph (46 keV), 2 Am (59 keV), 1°Cd (88 keV), Co (122 keV),2
Hg (279 keV), 3Sn (391 keV), #Sr (514 keV), ¥’Cs (661 keV), **Mn
(834 keV), %Y (898 and 1836 keV) and °Co (1173 and 1332 keV).
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Conclusion

The present work offers straightforward mathematical expressions

to calibrate HPGe well type detectors over a large energy range without
the need for standard sources, norlong computer programs as for
other simulation methods. In addition, the summing corrections are
also presented in a simple mathematical expression. Tables 3 and 4
shows the differences between analytical and experimental values are
very small. Direct mathematical method proves quite success even
when some radionuclides placed in the well of the detector emit several
gamma lines.
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