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NUMERICAL CALCULATION OF THE
GENERALIZED SINE AND COSINE INTEGRAL

K.-D. REINSCH, R. BULIRSCH AND U. PUSCHMANN

ABSTRACT. A method is presented for the efficient calcu-
lation of the generalized sine and cosine integral. The evalu-
ation is done by CebySev series with two nested recursions.

1. Introduction. The generalized sine and cosine integrals (see
Table 1) are defined as

xr . t

(1) Si(x,a):z/ S%dt, 0<z0<a<?2,
0
T cost

(2) Ci(x,a)::/ Ct%dt, 0<z,0<a<l.
0

Both functions were extensively studied in all details with respect to
their analytical behaviour in Kreyszig [5]. In an earlier paper by
Walther [7] the generalized sine integral was already used to study
the Gibbs’s phenomenon of Fourier series.

Special cases of both integrals are well known.

For o = 1 we obtain the “ordinary” sine integral Si (z) := [, (sint/t) dt
and for o = (1/2) the Fresnel integrals

Teint Ve T cost 4
it dt =2 / sin 72 dr, —dt = / cos T2 dr.
o Vit 0 0o Vit 0

A close relationship exists between both integrals to the hypergeomet-
ric function 1F9, the incomplete Gamma function v and the confluent
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hypergeometric function 1F;. The following relations hold

x2—a ( l(2—0[) 332)
Si(z,a) = F 2 — ), a<?2,
( ) e %(4—0&),% 4
J:1704 ( l(l—a) 332)
Ci(z,a) = F 2 — ), a<l,
(@) I—a"?\i3-w),1 4
Ci(z,a) +iSi(z,a) = /T2 4 (g 1 — )

We may evaluate both integrals to any prescribed accuracy via the
hypergeometric functions by using a computer algebra program such
as Mathematica [4]. However, this is not an efficient way to compute
these integrals if a great number of function evaluations is needed in
the course of simulations. The generalized sine and cosine integrals are
used among others, for instance, in the simulation of the propagation of
electromagnetic waves. The aircraft industry requires fast algorithms
(written in advanced programming languages such as FORTRAN and
C) for such extensive numerical simulations. In these programming
languages each real variable occupies one computer word in single
precision or two consecutive computer words if double precision is used;
the numerical calculation is done with an a priori fixed number of words
for each real variable.

The numerical calculation of both integrals is done in a fast and effi-
cient way by truncated Cebysev series including two nested recursions
as we will show in the next sections.

The special cases o = 1/2 and a = 1 are already treated by Németh
[6] and in [2].

2. The numerical calculation of the generalized sine and
cosine integral. Both integrals are functions of two variables x and
a. Without loss of generality, we may in the case of the sine integral
restrict a to the range 0 < o < 2 and for the cosine integral to
0 < a < 1, respectively. For x we have the range 0 < x < co.

The range 0 < z < oo is divided in an appropriate way into two
subranges 0 < £ < A\, A < x < co. In each range we have the Cebysev
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expansions
— §
(3) sin(é1) =2 Z ) Joks1(oT) T2k+1< )
k=0 °
o0 , é_
(4) cos(é1) =2 Z )" Jar (@ 7) Tok o 070

(&, T suitably chosen) where J; denotes the Bessel function and 7 is
the Cebysev polynomial. The prime in Y’ indicates that the first term
of the sum is weighted by a half.

2.1. The range 0 < x < A\, A < co. Using the Cebysev expansion
equations (3) and (4) we deduce

1 .
(5) Si (7, a) =z / sinfw7) dr
0 T
=2z Z(—l)k Cok+1 Tok41 (%) ;
k=0
1
(6) Ci(z,a) = 2! / cos(z ) dr
0 T
OO/
=2z Z ( 1)k Cok T2k<>\>
k=0
where
1
(7) czz/ JAT) drzz\o‘fl/ Jl()dt and t=\T.
o T° 0o ¢

We now have
Lemma 1. The coefficients (7) satisfy the recursion

(8) (Z+1_a)Cl_(l+1+0{)cz+2:Jl(>\)+Jl+2(>\).

Proof. We use the well known relations

Ta(@) I = 20, D)~ (@) = 20()
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Equation (7) yields

A
— )\J/ t
(9) €l — Clpo = el /M dt = 2\ 1 / l+1( ) dt.
0

to
0

Integration by parts of the righthand side of Equation (9) now gives

A
A
€ — Clag = 9\~ 1 [‘]H—l(t)] +9a"1q / Jip1(t) gt
0

to o+l
0
BTSN Al /A D) + Jia(t)
A 2(0+1) Jo to
Jir1(N) a
=2 h\ +l+1(cl-‘rcl+2).
This results in the recursion formula (8). O

For the Bessel functions J,, v > —1/2, we have upper bounds (see
[1]) .
|z/2[" ellm= 1
—_—, > ——, e C.

Tw+1) > =72 °
These upper bounds yield an upper bound for the Cebygev coefficients
c; of the sine and cosine integral

[ (2)] <

h/2f

(10) el < a=oras D

= UB(I,\), 2<L

2.1.1 Numerical solution in the range 0 < =z < A. It is a
well-known fact that truncated CebySev series provide quite efficient
approximations. We have for the integrals above

Ny
. . — T
Si ({E,Oz) = 2,’E1 Z(—l)k Cok+1 T2k+1 <—>,

)
(11) h=0
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FIGURE 2. UBi(l,)\) = tol, tol = 108,10~ 16,

where the upper index N7 will depend on A and the prescribed accuracy.

First we have to compute approximate values for the Cebysev coeffi-
cients ¢; = ¢;(a, A). We do this by solving Equation (8) by backward
recursion.

Let us denote the approximate value of ¢; by ¢;. Then we have

CoN,+3 = Can, 42 =0

and o
ba=[U+1+a)a+ T+ ] [U+1-a)
forl=2N;+1,...,1 orO.

J; are numerical approximations of Ji(A), L =2N; +3,...,0, see for

instance Gautschi [3].

The summation of the truncated Cebysev series Equation (11) is done
by Clenshaw’s recurrence algorithm

x

2
Anir1 =An42 =Bny1 = Bni42 =0, y=2 <2 <_> - 1)
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FIGURE 3. B(a) and A(«).

and

Ay =cCaq1 —y* Aipr — Ay,
B[Zégl—y*BH_l—BH_g (ifa<1)forl:N1,...,O.

So we finally have

Si(z,a) =221 § (Ao + A1),
Ci(r,a) =2 (By — By) ifa<l1.

2.2 The range A < x < co. Let x tend to co. In that case

(12) lim Si(z,a) = A(a) =T(2 - a) sin ((1 — @) (7/2))

xT—00 -« ’

(13)  lim Ci(z,a) = B(a) = (1 — a) sin (a g) .

Tr— 00

The representations hold

(14) Si(z,a) = A(a) — xia [ P(z) sinz + Q(x) cosz |,
(15) Ci(z,a) = B(a) + L [Q(z) sinz — P(x) cosx |
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where

(16) P(z) = % /OOO(\/E)“—1 Ko—1(2V1) sin (é) dt,

a7 Q) = % /OOO(\/Z)Q-1 Ka_1(2v/7) cos (2) dt
(K,(...) denote the modified Bessel functions).

In Equations (16) and (17) we again make use of the decomposition

rules
sin <;) = sin <X E) =2 ];:O(_l)kj%ﬂ (X) Tok+1 <5>7

o (2) o (32) s S e ()

and from this we obtain the Cebysev expansions

(18) P(r) = 2;7%\ > (1) dagia T2k+1<%),

(a) &=
(—=1)*doy Toy, (%)

230\ v
where the Cebysev coefficients are given by

(19) Q(z)

I(«) P

(20) d; = /0 - Fa1@QVAE)Ji() dt,  fu(T) = T K, (7).
We may now state

Lemma 2. The Cebysev coefficients d; satisfy the recursion

(21) (I+ o) (di = dig2) — (I +4 = @) (dig2 — diga) = 2A (diy1 + digs).

Proof. The relations for the modified Bessel functions yield

%fu(T) = _Tfu—l(T)a

f;;+1(7') -7 fu—l(T) = 2ﬂfu(7')
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from which we obtain in turn
(o)
di —diy2 =2 / fam1(2VAE)Ji 14 (t) dt,
0

2\
d —dips = —2 (digr — h
l 1+2 Oz—2(l+1 l+1)

where

o0
hupt = / (ANE) foa(2VNE) i (8) dt.
0
This gives
z

The last equation results from integration by parts; this is the recursion
formula (21). O

2
(di — dit2) — (di42 — diya) = 12 (P11 + hiys).

We have an upper bound for the Cebysev coefficients d; in

Lemma 3. If [ > 2 and I\ > 2 then

2.32
+ 177 (2VA1) 7 2e 00!

N S ()

+ % (V2X1)3/2e=V2M = UBy(1, \).

Proof. We split the integral in Equation (20) into three parts

i = (/Om +/1i/j +/l:>fa1(2\/ﬂ)Jl(t) dt,  fo(r) =7 K, (7)

and calculate upper bounds for the absolute value of the three integrals.

We use the following relations (see [1])

(23) 0< K,u(1) < Ki(7), |p/<1,7>0,
(24) 0<7Ki(r)<1.16, 0<7<2
(25) 0<Te Ki(r) <151, 2<r,
(t/2)
2 D < = <t<l
(20 ) < (2 0sist,
1
(27) | Ji(t)| < , 1>1,0<t,
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IO < oo (VIZT)
(28) R TV ]

e ¢?
[§<<1_Z)] , 0<(¢<L

a) With the relations (23), (24) and (25) we obtain for the first
integral

IA

1/x

’0 for (2VAT) i(t) d ‘ (2A)l+213rZ(l+2)

b) With the relations (23), (25), (28) and w = 2V Al we deduce for
the second integral

[ e vty ain

151 aes [V2 o) —w e
gﬂw+/0 (V)= e VE | 11 )| de

I r1/V2 4N\ !
1.51 e B B p
< 07 et (1/2) [ 2 wp 2l+a—(1/2) -
S 1.77wa7(5/2) 670'45l.
¢) The relations (23), (25) and (27) give for the third integral

‘/mfa—1<2m>Jl<t)dt‘ ljwﬁ) (1/2) o=VEA
1/2

In the worst case a = 2 we get the relation (22). O

The relation (22) leads to lim;_,, d; = 0.

The Cebysev coefficients d; are the minimal solutions of the recur-
rence relation (21) and satisfy the relations

23—(1/\2 &

(29) Ta) kZO(Zk: + 1) dog1 = xlin;o(m P(z)) = «,
23 an >
(30) Z = lim Q(z) =

Tr—00

k=0
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FIGURE 4. 4\UBx(l,\) = tol, tol = 10~8, 10~16.

2.2.1 Numerical solution in the range 0 < A\ < z. As shown

above, the functions P(z), Q(z), cf. Equations (18) and (19), can be
approximated by the truncated CebySev series

3—a No
P(x) = ZF(a;\ ];)(_1)kd2k+1 T2k+1<%>a
o 2P0\ A

where the upper index Ny will depend on A and the prescribed accuracy.

We obtain numerical approximations for the Cebysev coefficients
d; = di(a,\) by solving Equation (21) by a backward recursion; let
d; denote the numerical approximations for the d;, then

doN,+5 = dony 44 = don,+3 = 0, dony42 =€ >0

and

dy = dpyo + (1 +4— a)(dip2 — dia) + 2 X (dig1 +digs)) /(1 + @)
forl=2Ny+1,...,0.
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Normalization according to Equation (30) yields
No+1

/o~ s I'la 5
o= ;O dor,  1=0,...,2Ny+1: dl:#dl.

Again the truncated Cebysev series Equation (31) are evaluated by
Clenshaw’s recurrence algorithm

A 2
ANyt1 = ANy 12 = BNy t1 = Bry12 =0,y = 2<2 (5) - 1>

and
Al = (Z21+1—y*Al+1—Al+2, Bl = Cin—y*BH_l—BH_Q for [ = N27 .e ,0.

The approximations for the auxiliary functions P(x), Q(x)

R S1)
= 224 ()

and Si(z, @), Ci(z, @) are computed from Equations (14) and (15).

Incidentally, by a change of variable, i.e.,
237\
I'(«a)

we may save on the number of required multiplications, i.e., computing
time.

dl e (51 = dl,

2.3 Appropriate choice of A\ and the truncation indices
N1, Ny. There are two objectives partly contradicting each other. The
absolute truncation error in the interval 0 < x < A is given by the
(2N, +3)th Cebysev coefficient cap, 13 in the truncated Cebysev expan-
sions of 271 Si (z, &) and %71 Ci (z, @); and in the interval A < z < oo
by the (2N3+3)th Cebysev coefficient dan,+3 in the truncated Cebysev
expansions of P(x) and Q(z). The errors should be less than a given
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FIGURE 5. Curves [I]()).

tolerance tol. Computing time should be the same in the intervals
0<z<Xand A <z < oo and this requires N; = Ns.

In the worst case @ = 2, for fixed tolerance tol the number IN;
increases with increasing A and N> decreases with increasing .

The upper bound UBs; is too conservative for estimating optimal
values, cf., Table 4 and Table 5.

Therefore, for a fixed tolerance tol and the worst case o = 2, we have
numerically computed the curve [{];(\) with
e | < ol < Jepy, ) +2]

and the curve [l]2(\) with

101,00 | < tol < S, 0 42] -

The optimal values for A\, N1, No are given by the intersection of the
two curves, see Table 5.

We obtain

tol=10"% | A=725and Ny =Ny =9
tol =10"16 | A = 12.5 and N; = N, = 19
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