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FOURIER INTEGRAL OPERATORS OF INFINITE ORDER
AND APPLICATIONS TO SG-HYPERBOLIC EQUATIONS

By

Marco CAPPIELLO

Abstract. In this work, we develop a global calculus for a class of
Fourier integral operators with symbols a(x,¢) having exponential
growth in Rff’é. The functional frame is given by the spaces of type
S of Gelfand and Shilov. As an application, we construct a para-
metrix and prove the existence of a solution for the Cauchy problem
associated to SG-hyperbolic operators with one characteristic of con-
stant multiplicity.

Introduction

In this paper we consider some classes of symbols a(x, &) of infinite order, i.e.
growing exponentially at infinity together with their derivatives, and we inves-
tigate the related Fourier integral operators. Pseudodifferential and Fourier in-
tegral operators of infinite order have been studied by L. Cattabriga and D. Mari
in and by L. Cattabriga and L. Zanghirati in [3], [4], with applications to
hyperbolic Cauchy problems in the Gevrey classes. The operators under con-
sideration in [2], 3], have characteristics of constant multiplicity, without Levi
conditions or with Gevrey-Levi conditions on the lower order terms. For related
results of well-posedness in the Gevrey classes, see S. Mizohata [21], K. Taniguchi
[26], K. Shinkai and K. Taniguchi [25], K. Kajitani and T. Nishitani [15], K.
Kajitani and S. Wakabayashi [16]. In our work, we consider symbols having an
exponential growth with respect to both the variables x and & over all R%. Our
aim is to give a suitable tool for studying hyperbolic equations with coefficients
and data globally defined in the space variables and obtain results of global
existence of the solutions. In particular, we are interested to the Cauchy problem
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for SG-hyperbolic operators. SG-operators were studied in the past by several
authors, for example C. Parenti [22], E. Schrohe [24], H. O. Cordes [5]. More
recently, S. Coriasco [6], S. Coriasco and P. Panarese [7], S. Coriasco and L.
Rodino [8], have investigated the Cauchy problem for SG-hyperbolic operators
with characteristics of constant multiplicities, proving results of well-posedness in
the frame of the Schwartz spaces &, %' under a so-called SG-Levi condition. In
Section 1, we introduce some spaces of functions which are well known in the
literature as spaces of type S, see I. M. Gelfand and G. E. Shilov [9]. Such spaces
represent a global version of the Gevrey classes and seem to be the natural
domains of our operators. In Sections 2, 3, we define some classes of symbols of
infinite order and develop the calculus for the related Fourier integral operators
proving a composition theorem. Finally, in Section 4, we consider the Cauchy
problem for a SG-operator with one characteristic of constant multiplicity and
prove the existence of a solution by means of the construction of a parametrix,
expressed as Fourier integral operator of infinite order in our classes. The con-
ditions we assume on the lower order terms are weaker than the SG-Levi

condition in [6], [7], [8]

1 Spaces of Functions

In this section we give some basic results concerning the spaces of functions

we will deal with in the paper. We refer to [9], [10], for proofs and details.
We will denote by Z_ the set of all positive integers and by N the set Z U {0}.
Let 6 be a positive real number, § > 1 and let 4,Be Z,.

DErFINITION 1.1. We denote by Sg’f (R") the space of all functions u in
C*(R") such that

sup sup A"“'B‘w'(a!ﬁ!)_0|x°‘6£u(x)| < +o0.
o,feN" xeR"

We set
S§RY = U Spi(R").

A,BeZ,

ProrosiTION 1.2. Sg’f (R™) is a Banach space endowed with the norm

lully g, = sup sup A~B () 0|x*0bu(x)|. (1.1)
o o,feN" xeR"

By Proposition 1.2, we can give to SJ(R") the topology of inductive limit
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of an increasing sequence of Banach spaces. We remark that this topology is
equivalent to the one given in [9]. It is useful to give another characterization of

the space S¢(R"), providing another equivalent topology to S¢(R"), cf. the proof
of below.

PROPOSITION 1.3.  SY(R") is the space of all functions ue C®(R") such that

sup sup B~HI(BN) 0L |68u(x)| < +o0
BeN" xeR"

for some positive B, L.

PROPOSITION 1.4. The following statements hold:
(i) SY(R™) is closed under the differentiation;
(i) SJ(R™) is a nuclear space.

REMARK 1. We have
G¢(R™) = S{(R™) = G(R"),

where we denote by G°(R") the space of all functions ue C®(R") such that, for
every compact subset K < R"

sup B~ Wl(pN~° sup |0Pu(x)| < 400
peN" xekK

for some B = B(K) >0 and by GY(R") the space of all functions of G°(R") with
compact support.

We shall denote by S'(R") the dual space, i.e. the space of all linear con-

tinuous forms on S¢(R"). From (ii) of [Proposition 1.4, we deduce the following
important result.

THEOREM 1.5. There exists an isomorphism between Z(SZ(R"),SZ(R")),
space of all linear continuous maps from SJ(R") to S§'(R"), and Sf'(R™), which
associates to every T € £(S{(R"),SY(R")) a form Kr e SJ'(R*) such that

<Tu7 U> = <KT) v® u>
for every u,ve SY(R"). Kr is called the kernel of T.

Finally we give a result concerning the action of the Fourier transformation
on SJ(R").
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PROPOSITION 1.6. The Fourier transformation is an automorphism of S{(R")
and it can be extended to an automorphism of S{'(R").
2 Symbol Classes and Fourier Integral Operators of Infinite Order

In the following we will use the following notations:

x> =(1+|x*"? for xeR"

Vxp = (5_¢ 8¢)

Ox1’ " 0xy,

Dt: —ia,
Di =D} ---Dir for all e N",x € R", where Dy, = —idy,, h=1,...,n.

Given two complex-valued functions f, g, we will use the notation f ~ g to mean
that there exists a constant C > 0 such that

CHf(x)] < lg(x)] < Clf (x)]-
Finally, we will often use the notations e; = (1,0), e; = (0,1), e = (1,1).

Let u,v,0 be real numbers such that Il <u<vand 6 >u+v—1.

DerFINITION 2.1.  For every A >0 we denote by I";fv,o(R”’;A) the Fréchet
space of all functions a(x, &) € C*(R™) satisfying the following condition: for every
e>0

lally, = sup sup AR (BY T (xHH
' «,BeN" (x,&)eRY

-exp[—e(|x|"/ + |&/%)]| DgDEa(x, &)| < +o0
endowed with the topology defined by the seminorms | - | 4 ., for e >0. We set

L7, 6(R¥) = lim T o(R*; 4)
) A—+00

with the topology of inductive limit of Fréchet spaces.
In the sequel we shall also treat symbols of finite order. Let us give a precise

definition for such symbols. Let u, v be real numbers such that 1 < 4 < v and let
m = (m;,m;) be a vector of R?.

DEFINITION 2.2.  For every B > 0 we denote by F/TV(RZ” ; B) the Banach space
of all functions a(x,&) € C®(R*) such that
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lallp= sup  sup B7IHWBl(an)TH(pH)
wBeN" (x,&)eR™
&yl ey~ AL | DEDEa(x, £)] < +o0
endowed with the norm || - ||z and define
7 (R”) = lim L’ (R*;B).

B—+w

We observe that T lZ'v(Rz”) < :f’v’g(Rz”) for every me R? and for all
O0=pu+v—1.

DEFINITION 2.3. A4 function ¢ € F:,V(RZ") will be called a phase function if it
is real-valued and there exists a positive constant C, such that

C,(x) < (Vep) < Cpdxd (2.1)
C,lLEY < (Vup) < CpXE). (2.2)

We shall denote by P the space of all phase functions.

Given ae T, ,(R*) and ¢ e 2, we can consider the Fourier integral op-

uv,0
erator

Ag pu(x) = JR" e Sa(x, EYa(¢) d¢, ue SY(R") (2.3)

where we denote d¢ = (27) ™" d¢. A relevant particular case is given by the choice
o(x,¢&) = {x,&), corresponding to the pseudodifferential operator with symbol
a(x,&) in F/fvﬁg(Rz")

Au(x) = JRn "> a(x, E)a(¢) dé.

In view of Proposition 1.6 and [Definition 2.1, the integral is absolutely
convergent. To study the operator 4, ,, we need the following preliminary prop-
osition and lemmas.

PROPOSITION 2.4. Let g € Fiv(R2”; B) for some B > 0. Then, for every a,f in
N", there exists a function kyp(x,&) € CP(R*) such that

D} Dfeio(x:0) — plox.Op 5(x, &)
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and
Ik (x, )| < (294B max{|lo|l, 11" (jut|B11)
max{0, |a| - 1}< >h+l 8| max{0, |Bj— 1}<é>k+l |o
for all (x,&) e R™.

In the following lemma we collect two well known formulas for factorials
and binomial coefficients. The proof is omitted.

LEMMA 2.5. We have:

(k+j)! <27kl VjkeN (2.5)
o lal)
= Vae N”, p < |al. 2.6
> (2)=(5 psla 26)
lo'|=p

PROOF OF PROPOSITION 2.4. We argue by induction on |x+ fB|. For a=
p =0, the assertion is trivially verified. For |« + | # 0, we have

D¢, DEDEe™9) = DED{[e* 90y p(x, &)

= e § (:‘,) ( g) Ky—ar pg (%, E)DE 85, D 0(x, &).

o <a

B <B

By the inductive hypothesis, applying (2.5) and observing that § > max{u,v}, it
follows that

( ( ) v 5 (6, E)DE 0D p(x,8)
z

Z( )( >||(0|| Bl 1HIB [ +1y u(le’|+1) (a')H(B) (&Y l«x|<x>1 18’1
. (2°4B max{||g|| 5, 1) EF 1 (jo — o/ |N°(18 - B']1)°
max{0, la—a'|-1} <X>h+l |8—p’| max{0, |B— —-p'|-1} <é>k+l |oe—e']

= (h1)? (k1)°
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(2948 max{||¢| 5, 1})HFH!

- . max{0, jo—a'|—1} <x>h+2—i/3|
Z( g =’ > NG

o' <o h=0

-bl'—‘

Z( Damems-pn S L

Rt 1B-8'|-1} % 5>k+1a:|

317

’_<_ k=0
Now, by (2.6):
max{0, a~a'|-1} h+2-|B|
(&) grteia—apy? > 2
o' <o x : h=0 (h!)
o lal) - max(Oldop=1) s he2—l
= (P)(lal = p)° —
p=0( P h2=(; (1)°
max{locl 1,0} < Nara max{laI,O} (xyht1-18l

SJCUD IR

h=0 =0 h=0

Analogously, we have

IB L . e Hmax{01|ﬁ—ﬁ'|“1}<€>k+1—(a|
/;jﬂ(ﬁ,)m,,(wuw ey S

4 emax{O, |Bi—1} <é>k+1—|‘1|
LD D

k=0

24;:— (Jo| + 1)1° Z W

from which (2.4) follows. By estimating similarly D, D#Dfe™*<), we conclude

the proof.

O

REMARK 2. Proposition 2.4 implies in particular that for every L' > 0 there

exists a constant Cr, > 0 such that
|DLe®0] < CE (1B <ey<eret O™
for all Be N" and for all (x,&) € R*. Similarly, we have the estimates
|DEDLe D) < CEI (1a)1]]!) Py g (O™

for all «,fe N" and for all (x,&) € R™.

(2.7)

(2.8)
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Let us set, for ¢ > 0,
O = {(x,&) e R : {x) < 1,{&) < t}
Of = R"\Q,.
LEMMA 2.6. For any given R> 0 and o> 1, we can find a sequence of
nonnegative functions y;(x,¢) € Cg° (R*™) such that Z}ZO Yi(x,¢) =1 on R™,
supp Yo S O3R
supp Y; = Q?:—R(—_j—f-l)g\QZRjé’
and

sup |D§D£|/,j(x, )| < CI“IHﬁlH(a!)”(ﬂ!)V[R sup( /¢, 1)]—|a|—|ﬂ|
RZn
for all a,fe N".

Proor. Let ¢ € CP(R*) such that 0 < ¢ < 1,

1 if (x,&) e @

$(x,&) = {() if (x,¢&) e Of

and

sup [DFD{g(x, &)l < MPHAT (an) (1)
R2n

for all o, € N". Let us set

g;(x,é)=¢<§j—.5,%>, j>1.

Finally, we define
t»00(x7 é) =4g1 (x’ é)
‘/’j(X, &) =gin(x,¢&) —gi(x,&), j=1.

This sequence satisfies the conditions of the Lemma. We can assume that Y, are
nonnegative choosing for example ¢(x,&) = @,(x)p,(£), where ¢,,4, are non-
negative functions which radially decrease. O

LEMMA 2.7. Let g€ P and denote by d(x,&) the function {Vip)? — iAgo.
Then, 1/d e T," (R*").
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Proor. From [2.1), it follows that
|d(x,&)] = (Vewd? = C,2(x>2. (2.9)

From (2.9), arguing by induction on the order of the derivatives of 4, it is easy to
verify the assertion. The details are left to the reader. O

Let us now consider the operator .#; defined by
My = D(1 — Ay) (2.10)
where D denotes the multiplication operator by 1/d. We observe that
Mge?*:¢) = ¢i9%:)

and that
WMe="1—-A:)'D=(1—-A;)D.

LEMMA 2.8. Let pe P, ac ﬂ"fv’(,(Rzn;A), ue SY(R") and {¥jtiso be a
partition of the unity as in Lemma 2.6 with o = 0. Then, there exist positive

constants B, C,K, L such that, for every ¢ >0 and for every j,NeN, o,f e N"
IDEDECH) Y [y (x, S)a(x, &)a(&)]]
< Kllall 1 ,CPHPBX (Ja])) (811) (2N)1) Py =2 0 e B0 (9 1)

for all (x,&) e R*".

Proor. The proof can be obtained by induction on N choosing B, C suffi-
ciently large in the inductive hypothesis. We omit the details for sake of brevity.

O

THEOREM 2.9. Let 9 €P. Then, the map (a,u) — A, ,u is a bilinear and
separately continuous map from T;°, 4(R™) x SJ(R") to SY(R") and it can be
extended to a bilinear and separately continuous map from T'® ,(R™) x SY(R™)

v, 0
to S'(R").

ProoF. Let us fix ael ", o(R*™) and show that u — A, ,u is continuous
from S¢(R") to itself. Basing on [Proposition 1.3, we fix BeZ,, L>0 and
consider the bounded set F determined by C > 0

sup o2 |08u(x)| < CBA(p1)?

xeR"
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for all ue F, pe N". Estimates of the same type are valid for # in view of
[Proposition 1.6 To prove the continuity with respect to u, we need to show that
there exist Ay, By € Z, and a constant Cy > 0 such that

sup |x*Df A, ju(x)| < Cod™ BP (x181)? 2.12)
X @ 0 0

xeR"

for all «,f € N" and for all ue F. Let {y;},,, be a partition of the unity as in
Lemma 2.8. We can write, for any fixed x € R”,

x* DA (A, pu)(x) = x*D? ZJ Wy (x, E)alx, Ea(&) dE. (2.13)
j=0 R"

Now there exists j(x) € N such that 2Rj(x)? < (x> < 2R(j(x) + 1)°. Integrating
by parts with the operator .#; defined by (2.10), we can decompose the sum in
(2.13) as follows:

x*DE A, u(x) = Lap(x) + Dop(x),

where
J(x)

I]aﬂ Z anﬁ J € ip(x.0) (Mf)j[wj(xa é)a(X, é)a(é)] dé
and

e Z x*D? J ey (x, &)a(x, &)a(e) dé.

J>j(x

Let us estimate the two terms. By and Remark 2, for every L' > 0,
there exists Cy; > 0 such that for every ¢ > 0

e I<Z<x>'“'Z( )j (DB 05| | D (1) (x, E)a(x, E)i( )] dE

=0 B'<B

<K||a||AEZBZJ(<zJ)'> Z( )c'ﬂ'c‘ﬂ P11
B'<p
.<x>ldl+1—2je6<x>l/0J (EYe~L-L'=eOW 44
.

where the constants are the same appearing in and (2.11). We observe that,
on the support of y; and hence on the support of Ij,5, we have

GO < g al (jo)1) e
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if we choose ¢ < (1/3R)"?. Furthermore, for j < j(x), (x> < (4R%?")™. Thus,
choosing L' < L and ¢ < min{L—L’,(3R)’1/9}, it turns out that

x ©_ B>\’
g < M2 B0l ()" Y () @19
| >

where the constants A;, B;, M, > 0 are independent of u € F. Choosing R suf-
ficiently large, we obtain the required estimate for [;,3. Arguing as in the previous
case it turns out that there exist positive constants M3, A>, L” such that

bop(x)] < ) <x>'“'z( )j \DPF 0| | DE [y, (x, &)alx, E)i(£)]| d¢

J>J(x) B <p

X j . 1/6
< M3||‘1”A,8A'2 1+|ﬁ|(|a[!|ﬁ|!)0 Z oY Ln (Ee 1O g

J>j(x)

Now, for j > j(x), we have (x> < (2R)j% so <&) > (2R)j®. Thus

3 J
p ()] < Mallal A2 P Y (i) (219

L"/2(2R
j=0 /A

which gives for R sufficiently large. Furthermore, from (2.14) and [2.15),
we deduce that also the map a — A, ,u is continuous for any fixed u € S¢(R").
This concludes the first part of the proof. To prove the second part, we observe
that for u,ve S¢(R"),

J A p()0(x) dx = J #(&)ay(&) d
R" R"

where

a(&) = J €% a(x, £)o(x) dx

Furthermore, by the same argument of the first part of the proof, it follows that
the map v — q, is linear and continuous from Sg (R") to itself. Then, by Prop-
osition 1.6, we can define, for u in SZ'(R"),

(Aa,pu)(v) = 4(a,), ve Sg(R”).

This is a linear and continuous map from S¢'(R") to S§'(R") whose restriction
on S(R") coincides with A, , defined by [2.3). It is easy to prove that it is
continuous also with respect to a for a fixed u in SJ'(R"). O
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DEFINITION 2.10. An operator in Z(SJ(R"),SJ(R™)) is said to be 6-
regularizing if it can be extended to a linear and continuous map from Sg’ (R"™)
to S{(R™).

ProposITION 2.11. If ae S{(R*), then Ay, is O-regularizing.

ProoF. Let us consider the kernel K associated to A4, , given by

K(x, y) =J i e P =Dlg(x, &) dE.

It is sufficient to show that K e S{(R*"). This will easily imply that 4, , is 6-
regularizing. By [Proposition 2.4, for every h,k,f,y € N", we have

xkthfD;K(x, y)

(=1)Mxky Z g) J —i<y,é>§ny’ei¢(x,é) -Df“ﬂ’a(x, &) d&
B'<p

_ M k Z <ﬂ, e é)Dh[é}’Dﬂ ip(x,8) | Dﬁ Ba(x 9K:(<
B'<p

h! !
= lyl k y Al
ﬂz<ﬂ< >hl+hzz+:ha=hhl!h2!h3! (y"’hl)!( )

h <y
. J el p(x, )M DE DI a(x,8) at.

Hence, by Remark 2, it follows that for every L’ > 0 there exists C; > 0 such
that

h! +hol+lhs |+
k_hnfny |Bl+|A2)+hs3|+1
X DEDYK X, < E h 'h ! B‘ C

hlﬁ}'

(xR gm(@=L)IH J (EImIHL o= (L=LKDY g
Rn
Choosing L’ < L, it turns out that
x*y*DEDYK (x, y)| < My MY AP (piir gron)
y Uy y 2 3

for some positive constants M;, i = 1,2,3 and for all (x, y) € R?". Then, K is in
Sg (R?). ]
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To conclude this section, we give a notion of asymptotic expansion for
symbols from T, 4(R™).

DEFINITION 2.12. Let B,C > 0. We shall denote by %. #VO(RZ”;B, C) the
space of all formal sums ijoaj(x, &) such that aj(x,&) € C*(R*") for all j >0
and for every ¢ >0

sup sup  sup T () (BN () AT ey

Jj=0 a,feN" (x, é)eQBl“rV |

. exp[—s(|x|1/9 + |€|1/0)]|Dngaj(x, &)| < +oo. (2.16)

Consider the space FS7, ,(R*; B,C) obtained from F¥ ,(R*;B,C) by
quotienting by the subspace

{Zaj x,&) € FL5, o(R*™; B, C) : supp(aj) = Qpjun Vj = O}.

j=0

By abuse of notation, we shall denote the elements of FSZ?V,G(RZ"; B, C) by formal
sums of the form ijo aj(x,&). The arguments in the following are independent
of the choice of representative. We observe that FS/fv,e(Rz”;B, C) is a Fréchet
space endowed with the seminorms given by the left-hand side of (2.16), for
e>0. We set
FS7, o(R*) = lim FS?, o(R*;B,C)
B,C—+o0

Every symbol ael°, o(R*™) can be identified with an element Y04 of
FS7, o(R™), by setting ag = a and a; =0 for all j>1.

DEFINITION 2.13. We say that two sums 3 ;50,50 from FSY, o(R?")
are equivalent (we write 3 ,aj(x,&) ~ 35 0a(x,&)) if there exist constants
B,C > 0 such that for all ¢ >0

sup sup  sup  CTETVITEN ()BT (N THHICE N (e PN

NeZ+ aﬁeN" (x é)eQ;Ny-}-v 1

-expl—e(|x|'/? + |¢]1/)] < +oo.

DD/"E

J<N

THEOREM 2.14.  Given a sum ;. qa; € FS/fv,H(Rzn), we can find a symbol a
in uve(RZ") such that
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an~ Zaj in FS/fv,g(Rz”).

j=0

Proor. Let us consider the functions g; defined in the proof of Lemma 2.6
with p=u+v—1 and let us set

qu(x’ é) = 1
0;(x,&) =1—-gj(x,&), j=1,

We want to prove that if R is sufficiently large

a(x,&) =) ¢;(x,8)a;(x, &) (2.17)
j=0
is well defined as an element of I'/ vg(RZ”) and a~3 ;,0a in FS7, o(R™).
First of all we observe that the sum (2.17) is locally finite so it defines a
function @ € C*(R*"). Consider

DD%a(x,&) = ZZ( )( >Dﬂ‘5Dé Ya;(x,&) - DIDp;(x,&).

Jj=20r=a
o<p

Choosing R > B/2 where B is the constant in Definition 2.12, we can apply the
estimates (2.16) and obtain

|DEDPa(x, ¢)| < CHHIAalBICxy (e ™™ exple(|x]* +1€1)] ) _ Hiup(x,€)
j=0

where

[ =N [(B=0)]""
16!

I-Ij“ﬂ(x7 é) =

y<a
o<p

L CHI=R 1y ey BT g5 =T DE DY g, (x, &)

In view of the properties of the functions ¢;, we have easily

Hiap(x, &) < CFH )= (1) (%)

for some positive Cj, C, with C, independent of R. Enlarging R, it follows that

S Hiug(,8) < CEFPR sl (g1 v(x, ) e R
j=0
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from which we deduce that ae I, © o(R*™). It remains to prove that a ~ > is09
Let us fix N € N\{0}. We observe that if (x,&) € Q5py i1, then

a(x,&) =Y aj(x,&) = > 9;(x,&)a;(x, ).

j<N j=N

Thus we have

> DEDElp;(x, E)ay(x, &)]

J>N
< CPIFHAH g1 oy TBI=N (5 ~1=N exple(|x] /0 + |&]1/9)] Z Hinap(x,E)
j>N
where
_ !#—1 __5 ! v—1
Hpglo ) = L= =0
55h

. CY-I= |5|( |)#+v 1<x>t5l+Nﬁ<é>|yl+N—J[DtSDé(pj(x, &)l.
Arguing as above we can estimate
}IjNaﬂ(x, é) < C3N+|a|+|ﬂ’+1(N!)/l+v—l(a!),u—l(ﬂ!)v—l

and this concludes the proof. il

PrROPOSITION 2.15. Let pe P and a€ (R*") such that a ~ 0. Then, the

operator A, , is O-regularizing.

/4v6’

To prove Proposition 2.15 we need a preliminary result.

LemMA 2.16. Let M,r, o, B be positive numbers, o > 1. We define

h() = inf M7 NY”

leR™.
0o<N<Be NN/e

Then there exist positive constants C,t such that

h(4) < Ce™*", leR*.

PROOF. See for the proof. O
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ProoOF OF ProposiTioN 2.15. By [Definition 2.13, it follows that for every
& > 0 there exists a constant C; > 0 such that

IDEDPa(x,&)| < C,ClI () (B1) (&> (x>~ exple(jx]'/? + &'/

CV (N
- inf —
0<N < B+ ((E) + {xD)
for every (x,&)e R*™, a,feN" and for some B,C >0 independent of «,p,e.
Applying with p=r=pu+v—-1,1= & +<{x) and taking into
account the condition 8 > u+ v — 1, we deduce that for all ¢ >0

IDEDPa(x, &)| < C.CHHA(at)#(B1)* et +1d") (2.18)

for a certain positive 7. For 0 < ¢ < 1, it follows that a € SJ(R*"). We conclude
invoking [Proposition 2.11. U

We remark that Definitions and 2.13 have an analogous version for
symbols of finite order of Definition 2.2 and that all the results of this section
hold also for such symbols.

3 The Composition Theorem
We give here our main result which will be applied in the sequel to the

solution of the Cauchy problem for certain hyperbolic operators.

THEOREM 3.1. Let u,v,0 be real numbers such that 1 <u<v, 0=>=u+v—1
and let

A gu(x) = J e Oa(x, () 2,

Pu(x) = | 50 p(x, i) e

where pe P, ae l"/f’vyo(Rz"), pPE I'/Z’V(RZ") for some m = (my,m;) € R*. Then
PA, , is, modulo H-regularizing operators, a Fourier integral operator with phase
¢ and symbol q(x,&) e T°, © J(R™). Furthermore,

q(x,&) ~ > qi(x,&) in FST, o(R*™)
. Jj=0
where

g(x,&) = 3 (@) DE((32p) (x, Vil y, &)y, 8)), (3.1)

lal=j
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and

1
Vop(x, 3, &) = jo (Vep) (3 + (x — 7), ) d.

REMARK 3. From Theorem 3.1, we can recapture the standard composition
formula for pseudodifferential operators. Namely, if ¢(x,&) = {x,), then PA,, is

a pseudodifferential operator with symbol q(x,&) € F/fv’e(Rz"). Furthermore,

q(x,&) ~ Y ()™ 0¢p(x, &) Dza(x, &).

In particular, if ael"/:f’;(RZ"), then q(x, é)erﬂ’:“jm'(RZ”) and q(x,&) —a(x,&)-
p(x,&) is in T m'=¢(R™). We shall give elsewhere full details of this global
pseudodifferential calculus, cf. L. Zanghirati [27], S. Hashimoto-T. Matsuzawa-Y.
Morimoto [12], L. Rodino (23], T. Aoki [1]; the composition formula above is
sufficient for the applications in the next section.

LeMMA 3.2, Let gj, j =0 be defined by (3.1). Then, Y .. ,q; € FS®

/j u,v, 0

(RZn).

PROOF. Let A,Be Z. such that g ¢ F/zv(Rzn;A) and p e F/Tv(Rz";B). Let us
first show that there exists C > 0 such that

|DLDYID;(8¢p) (x, Vio(x, v, €)), ]l
< C(BC,)" (4! max{|lpll, 1}4*BC,(n + 1)) 7!
(7] + a1 (o] + |1 CEY™ I=lol oy ma=lad=IA (32)

for all (x,&) € R*, o, B,7,0 € N", where C, is the constant appearing in [2.2). We
argue by induction on |x|. The case « =0 can be treated in turn by induction
on |B|+|y|. The assertion is easily verified if f=y =0 for any oce N". If
(B,7) # (0,0), fixing the attention on the case y # 0 and applying [2.5), we have,
for some he{l,...,n},

|DIDE (92 p)(x, Vi (x, &))| = | DL DDy, (32 p)(x, Vawr(x, &))]

< ZnIZ(,fi) 2 (y;f’")|D§'+“D£’+e'¢<x,f)|
Y

=1 g'<p '<y—ep

. |D§“}"—ehD£—/3'(ag-l—ﬂp)(x, wa(x, é))]
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< nC(BC,) 1 (gym=bi=lol ey m=If

B Y — ep Nl T
'Z(ﬁ’ S (7 ol R D ) Gy — |+

B <B Y <y—en

(81 (18 = BDY (%" max{llplly, 147 BC,(n + 1)FF 10717
n
4(n+1)

<C (BC¢)|U|(40+1 max{||(p||A, I}AZBC(/,(I’I + l))|ﬂ|+|yl

1

L ¢eymbi-lol ey ma—If Z(ﬁ) 811" (Iﬂ—ﬂ’l)!”m

B'<B

Y — én 1
Bl (e [ R et
e Y (n+1)
Now, applying [2.6),

y=en . : .1
> (77— +1el+ 1y R

Y <y—en

= 1 n+1
< !/l = !/‘.
< (141D 3 e =" (bl

In the same way we have
S () 0B g0y < "R <208
B'<B

from which we deduce for « = 0. For what concerns the case a # 0, from
the conditions on p, ¢ and the inductive hypothesis [3.2), we can directly estimate

IDIDED(62p) (x, V(. 7, ), )

n

— |DLDf [Dﬁ_e" ZJ (1 -7)(D2, ) (¥ +1(x— ),&) dr

=1

' (ag+elp)(x> €7x(ﬂ(x7 g 5))|y=X]

yDﬂZ 3 ( )E(l—r)'“"“ dv

=1 o' <a—ey

(DY) (x, E) DY T (37 p) (x, Vae(x, 3,€) ]
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We leave the details to the reader. From (3.2), applying Leibniz formula and the
hypothesis on a, we deduce that ), ,q; € FSY, ,(R*"). O

Lemma 3.3, Given t > 0, let

N~
mt(”) - ; (q!)t, n = 0. (33)

Then, for every € > 0 there exists a constant C = C(t,e) > 0 such that
Cle=m" < m,(n) < Celtton"” (3.4)

for every n > 0.

See for the proof.
In the following we shall also denote for t,6 >0, x € R",

mt,a(x) = mt(a<x>2)'

PrROOF OF THEOREM 3.1. We start by writing explicitely PA, , in the form of
oscillatory integral. To this end, let y € Sg (R*) such that x(0,0) = 1. We have,
for any ue SJ(R"),

P gu(x) = lm [ [ 157 p(x, )z 6y,0n) (4u) ) oty

= lim J Je"“’(y =) p(x, m)a(p, E)x 8y, on)i(E) dydndé

— lim [ e (”e""’("’y’é"’)p(x, ma(y,&)x(0y,on) dydn) a(&) d¢

0—0 J
where

Y(x, »,&m) = @(¥,&) — o(x,&) +<{x — y,m).

Let us prove, sketchily, that the limits exists and does not depend on the choice
of x. First, for every r e N, we have

JJ eV, é,n)p(x, na(y,&)x(dy,on) dydn

- ”ei(<"“y’”>“”(""5))<77>‘2’p(x, n(1 = A) "V Ya(y, &)x(dy,0n)] dydn.
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If 2r>m; +n+1, then (> > p(x,7) eF “n=lm)(RM) 5o it is integrable with
respect to #. Furthermore, by [Proposmon 24{ and Remark 2,

(1= 4)" " %a(y, &)x(@y,0m)] = e b, 5(y, &, 1)
where b, s is such that for every ¢ >0
1D}rs(9,&,m)] < CorBABY exple(y]'’ +1£"%)] (33)

for some C,, >0 independent of J. Moreover, integrating by parts with the
operator

P,
0',20 ng o.(y) Z

we obtain

Jjeiz//(x,yufy’l)p(x 7]) ( é) (5ya5’7) dydﬂ

o0

i J J 003,05, ~<rmy) ]
q=0 (q!)ze mag,4(¥)

(1= A [Py~ p(x, )by, s(v, &,m)] dydn
From (3.5), it follows that
(1= A,) (" <m> ™ p(x, m)brs(y, &, m)] = € 5Py r.5(x, y,&,1)
where ¢, s5(x, y,&,77) is such that
leq.ra(x 3, &M < Cor ME(g) X Y™y ™" expl[Cxe '’ + 811" + 1)) (3.6)

with M, independent of ¢,d,¢,0. Thus, for ¢ < M-! and ¢ < 65/ by applying
(3.6), and the standard dominated convergence theorem, it follows
that

PA, yu(x) = J e g(x, &)a(&) ¢,

where

(o, &) = limy | [ 04 p(x, a(y, £)09.0m) dvay

x 1
Z JJ i(p(y,&)—o(x,)—y,m>) ___ =~
> m20,q(¥)

gq=0

(1= A [ S >~ p(x,n)br,o(y, &, 1)) dydn. (3.7)
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We shall write
q(x,&) = J J eV p(x pYa(y, &) dydn (3.8)

giving to the meaning of . Thanks to the definition above, such integral
can be treated in a standard way as an oscillatory integral and we will write it in
the sequel in the form to simplify the notation.
Let k be a positive number such that k € (0,1) and let y, e Gy (R") such that
Xi(0) =1 if |o] <k/2 and y (o) =0 if |o| > k.
We can decompose
q(x, &) = qo(x, &) +ro(x,¢)

where

go(x,&) = J Je"‘”"’y’f””xk (y <;>x) a(y,&)p(x,n) dydn

and
_ Wy, En) (1 _ y—x
ro(x,¢) = ”e yelt (1 m( ) ))a(y, &) p(x,n) dydn.

Let now &€ (0,1) and ®, e G)(R") such that ®,(c) =1 if |o] <&/2 and
®,(0) =0 if |o] > .

Then
qo(x,&) = q1(x, &) + r1(x, &)
where
~ - - Vx ’
00,9 = [[ ¥ iny (2o, (1= BERD) o, 0, )
and
— W (x,,&,n) y—x _ ’LMQ))
ri(x, ¢) “e xk( ) ) (1 (Ds( & a(y,&)p(x,n) dydn.

We observe that
o(x,&) —p(3,&) = {x = », Vip(x, ,E)).

The change of variables

z=y-x, {=n—-Vp(x, &)

a1(x, &) = J j KDy, ( oz ) o, (C + Vep(x, x + 2,&) — Voo(x, 5))

gives

<x <&
X a(x+z,&) p(x,{ + Vep(x, x + 2, &)) dzdC.
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If we define

(y — X) ® (n — &+ Vip(x, », &) — Vip(x, é))
x> ) &

a(y, &) p(x,n — & + Vp(x, »,6)),

b(x7 y’é,”) = Xk

we have
q1(x,&) = J J e XBOp(x, x +2,& &+ {) dzdl.

A Taylor expansion of b in the last argument near { =0 gives

b(x,x +2,E,E+0) = Y (@)X (05b)(x,x +2,£,8)

o] <j

+(+1) Z (o)™ C“J (1 -1 (6°‘b)(x x+z,EE+ 1) dt

la=j+1
from which
qi1(x, &) = > («) 7 (DEogb)(x, y, &)
lof <j \'I=f
++D D (@) J(l—t) ra(x, &) dt
|oe|=j+1
with

ru(x, &) = j Je'i<z’C>DZ°‘(6,‘;‘b)(x, x+2,&E+ 1) dzdl.

We observe that y, is identically 1 in a neighborhood of y =x and @, is
identically 1 in a neighborhood of n =¢, y = x, so

q1(x,8) = Y ()7 Dy ((8Ep)(x, Vxp(x, ¥, €))a(y, )| _

o <j

1 .
+U+D D (@) J0(1 — 1) ru(x, &) dt

lo|=j+1

J 1 .
=Y axO+G+D) Y (a!)-‘J (1 = £) rue(x, &) dt.
h=0

|« =ji+1 0
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Let now {y;} be a partition of the unity as in [Lemma 2.6, with o = u+v— 1.
Then

= ¥i(x,¢) Z X, &) + ra(x, &)
j=0
where
1 .
9=Y 48 Y @G+ | (1=l o dr
j=0 lo|=j+1 ‘ 0 : '

By the definition of the y;, it follows that

58 =3 an(x, )9y (5, ) + r2(x,€)

h>0

where ¢, are the cut-off functions defined in Theorem 2.14. Finally, we have

2

= an(x,Eeu(x, &) + D _rilx,

h>0 i=0

By [Proposition 2.11, it is sufficient to show that r,-eSg(Rz”), i=0,1,2, to
conclude the proof. Namely, we have to prove that for every i =0,1,2, there
exist positive constants A;, B;, C; such that

sup |x'E" DEDPri(x,&)| < GBI (ninan gy (3.9)
(x,&)eR™

for all ,!',a,f e N".
Estimate of ry.
In order to simplify the notations, we will prove the estimate [3.9) only for

a = f = 0. The case («,f) # (0,0) can be treated using the same arguments. Let
Y;, j =0 be as in with o =6 and /,/’ e N". We have

X' (x,8) =Y uy(x, x'e" ”e"‘”"'y’f’”’(l — Xk (%))a(y, &) p(x,n) dydn.

j=0

For every fixed xe R", there exists j(x) e N such that 2Rj(x)0 <<{x)<
2R(j(x) +1)°. Then, we can write

X1 ro(x, &) = S (x, &) + Jau (%, &)
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where
, 1l || gibeamem (1 —, (X=X
T (5,8 = Zw e’ [[emnen (1 (225 Jatm pton) v
and

Fur(x,6) = Yyl e)xte” | [erren (1= (222) )y, ptom) o

J>j(x)

On the support of 1 — y,((y — x)/{x>), we have |y — x| > k/2{x). Hence, for
every re N,

Ju (x, &) = Z./,j(x: ’g"z o’ J Je"'“x’y’f"”(l—xk(%»a(y,é)

q=0 q')

x = Y| mag(alx — yI1?) T AT p(x, 1) dydn

where

2 a? 2
mag(a)x — y|°) = ZWIX -7
q=0 (q)

according to [3.3). Choosing r such that 2r > m; +n + 1, it follows that for all
0>0

la(y, &)lmag(alx — y1*) 1A p(x, )]

< AsBI(g) ¥ (n> e o= (e= 01 (O

for some constants A, B,c > 0 where B is independent of d,6 and ¢ is inde-
pendent of 6. Choosing ¢ < B~! and 6 < ¢, we have
j(X) ] 14 1/6 S 1/6
i (x, )] < As Y Iy (x, I e T 2O,
Jj=0
Now, for j < j(x), we have (x> > 2Rj% moreover, on the support of Y;, we have
(x) <3R(+1)? and (&) <3R(j+1)°. Then, choosing 6 < (3R)™!/?,
eV

o0
, IR TIITCA A
i (%, §)l < ArBg ™ (|1N1]1) ,Z=o <R

which gives for R sufficiently large.
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Let us estimate Jyy(x,&). Let .#, be the operator defined by

1
My = 5
<Vy¢(y’ €)> - lqu)(y7 é)

(1-4,).
We have

Far(,8) = 37 gy (x, xle” ” i(90 =05,V +<513) (. )

J>j(x)

) a5, (1 1 (222) )|

By induction on j, we can easily show that for every je N

T . _ ' i
()’ [e_'<y’”>a()’> <) (1 — Xk (y<x>x))] = e Xm Z kin(x, v, &,1)
h=0

where kj are smooth functions satisfying the following condition: for all § > 0
there exists a positive constant A4s such that

|DEDLD] Dy kin(x, y, &, )| < AsCIHAHH2 (o)1 g1 |1t ® (27 — h)1°

KOOI M expls(|y0 + 1¢V7)] (3.10)

for all «,f,7,0 € N", (x,&) € supp(y;), (y,n) € R*", and for some C >0 inde-
pendent of 6. Moreover, C is also independent of the parameter R in the ex-
pression of the ;. Hence, arguing as for Jy;, we have

T (%, &) = Z Wi (x, &)x'e" Z” VRS p(x, m)kin(x, v, &) dyen

7>j(x

=D hx9 ’é"ZZ @) ” W EM e — 2 (gl — y?)!

) h=0 gq=0
AT p(x mkn(x, v, & m)] dydn

Choosing r(h) = min{N € N : 2N > h+ my + n}, in view of [3.10), the integral is
convergent. Furthermore, for j > j(x), on the support of Y;, we have () > 2Rj;
hence

o (6, )1 < A5 3 16, QI (27))’ ( = ) O

J>j(x)
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with C3 independent of R. By the conditions on the support of y; we conclude
that for R sufficiently large,

[ (x, &)1 < ARBR (111D
for all (x,¢) e R?*". This gives for r.

Estimate of r;.
Also for r; we can write

=S ¥xd [[e¥rnaty,pten)

j=0

o () (-0 (=5

with §; as in the estimate of ro. The change of variables ¢ = 77 — Vxp(x, &) gives

n(x&) = S 9(x9 [[ 0500, Op(x 0 + Vol &)

j=0

H (yT;Tx> (1 o (<<§>)> e

o(x,3,¢,0) =<y = x, 0+ Vap(x,8)) + 9(x,¢) = 0(1, &)
By the assumption [2.2), there exists C3 > 0 such that

Iyl = |o + Vip(x,8) — Vip(y, &) < C3(e) + (&) (3.11)

Moreover, on the support of y, we have |y — x| < k{x), so, if k is sufficiently
small, there exists C; > 0 such that {(x + 7(y — x)> > C4<{x) for every 7 € [0, 1].
Hence

where

n

IVep(x, &) — Vyp(p,)| < Y

Jjym=1

< C; ' (nB)*2%||p|| <& < Csk<&Y

with Cs independent of k. Finally, on the support of (1 — ®.(0/<{&))), we have
lo| > &/2<&D, so there exists Cs > 0 such that |g| > Cs{p). Thus

IVyol = o] = [Vxp — Vyp| = Ce<o> — Csk<SH

SRNE >+(%—Csk)<é>

j (02, 0) (X + 7y — %), &) (xm — y) diT
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Choosing 0 < k < Cse/4Cs, it follows that there exists M > 0 such that

1(Ked + (&) < Vyo| < M(o) + (&).

Let U be the operator defined by

1 ..
= v wl2 Z(la)’kw)ayk
y k=1

which satisfies the relation Ue™® = ¢, Then, integrating by parts, we have

n(x,E) = ¥(x,¢) ” w(x.y,¢,0 p(x,Q+Vx(P(X,§))(1 —(Ds<2§—§>>

j=0

-(’U)S“’[ a(y. 6 (< >)] dydo

where s(j) is a positive integer which will be fixed later depending on j. We want
to show that for every 6 > 0 there exists 45 > 0 such that for every y e N", se N,

DI('v)’ [a(y,é>xk(< >)H
< AsCM (s )1 > ™M (o> + <) expld(|y] "V + 1€V (3.12)

for every x,y,£e R" and for some C > 0 independent of y,d,s. We start by
observing that if y e N", |y| = 2, then 0Jw = —0d)p. Moreover, it is easy to prove
by induction on |y| that there exists C, > 0 such that

1 v _ —
;,Vywlz < M2CI(Jy]1) " <x> " (CoD> + <&)) 2

for all x,y,& peR", with y.((y —x)/<{x)>) # 0. Using these estimates, we can
prove (3.12) by induction on s. Finally we observe that

1p(x, 0+ Vxo(x, &) < Cp(<o) + <&>) ™ (xd™.

Choosing s(j) = |mi| + |ma] + n+ 1+ j, we deduce that

|p(x,Q+Vx(0(x,é))|’1—(I)£<Z§—>>‘-‘(IU)S(])|: (y,Ex <y< >x)”

A, m)MI<x>IE T (N> o)™ expld((V2 + k)<x) /%) e©

1/6
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for some positive M, independent of j. Choosing 6 < (3R(v2 + k))™"/?, it turns
out that for every /,I’e N™

IX'E 1 (x, &) < AR,1) Y 10, &) BRI (Mye2) (1) x> Ty

j=0

We conclude invoking the fact that (x>™(£)>~ < (2R)j~/ on the support of
Y; and choosing R > Me’/2.

Estimate of r,.
It remains to prove that r; € Sg (R*). To this end, we begin to prove that
for every 6 > 0 there exist 45 > 0 such that

IDIDAID(Gb)(x, 3, &, €+ )], | < AsBRABb (o) gyt

b

(&Ym= ey ma=lEl=Bl ey m explS((xd 1 4+ (VO + gV (3.13)

for all a,B,ye N", (x,&) e R*™, (z,{) e R*, te [0,1] and for some B > 0 inde-
pendent of a,f,y,. First of all, we observe that on the support of y, (z/{x)), we
have {x + z) > ¢{x) for some positive constant ¢. By this consideration, it is easy
to prove that for all 6 > 0 there exists 4;s > 0 such that

< A1, By () # (a2 ey W explo(<xy /?

|D{DL(D}a)(»,¢)

ly=s-+z

+ 2DV 4 (M) (3.14)

for all a,f,ye N" and for all x,z,& e R" with y,(z/<{x)) #0 with B; >0 in-
dependent of «,f,y,6. Furthermore, there exists B, > 0 such that

o — X
ot (o3 (%5 |
y=x+z

for all o, e N" and for all x,ze R".
We need an estimate of the derivatives of D} (0, p)(x, Vep(x, ¥, &) + 1)
We claim that there exist positive constants A4y, By such that

< BEFIPHL (np1yY ey lai=1A] (3.15)

l y=x+z :

|DLDEID} (97 p) (%, Vxp(x, , &) + 1L)]]
< Ao(4%(n + 1)A4,B2Bo) " /1+1 g

(7] + o)) (Jal + 1B <CEY™ Mol ey maled =1 (3.16)
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for all a,f,y,0 € N". We prove by induction on |«|. For « =0, we can
argue in turn by induction on |+ y|. If =y =0, we have

(07 p)(x, Vx(x, ¥, &) + )] < AoBY (|o])*<x>™ (1 + Viep(x, x + 2, &)y,

We observe that on the support of ®,((Vip(x, y,&) — Vep(x, &)+ 10)/<&>) the
following condition holds:

Vep(x, 7, &) = Ve (x, &) + ] < (&)
from which we deduce that
Viep(x, 9,8) + 10> < [Vep(x, &) + 1 + ¢8> < (1 + &+ Cp) (&
where C, is the constant appearing in [2.2). Moreover
Vep(x, 1,6) + 10> 2 V2 ((Vapy — 6(E)) = V2 (C;1 — ey = C/(E

if we choose ¢ sufficiently small. Thus, there exist positive constants Ay, By such
that

(07 2) (x, Vap(x, x + 2,8) + 10)] < Ao By (|o]1)“<EY™ Iy

for all 0 € N" and for all x,z,& € R”. Let us suppose that holds for o« =0
and |f + y| < H; we can get the same estimate for « = 0 and |f + y| = H arguing
as in the proof of [Lemma 3.2; details are omitted for sake of brevity. The case
o # 0 can be proved by similar arguments. Finally, using induction we can also
prove that there exist 4,, B, > 0 such that

DID? {D;‘ [(a,;'@e) ('7 ~ e Vel 6) ~ Vel é))” |

<&

y=x+z

< A By ) o)1 (] + B CEY T eyl B (3.17)

for all a,B,y,0 € N" and for all x,z,& e R". The estimates [3.14), [3.15), [3.16)
and (3.17) give directly (3.13). Now, integrating by parts, it follows that

1 . o .
rz(X, é) = Z ‘ﬁj(x, é)(] + 1) Z (a!)—l JO(I - t)j Z (q‘)qZH JJe_l<Z’C> m20,la-(Z)

j=0 la|=j+1 g=0

(1= A1 = A)M(DIA) (x, x + 2,&, & + 10)] dzdC.

Using (3.13) and arguing as before, we obtain the estimate also for r,. This
concludes the proof.
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REMARK 4. With the same notation of Theorem 3.1, if a~3 . qa; in
FST, 4(R?"), then

h

dx, )~ 3230 3 @) D) Vel a0,

h20 r=0 |a|=h

REMARK 5. In the following, for every m = (my,my) € R?, we shall denote by
l’f‘l(Rz") the space of all functions a(x,&) € C*(R™) such that

sup sup C—Ial—lﬂl(a!ﬁg)—l<é>—m1+|al<x>—m2+|ﬂ||D§D5a(x’ &) < 4o
%BeN" (x,&)eR™

for some C >0 independent of o,B. We remark that T7 (R*™) is a subspace of
rr (R*) for any choice of p,v with 1 < u <v. Hence, the results of Sections 2, 3
hold for pseudodifferential operators with symbol in I7 l(Rz")

4 The Cauchy Problem for SG-hyperbolic Operators with One
Characteristic of Constant Multiplicity

Let u be a real number such that 4 > 1 and consider the operator
P(t,x,D;,Dy) = (D, — A(t,x, D))" +Za, (1,%,Dx)(D; — A(t, x, D))"~
Jj=1

where we assume that for some 7 > 0 the operators A(t,x, Dy),a;(¢, x, Dx) satisfy
the following conditions:

A1, x, &) is real-valued and i€ C™"'([-T, T],I“l‘:l(Rz”)) (4.1)
4(t,%,&) € (=T, T, THDR?)), j=1,...,m (4.2)

for some p,qe0,1] such that p+¢g<1/(2u—1). As an application of the
calculus for Fourier integral operators developed in the previous sections we want
to prove the existence of a solution for the Cauchy problem

{P(I, X, D, Dyju = f(t,x) (t,x) € [=T,T] x R” (4.3)

D¥u(s, x) = gk(x) k=0,....m—1,xeR"

for some se [T, T], where f e C([-T,T],S{(R")) and gy € S{(R"), k=0,...,
m—1, with p+¢g<1/0 <1/(2u—1). We want to express the solution by means
of a parametrix given by a matrix of Fourier integral operators with symbols in

2
00+1-,0(R™")-
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The first step is to determine the phase function ¢. As standard, possibly after
shrinking 7, ¢ will be determined as solution of the eikonal equation

W At Veplt,xm) (13 € [FT,T] x R (4.4)

with initial condition at se [T, T

o =<x,n).

Let us consider the Hamilton-Jacobi system

{x(z) = —ViA(t,x,8) te[-T,T] (4.5)

‘f(t) = in(ta X, f)

with initial conditions at se [T, T

Xy =V
Sl =11
for some y,n € R". In view of the assumptions on A, there exists a unique solu-

tion (x(¢,s;»,7n),&(t,s; y,m)) of (4.5). Furthermore, the solution is defined on the
whole interval [-7,T] and it satisfies the condition

x> =Ly, O =m).

See [5] and Propositions 4.8 and 4.9 in [6]. We want to prove the following result.

PROPOSITION 4.1. Under the assumption (4.1), the solution (x(t,s;y,n),
E(t,s;v,m)) of (4.5) satisfies the following conditions:
xe C"([=T, T, I} (R™)),
§e CM(I-T, TP, I{ (™).

Let 7 be a compact interval of R and denote by I¢ the cartesian product of d
copies of I,d > 1.

LemMMA 4.2. Let m = (m;,m;) e R*>, 9> 1 and ae C*(I¢,T™ (R™)). Con-

o0
sider the vectors q=(qi1,-..,49x), P = (P1,---,Pn), where q; € C*K(1?, I";ZQ(RZ"))
and p;e Ck(19, F;‘Q(RZ")), j=1,...,n, are real-valued symbols such that

(q) ~ <x) and {p) ~ {&). Then, for every re N, 0 < |r| < k, there exist positive
constants A,, B, such that
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sup [DEDED](613%a)(t, q(t, x, &), p(t, x,£))|

teld
< ArBIral+Ilfl+lyl+|«5|(.a| + 18] + |y + |5])gg<é>m|—Ial—|y|<x>mz—lﬁl—lf5l (4.6)
for all (x,&) e R*, a,B,y,6 € N". In particular, a(t,q(t,x,&), p(t,x,&)) belongs to
Ck(1, 1) (R™)).

’ g)g

Proor. To simplify the notations, we will prove (4.6) for r = 0. The general
case does not present further difficulties. We argue by induction on |a + f|. For
o= =0, we have

|(020%a) (1, q(t, x, &), p(t,x,&))| < AB™PY(y| + o]yt pym =M (gymP
< AoBY N (Jy] + Jol)te¢ey™ ey

for all y,6 e N*, teI¢. On the other hand, we can assume that there exist
M,K > 0 such that

IDEDE pi(1,x,&)] < MK (a1} 2y = ey~
|DEDZq;(t,x,8)| < MK (1) 2y ey 118

for all j=1,...,n. The case (a,f) # (0,0) can then be treated assuming by
induction that for some he N

sup |DEDE(d182a)(t, (1, x, &), p(t, x,&))]

teld

sAoBg"+|‘5|(4-29(n+ I)MKBO)“’"*V"

(o] + 18] + [y] + [8])12 <&y 1= ey malA=Fl (4.7)
for all (x,&) e R*, y,0e N", |a+ | <h and differentiating |4| + 1 times with

respect to x,¢. The arguments are the same used in Lemma 3.2. O

PROOF OF ProPOSITION 4.1. Let us write the solution of (4.5) in the form

{x(t, 8 3,1) = ¥+ Xo(t, 5 ,7)

&ty s5v,m) =0+ &o(t,59,m)

According to standard arguments, we set
X0 (85 y,m) = =[{ @A) y,m) de j=1,...,n
& (s y.m) = [{@y M) ymdr j=1,...,n
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and for £ > 1,

Xy (853 v,m) = [ (@A) (55 y + 0 (2, y,m),m + & (2,5 9,m) d
k k— k—1
& (s y,m) = [0y D)y + x5 (@5 9,m),m+ &V (x,59,m) du.

We know that the sequence (x(()k),i(()k)) converges to (xp,&;) when k — +o0.
Hence, to estimate (xo,&) it is sufficient to estimate the terms of the sequence
uniformly with respect to k. We claim that there exist positive constants My, K
such that

[DDED; DA (1,5 ,m)] < MoK A (Jo] + B> Cp> A (48)
IDzDEDDIED (1,5 y,m)| < MoK (Ja] + |BI)1r> Ty (4.9)

forall j=1,...,n, «,fe N", 0 <h, r <m and the inequalities hold for all £ in
Z.,y,neR" and |t —s| < T,4, for a suitable constant T,z independent of &, y,#
and such that 0 < T,g < T. For simplicity, we consider only the case h=r =10
and prove only (4.8), the proof of (4.9) being similar. For k =1, by [4.1), we
have
Dy Dxty) (2,53 y,m)| < |t = sl BE P (Jaf + 1B)1<ny ¢ py !

for some constants 4,, B; depending on A. This implies (4.8) for | —s| < 1. For
k > 1, suppose that (4.8) and (4.9) are true for k — 1 and prove them true for k.

Applying the arguments in the proof of [Lemma 4.2, we can prove that there exist
Ay, Biy > 0 independent of & such that

o k-1 k—1
IDEDE (0 2) (7 y + x4+ £

< Av(8(n + 1) MoKB12) ™V (Jaf + 1)Ky~ yy .

This implies (4.8) for |t — 5| < Ty = MoA7}(8(n + 1)MoBy;) ™. From (4.8) and
(4.9), we obtain an estimate of the solution of (4.5) for all 7€ [s — Tup,s + Tyl
We want to extend this estimate on the whole interval [—7, T]. To this end, let
t* € [—T,T] and consider the shifted system

X; = —(9;4) (X, E)

5 =0y 6X,E)  j=1,...,n (4.10)

X(s)=y*,E(s)=n"
where y* = x(t*,s; y,n), n* = &(t*,s; y,n). Repeating the previous arguments for
(4.10), we obtain the estimates (4.8) and (4.9) for Xy = X — y*, E¢ = Z — #* with
the same constants My, K, T,g. Thus, choosing 1* € |s — Tp, 5+ Typl, in a finite
number of steps and choosing suitably larger constants My, K, we obtain the



344 Marco CAPPIELLO

estimates (4.8) and (4.9) on the whole interval [—7,T]. Analogously, we obtain
the estimates for 0 < r < m. These give the continuity of the derivatives with
respect to 7 up to the order m — 1. The continuity of the m-th derivative directly
follows from the equations (4.5). Finally, by and by the regularity with
respect to ¢, it follows that the solution (x(z,s; y,n),&(t,s; y,n)) of (4.5) is con-
tinuously differentiable up to the order m also with respect to s. O

By [Proposition 4.1 and [Lemma 4.2, we are able to prove that the solution
o of is in C‘([—T’,T’]Z,Flfl(Rz")) for some positive 7' < T. In fact, we
observe that the solution x(z,s; y,n#) of (4.5) is invertible with respect to y for
tels—T,s+ T|, for some T < T, because

ox
.,

=1

Denoting by y = g(t, s; x,#) the inverse function, it is easy to prove using the same
arguments of the proof of [Proposition 4.1, that g e C"([-T", T’]z,l“f’z1 (R*™)) for
T’ < T. Finally, we set as standard in the Hamilton-Jacobi theory

t

W(t,s;y,m) = y,m) + J [A(z; x(2, 85 v, 1), &(2, 85 v, 1))

N

— (VA x(1, 85 y,m), E(x, 8 v, 1)), E(2, 85 ¥, 1) D) dt
and

o(t,s;x,m) = Y(t,5,G(t, 8 x,1),7).

By the assumptions on A and by [Proposition 4.1, it turns out that y belongs to
c™([-T', T, I, (R®")), then by Lemma 4.7, the same holds for ¢. Moreover, ¢
is a solution of [4.4), cf. for classical pseudodifferential symbols, [6], for
C* SG-symbols.

In order to find a parametrix for the problem [4.3), it is convenient to
reduce the equation to a first order system. To this end, we denote by A4, , the
pseudodifferential operator with symbol <{x>%<&>? in Fl("’l’q) (R*") and by A(_ply 2
its inverse given by the product of operators <{D)?{x)»"? with symbol in
Fl(jp’_q)(Rz") and set

( . Am-1
Uo = A(p,q)u

wy = Al 2 (D — Au
Qe (4.11)
Um—2 = A(p,q) (Dt - /l)m_zu

Lt = (D; — A)m_lu
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Using these formulas, it follows that
Dui(t, x) = A(t, x, Dx)ui(t, x) + A(p, gy ttiv1(t, X) + [A(p o ](A(p q))m_l_iui(t, X)

for i=0,...,m—2 and

Dyuy,1(t,x) = A(t, X, Dy)tp_1 (2, X) Z (t,x,Dy) pq))j_lum_j+f(t,x).

Denoting by ™'~ = [47~ 1=, 24

is equivalent to the system

DU=AU+QU+NU+F

where
o A0 0
0 A 0
U= , A= ..
Um—1 o o0 ... ... A
( 0 Ay g 0 0 \
0 0 A(p,q)
O = |
0 A,y
K*a"'(A(;rl,q))m—l —m- I(A(pq)) ~ _a’"—z(/‘l(;)l,tl))m_3 T4
sl 0 ... 0 0 0
0 a" 2 0 0 0
N | O F= .
...................... g 0O 0
0 0 0 0 f
with initial conditions
ho(x)

U(s,x) = Up(x) =
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where A (x) € S,?(R"), k=0,...,m—1, depend on the functions g, according to
(4.11). We observe that all the coefficients of Q have order (p,q) and those of N
have order (0,0). Then we can write the system in the form

L(t,x,D,, DU = F
{ (&, %, Dy, Dy) (4.12)

U(s, x) = Up(x)
denoting by
L(l‘,x,D,,Dx) = Dt —-A—M

where M is a matrix of operators with symbols my € C([-T", T’],Fls,’;;")(RZ”)),
J.ok=1,...,m. We start by considering the homogeneous system and look for
an m x m matrix E(t,s) = {Eu(t,s)}; 4=, of Fourier integral operators with phase

function ¢(t,s;x,n) given by the solution of and satisfying

{L(t,x, D,,D,)E(t,s) = R(¢,s) t,se|[-T', T (4.13)

E(s,s) =il

where R(t,s) is an m x m matrix of Fourier integral operators with kernel in
C(-T, T’]Z,Sg(RZ")) and I is the m x m diagonal matrix diag[l,...,1], where
1 is the identity operator on S§(R"). As standard we determine the symbols
eik(t,8;x,m), j,k=1,...,m, starting from their asymptotic expansions thoe;,i').
Applying Remark 4 and recalling that 0,p = A(¢, x, Vxp), it follows that (LE),

has symbol by(t,s; x,n) ~ thobj(.,f)(t,s; x,7n) where

b (1,5,%,1m) = Diely) (1,5,%,1) — > _ (8¢, A)(£; X, Vo) Dy, e (£, 55 X, 1)

r=1
0 - (0)
—q(t,s;x,mel) (t,53,1) = 3 mu(t;x,Vep)ely) (1, 5%,7)  (4.14)
=1
and, for A >1,

h
b}k)(t’ 85X, ”)

= D} (t,5%,1) — 3 _ (05, 2)(t; x, Vxp) Dy e (2,5 x, 1)

r=1

h & h
—q(t,s;x,m)ely) (1,5,%,1) — > mu(t; x, Vel (2,55 %, 1)
=1
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h—1
S ST ) DA % (e 0,2 (6512,
r=0 |a|=h—r+1

m h—1
=D >0 > () IDH(@Em) (8 x, Veplt, 5 x,2,m)ely (1, 5,2,m)) (415
I=1 r=0 |a|=h—r
for all x,n € R" and for all t,se [-T',T'], where
l- n
q(t,s;x,n) = ) Z (0§rcxl)(t; X, Vx(p)(aix:(o)(t, $5%,1).
r;s=1
By Leibniz formula, it follows that

n
b (t,5%,1) = Diel (t, 5, x,1) = > (85, ) (8%, Vug) Dy el (1, 55 x, 1)
r=1

m
— q(t,5,x,1)e; ( )(t $; X, ) Zmﬂ(t; X, wa)e%)(t,s; x,n)

=1
m h—1 "
)
-> > Ppaerji(t,sx,n)DEe) (2, 5%, 1) (4.16)
I=1 r=0 |f}<h—r+1
where
Poorgi(tsixm) =01 Y, g DI (@A 6% Vaplty 53, 2,m),
|oe|= ah>[);+1

+ Z ﬂl (x_ﬂ)lDg_ﬂ((agmﬂ)(t;X,?xw(tas;xaza”)))

a=f
|e|=h—r

'z:x

It is easy to prove that
Pprji € C(=T', T, T Hr e if) (Romy) (4.17)

and that

sup ]D};Dgpﬁ',h—r,j,l(t, 85X, ’7)'
(t,9)el-T", T

< AB|y|+J§|+h—r+l(|y| +h— r)!,u

(0] + b — 7 — |B] + 1)1 — ) P ey e HAERE - (4.18)
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for some positive constants A, B. Furthermore, for |f| =h—r+1,

Ppier (65 %) = 6] 7 L (@80 (6x, Velt, 55 %,m).

Then, in this case, pgs_r 1€ C([-T',T')?, F( 7D (R™)) and

sup |Dnypﬂ,;, —r,j1(t,85%,7)|
(t,5)e[-T", T"?

< ABVHBIFA=TH 1 1151 Gy =T ey 111, (4.19)

If x = x(t,s;y,n) is the solution of (4.5), then (4.14) and give

B (8,55 p,m) = (D = G(t,5 y,m))Ey (£, y,1)
< )
- Zrhjl(tas; ¥, '7)511( (t,S; Y, ’7) (420)
=1
and
B (1,5, y,m)
= (Dy — (1,5 y, ))& (1,5, y,m) = D iu(t, 5 y, )& (£, y,1)
=1
m h-1 0
,
=33 > e ym)DEE (6, 5:9(8 s52,m)m) 0 (421)
I=1 r=0 |f|<h—r+1
where

B (2,5 y,m) = by (t,5 (8,55 y,m), 1)

&0 (1,5 y,1) = el (2,5, x(t, 5 y,1),1)
(1,85 y,m) = mu(t;x(t,55y,1),&(8, 5, ¥, 1))
Dg her,j 16,8 51) = Ppoher,j,1(t, 53 X(8,55 y,1), 1)
q(t,sv,m) = q(t,5,x(t, 55 y,1), 1)

for j,k,l=1,...,m, he N. The functions e(k satisfy (4.13), if ~(k) are solutions
of the equations

BY(t,s;p,m) =0 Vjk=1,...,m h>0 (4.22)
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with initial conditions
~(h . ]
& (s,5;y,1) = 049}

for t,se [-T',T’], y,ne R". Let us define

t
[t 53 3,m) = 80(1,5; y,m) - exp [—ij q(z,5, y,1) dr} h20. (4.23)

N

It turns out that é](.,}c') are solutions of (4.22) if the functions jj.gch) are solutions of

DY (6,5 y,m) = Y (e, y,m) 3 (85, y,m) = 0 (4.24)
=1

and

(h LN ~(h
Dt s y,m) = S (e, 5 v, m) [ (8,5 v,m) = g8, 55 v,m)  (4.25)
=1

with initial conditions

th . .

T (s, 9,m) = ok, h=0,jk=1,...,m
where

m h—1

gt y,m) =D > dpnorjult,s; y,))DED (1,5, 9,m)  (4.26)

I=1 r=0 |f|<h—r+1
for some dg_,,;; which satisfy (4.18) and for some constants 4 > 1,
B > 1, in view of the fact that g(¢,s; y,7) is in Fl(f)io) (R?") for all t,se[-T',T'].

LemmaA 4.3. The functions ]i,((o), solutions of (4.24), satisfy the following
condition: there exist A, > 1, ¢ > 0 such that

IDEDEFO (1,53 y,m)| < AP (1) ¢y (py W

|ot-B1

explenr =) Y vt @)

IDIDIDf 1,55 y,m)| < AL @pty <y~ <y
le+B]+1 f— s
i —

expleln! =l 3

,i—l

(4.28)

for all t,se[-T'", T, (y,n) € R*".
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Proor. For a= =0, (4.27) follows directly from well known estimates

for the solutions of the Cauchy problem for ordinary differential equations. See

Lemma 4.1 in [1I]. Assume that is true for |a+pf| <N and let re
{1,...,n}. Then, D), jj.,(co) are the solutions of

m m
0 - 0 - X0
Dszrfjl(c) - ZmﬂD)’rfI;c) = ZDyrmﬂ : fll(c)
I=1 I=1

(0
Dy, fi (5,55 y,m) = 0
S 7(0) . i
for j,k=1,...,m. Denote by f;"(¢,5,7;y,n) the solution of such that
0 _
f,gc)(f S, T, o) = 15;‘.

We observe that j};.,(co)(t,s, 7; y,n) satisfies for |a + | < N, replacing |t — 5|
by |t — 7| in the right-hand side, cf. [4]. Then

t

Dy, f(t,s; y,m) J S 30t 5,7 3, m)Dy, iz, 55 9,1 ) S (x,5;p,1) dr

S i l=1

which we can estimate inductively obtaining (4.27). Similarly, we argue on
D, f;.,(co). The estimate (4.28) can be obtained directly from (4.27) and (4.24). O

To find an estimate for the functions jj.,((h), h>1 we observe that

m t

, N

(2,5 y,m) = ZJ I, 5,5y, mgnec(, 8 y,m) de, k=1, (4.29)
{=179%

LEMMA 4.4. For h > 1, the functions f;.,({h)(t, s; ¥,1), solutions of (4.25), satisfy
the following condition: for every p'e[p,1/0, q' €[q,1/0] with 2u—0)/0 <
p+q <1/0

IDEDEF (2,5 y,m)| < A(4- 2 "m? A, AB) VPR (o] 4 |B] 4 2) 1

()P Gy lal=h s expl(c 4+ 1) <Pyt — ]

|o+B|+3h

S it sl (4.30)

i=0

for all (y,n) e R*™ with (n>>h% and {y> > h® and for all «,f N", t,s in
[=T',T'], where A, B are the constants appearing in (4.18) and (4.19) and A,,c are
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the constants appearing in (4.27) and (4.28). Moreover, there exists A; > 0 such
that

|D:D}€Dtﬁl(ch)(t, s;y,m)| < Allal+|’8'+4h+l(|a| + |B] + 2h)!ﬂ(h!)—0(P'+ql)

-y TRy TR expl(e 4+ 1) <XpdP <yt — ]

|e+p]+3h+1 | |

pli q'i
2 P Ty

for all (y,n) e R* with {n)=h° and {y) > h® and for all o,f e N", t,s in
[-T',T].

(4.31)

ProoF. In order to prove [4.30), we argue by induction on 4 > 1. For h = 1,
by (4.18), (4.26) and [4.27), it follows that

D} D2gri(z, 85 v, 1)
= b V=
<3S (1) X(5)prpidnatsn
=1 2y'<y 6 <6
Dy DI O (2,5, y, )|
< Am(AOB)|V|+]5|+2<’7>—|y|—1<y>—|§]—l eXp[C<i7>p<y>q|‘L' _ S”

[y+8]+2

Z <’7>p(l+1 <y>ql+1 | l! |

5 /
S (1) (5 ) =1 = e+ 11~ 181+ 3y
IBl<2y"<y 8'<é

By [2.5), we have (|y'|+ 6| — |B] + 3)1# < 26U B =B3) (|| 4 |67] — |B] + 2)14,
from which we deduce that

0
wZzZ(:,) ;%(5,)0;»— y'I+16 =0 +1BDH(Iy' + 1] — |8 + 3)!1#
<2y'<y =

< 232 24) MRy 4 [o] + 2y 3T 27 < 232 k)R (1) i) 4 2) 1k,
1Bl<2

Hence
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1D} D3gica(x,5; y, )| < 2" Am(AoBY (2 - 24 A, B (13 + 13| + 2)1#

Ly TNy TP expledndP (p ) e — 5]

|y|+16]+2 i

> Py =l (4.32)

pary i!
Furthermore, by [4.27), it follows that
IDIDS 7Y (8,5,7; y,m))
< AP V> expl(c + 1)< < e —7l]. - (433)
for all j,/=1,...,m. By (4.29), combining and (4.33), we deduce that
[DFDIF (45 y,m)| < A(4- 2?4, AB) T (a4 1] +2)!*
-y T expl(e + 1) <Pyl = o]

2 i i
.lalill?r <,7>p(+1)<y>q(+1)Jf

7 |t — 5|’ dr

i=0 s

for all (y,7) e R*, t,se [-T',T'], «,f € N", which gives in particular [4.30) for
h=1. For h> 1, by (4.26), we can decompose

h—1

DID%gui(t,5 1) = D _(Apohr,e,k(T, 8 ¥,71) + y.6.hr,0,k(T, 55 ¥,7))
r=0

where

m 5 -
)“y,(s,h,r,t’,k(‘[?s; y’”) = Z Z Z (;}/) Z (5/>D,}; Dﬁ dﬂ,h—r,(,l(T,S; .))7’7)

I=1 |B|<h—ry' <y 8 <é
Dy DI D (2,5 p,m) (4.34)

and

m
Y 0 st
Gy,&,h,r,l,k(":as; y,”) = Z Z Z( /) Z (5/)D; D;f dﬂ,h—r,/,l(ras; y,’])

I=1 |f|=h-r+1y’'<y V' i <e
- D} DI FD (1,5, y, 7). (4.35)

Assuming [4.30) true for r =1,...,h — 1 and observing that || +3r < 3k — 1, by
(4.18) and (4.27), it follows that



Fourier integral operators of infinite order 353

|2,6,m,r,6,k (T3 83 ¥, 1))
< A’m(4- 2ﬂ+nm2AoAB)IJ’l+I5|+4r(h _ r)!—l(r!)—ﬁ’(P’+q')<”>—|yl—h<y>—|5|—h
[p]+0]+-3h—1 o'

-exp[(c + 1) @DP{yD| — 5] Z (P D (ya ) T2

!
=0 E

. ph-rtl L outn, 2 18I Y 1 ! — )¢
i |ﬂ|§7—r(4 2 AP ;y<y’>2<u+1)|y'|(|y|+h )

o)
Y (5) g 01+ A== B+ Dy = | +15 -8+ 4]+ 200

' <6

By [2.3), we have (|6'|+h—r— ||+ 1)!# < 268 1Hh=r=BRD (|| 4 h— r — |B])14
Then, applying Lemma 5.1 in , it turns out that

Y 1 ) o 1
Z(y,>m(ly|+h—r)!”Z(5,)m(I5|+h—r—|ﬂ|+ -
Y=<y d' <6

“(ly =y +16 =" + || +2r)1*

Y ¥y 1
< 2. 2ur-leD) $ (y,) sarn (YT h =¥y =y + 161 + b+ )t
y'<y

-1
< 4. 20+ =B (1) 1 16] + 2h)!/‘( o1+ 2h)
h—r

Now, observing that

( |5}|l—!_:i_h )_l(h — () H) < ()0
and that
S 24 242, B)V < 2%(4 - 2442 A, AB)
Bl <h—r
we obtain

h—1
> NApsmrew(t, s v,1)|

r=0

< A*m(4 - 24" m? A, AB) TP (|y] 1 |6] 4 2k)1#
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- ()70 Gy TR s B expl (e 4 1) K pP T — s
Iyl +16]+3h—1

i
1 " T—S
S Iy <z+1)|_7!__|_

i=0

h—1
+4.2"3"(2#B)" " (4 2#"m?4,4B)*" "
r=0

from which, in particular, we deduce that

h—1
Z My,é,h,r,{,k(ra s ¥, ”)l

r=0

8i<4 24472 4, A B)HPIFE4 (] 4 15| 4 2)14

- (RO Gy =R s R expl (e + 1) <Y<y — 5]

+[6]+3h—1
I+ S

D P Ny Y sl (4.36)

i
i=0 L

for all (y,7) e R with () >h® and {(y)> > h? and for all 7,5 in [-T', T,
7,0 € N". Let us now estimate {4.35). By applying (4.19), and the inductive
hypothesis, we obtain

A1
> 16y.6.mrk(T, 55 3,7)]

r=0

< A*mlny M yy PR expl(c + 1)<ndP <y )T — 5]

[|+8]+3h—-1 | | h—1
Z <,7>pt< >q, T— 42(4 QN2 4 AB)|y|+|6|+h+3r+1
i=0 r=0

_ Bh—r+l(r!)—9(P'+‘I')(|y| + 0| +h+r+ D Z 1.
|Bl=h—r+1

In view of the fact that (> > A% and {y) > h?, it follows that

(PP PHD (9] + 18] + k4 r + DI < (7] + 18] + 2)1#(h — )10+

< (7] + 18] + 2h) (R ~HPHO P e
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Moreover, assuming A4, sufficiently large in and (4.28) and arguing as
before, it is easy to prove that

h—1
4 2(4 . 2ﬂ+nm2A0AB)|y|+|6|+h+3r+1
r=0 :
1
. ph—r+1 Z 1< e (4 ) 2#+nm2A0AB)'Y|+I§|+4h,

|Bl=h—r+1
Then, it turns out that

h—1
Z onv(;vhvrvfyk(r’ S; y’ n)l
r=0

< i(4 . 2,ll+nm2A AB)|V]+|5|+4}!
= m o

(I9] + 18] + 2h)1 (Rt) =P (5= s RI=h expl(e + 1) <P pd ) — 5]

[71+[0]+3h—1 1) 1) IT _ S‘i
p'li+ q/ i+
2 Py — (4.37)
Arguing as in the case & =1, by (4.33), and (4.37) we obtain [4.30). The
estimate (4.31) directly follows from (4.25) and [4.30). O

LEMMA 4.5. For h > 1, the functions f;.,(ch)(t, s; y,1), solutions of (4.25), satisfy
the following estimates:

IDyDYF (1,55 9,m)] < A(4 - 24" m® 4, AB) T (o] 4 |B] 4 2m)1 (1) =P+

-y Ty TR expl (e + 1) <Pyt — 5]

|O(+ﬁ|+3h , e |t _ s|l
P (4.38)

i=0
and

ID;DYD P (1,55 y,m)| < APFPHR (o) 8] + 2014 () =049

-y Ry TR expl(e + 1) <Py >t — ]

la+pBl+3h+1 |t _ SI i-1

; <77>(p’+q,)im (4.39)
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for all (y,n) € R*" with {n> > h? and {y)> < h’ and for all t,s in [-T",T'), o,
in N", where p',q' are the same of Lemma 4.4.

PROOF. As in it is sufficient to prove [4.38) by induction on
h, observing that, for <#> > h? and {(y> < h%, we have <y (DT < (PHP 7.
Then, arguing as in and applying [4.30) and the inductive assumption

for r=1,...,h—1, we deduce that
h-1
Z My,é,h,r,t’,k(rv S5 J’»’7)|
r=0
A
< g (4 27 m2 A, BT (1] 4 [8] + 2B

()T (s Ty TRIR exp (e + 1)< Py e — o]
Iy|+18]+3h—1 e |t =]’
Z (pH P HaNED) T (4.40)
i=0 :
Furthermore, observing that
)T 16+ b+ 4 DS (9] + 18]+ 2 — 1)1
< (7] + 18] + 2m)1#(h) =0 Gy

for (#) > h® and arguing as in we have
h—1

Z ‘0y753h7r7{7k(r’ s; y’ ’7)|

r=0

_(4 yutny,2 4 AB)|}’|+|5|+4h

(Iy] + 18] + 2) 14 (1) 0P Gy A 3 =PI expl(c + 1)<ndP <y )T — 5]

[y}+10]4+3h—1 o !‘L’ _ Sli
(pH P+ — (4.41)
i=0 :
The estimates (4.33), (4.40) and (4.41) imply [(4.38). O

REMARK 6. By the same arguments of Lemma 4.5, it is easy to prove that the
following estimates hold:
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DEDEF (1,5, y,m)| < A(4- 29" m® 4, AB) P (o] 4 || + 2m)1(t) =27+

-y TRy TP expl (e + 1)< dPCy e — 5]

|oe+B|+3h

Y < y><p'+q'>iﬂ (4.42)

|
=0 A

and
IDEDED, F) (1,5, y,m)| < AP (o] - |B| -+ 2m) 1 (1) 0P )

> TIHR YT expl (e + 1) <pdP{yd et — 5]

la+-B|+3h+1 i-1
Yo il =S
— (i—1)!

for all (y,n) e R*™ with (y>=>h® and {n)> < h?® and for all t,s in [-T', T,

o, € N", where p’,q’' are the same of Lemmas 4.4 and 4.5.

(4.43)

THEOREM 4.6. There exists an m x m matrix E(t,s) = {Ex} -, of Fourier
integral operators with phase function ¢(t,s;x,n) as before and symbols ey (t,s; x,n)
in C'([=T", TP, T 1 o(R™) for all jk=1,...,m, which satisfies (4.13).

PrROOF. We observe that the condition 2u — 6)/0 < p’+q' <1/0 in Lemmas
4.4 and 4.5 and Remark 6 implies that 2u — 6(p’ + ¢’) < 6. Then, it follows that
there exists C > 0 such that for every ¢ >0 and r=0,1

sup sup  sup sup  ClI=WB=2k (1) TH (p1) O
heNa,feN" (x,q)eQ}fe t,se[-T',T']

VI expl—e(|x]' + 0| O DEDED] £ (1, 5%, m)| < +o0. (4.44)

Furthermore, by (4.23), recalling that ¢ has order (0,0) and arguing as in
4.2, 1t is easy to show that, eventually enlarging the constants, the estimates (4.44)
hold also for the functions e(,}c') and consequently for ej(k) By (4.44) and by the
condition 6 > 2u — 1, it follows in particular that >, e (k) and ) ,.,D:e (k) are
bounded in FS o1 1,0
from >, ., e](. , we can argue as in [Theorem 2.14f and find a sequence of func-
tions ¢, (x,7) € C*(R*") depending on a parameter R such that ey = Y h>0 qohe;,f)

isinLf., o(R?), j,k=1,...,mif R is sufficiently large. Moreover, the func-
tions (p,,e( ) belong to C([-T ] S D ﬂo(RZ")) forever h >0, jk=1,...,

o(R™) uniformly with respect to t,se [~7',T’]. Starting
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m. Then, it is easy to prove that also ey € C([-T", T’]z,l"fgﬂ_ﬂ,g(Rz")) for all

Jik=1,...,m. The same argument can be used to prove that also D.ey is in
C([—T’,T’]Z,I“;f’aﬂ_ﬂyo(Rz”)) for all j,k=1,...,m. Finally, we can conclude
that E(z,s) satisfies (4.13). O

We conclude giving a theorem of existence of a solution for the Cauchy

problem [4.3).

THEOREM 4.7. Let fe C([-T,T},S{(R")) and gre S{(R"), k=0,...,
m — 1. Under the assumptions (4.1), (4.2), there exists a positive T' < T such that,
Sfor every se[~T',T'], the problem

P(t,x,D;,Dy)u= f(t,x) (t,x)e[-T',T'] x R"
D¥u(s, x) = gi(x) k=0,....m—1,xeR"

admits a solution ue C™([—T',T'],S§(R")). An analogous result holds when we
replace SY(R") with S{'(R").

Proor. Obviously, it is sufficient to prove that the problem (4.12) has a
solution U(t,x) € C'([-T',T'],(S(R"))™), where we denote by (SJ(R"))" the
cartesian product of m copies of SJ(R"). We start by considering the case
Uo(x) = 0. We look for a solution of the form

t
U(t, x) = J E(t,0)[F(z, x) + H(z, x)] de (4.45)
5
for a suitable H(t,x)e C([-T’,T'],(S§(R"))™). To this end, denote, for any
GeC([-T',T'],(S§(R")™)
t
RG(t, x) = J R(,7)G(r, x) de
A
where R(f,7) = {Ru}/,_; is the matrix of f-regularizing operators with kernel in
C(-1',T"?, S§(R*")) appearing in (4.13). The function U(t, x) defined by [4.45)
is a solution if and only if the function H(¢,x) satisfies the relation

H(t,x)+ RH(t,x) + RF(t,x) =0 (4.46)

for every (¢,x) € [-T',T'] x R". To prove [4.46), we can limit ourselves to show
that the Neumann series Y o2 (—1)"#"F(t,-) converges uniformly with respect to
te[-T',T'] in (SJ(R™))™. Let us prove the convergence of the single com-
ponents.
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With reference to the norms in [1.1), there exist positive integers A, B such
that

1@< K [ ([ 1700 ) a

)

where K = max; k=1,.,m SUP; se -1, 7|/ KRy (£, 8, " s ) || 4 B 20> With Kg, kernel of the
operator Ry, j,k=1,...m. In particular, it follows that

”('%F)j(t, N,z < K- sup |If(z, M 3,n 12— sl
te[-T",T"]

for some positive K’ > K. Suppose that

’ ’ t—s|’
VR E), (Y apn < (K'm)*  sup ()L pn (4.47)
te[—T’,T’] v:
and prove (4.47) true for v+ 1. We have
NG V(] P
m t
S RTINS
=175 A4,B,n
“ : y " v+1 t‘r_s|v
<K | IR F),(z, )l 4 5, dT < (mK') sup || f (6, Mg pn| ——dr
=1 Js te[-T', T s vV
< KN sup (6 pn
- te[-T", T'] ABn v+ 1)

Hence, the convergence of the series is proved and we have a solution for the
problem (4.12) when Uy = 0. Arguing as before, we can prove that there exists
HeC(-T',T, (SY(R™))™) such that

U(t,x) = Up(x) — JIE(t, 7)[LUp(z, x) + H(z, x)] dz

S

is a solution of the problem

(L069~0 (1x)el-T\T)xR (@48)

U(s, x) = Uy(x).

Combining the two solutions, we obtain a solution for (4.12). O
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