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Abstract: The aim of this paper is to establish non-asymptotic minimax
rates for goodness-of-fit hypotheses testing in an heteroscedastic setting.
More precisely, we deal with sequences (Y;);jes of independent Gaussian
random variables, having mean (0;)jc 7 and variance (o) ¢ s. The set J will
be either finite or countable. In particular, such a model covers the inverse
problem setting where few results in test theory have been obtained. The
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on (0j)jes and on several functions spaces. Our point of view is entirely
non-asymptotic.
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1. Introduction

We consider the following heteroscedastic statistical model
Yj=0j+oje, jeJ, (1.1)

where 0 = (0;) e is unknown, (o;),es are assumed to be known, and the vari-
ables (€;)jes are i.i.d. standard normal variables. The set J is either {1,..., N}
for some N € N* (which corresponds to a Gaussian regression model) or N*
(which corresponds to the Gaussian sequence model). The sequence 6 has to be
tested from the observations (Y;);cs in order to decide whether “6 = 0” or not.
The particular case o; = o for all j € J corresponds to the classical statistical
model where the variance of the observations is always the same. It has been
widely considered in the literature, both for test and estimation approaches. In
this paper, we consider a slightly different setting in the sense that the variance
of the sequence is allowed to depend on j.

We point out that the model (1.1) can describe inverse problems. Indeed, for
a linear operator T' on an Hilbert space H with inner product (.,.), consider an
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unknown function f indirectly observed in a Gaussian white noise model

Y(g9) = (Tf,g) +oe(g), g € H, (1.2)

where €(g) is a centered Gaussian variable with variance ||g||? := (g,g). If T
is assumed to be compact, it admits a singular value decomposition (SVD)
(bj, ¥, d;)j>1 in the sense that

Th; = bjb;, T*pj =bjo;, j €N,

with T the adjoint operator of T'. Hence considering the observations Y (¢;),
model (1.2) becomes

Z; = ijj +o€j, J € N*, (13)

with €; = €(¢;), (T'f, ;) = b;0; and §; = (f, ¢;). This model is often considered
in the inverse problem literature, see eg [7]. Setting Y; = b;le and 0; = ab}l
for all j € N*, we obtain (1.1). Hence inference on observations from model
(1.1) provides the same results for inverse problems. We stress that if estimation
issues for inverse problem have been well studied over the past years (see for
instance [21], [7] or [19, 20] for a model selection approach). The first results
on signal detection over ellipsoids in the heterogeneous case are given in [10].
However note that tests for inverse problems have been mostly investigated only
for the very specific case of the convolution problem, see in [6] and references
therein or for image analysis in [5]. Hence in this paper we present a general
framework for signal detection with heterogeneous variance or equivalently for
inverse problems. We provide non asymptotic testing procedures that enable
us to assess optimality of testing procedures in this context as shown in [17].
Simultaneously to this work, minimax signal detection for inverse problems was
considered in [13].

For all @ € I5(J), we set [|0]|*> = dies 07. The purpose of this paper is to
provide rates of testing for the hypothesis

H()Z 0=0

against the alternative
H,: 6eF, |0 >np.

More precisely, let us fix some level a €]0,1[, and consider a level a test @,
with values in {0,1} in order to test the null hypothesis “0 = 0” (we reject
the null hypothesis when ®, = 1). Then, given § €]0, 1], and a class of vectors
F C la(J), we define the uniform separation rate p(®,, F, 3) of the test ®, over
the class F with respect to the I3 norm as the smallest radius p such that the
test guarantees a power greater that 1 — 5 for all alternatives § € F such that
I18]] > p. More formally

D, F,B)=inf<p>0, inf Py(P,=1)>1- .
p( B) = in {p L o( ) ﬂ}
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We define the (a, 8) minimax rate of testing (also called in the non asymptotic
framework the minimax separation radius) over the class F by

p(F,a,f) :glfp(<1>a,F,ﬁ),

where the infimum is taken over all level « test ®,. The aim of the paper is to
determine this minimax rate of testing over various classes of alternatives F,
for signal detection in Model (1.1) with respect to the lo norm.

The main reference for computing minimax rates of testing over non para-
metric alternatives is the series of paper due to Ingster [12], where various sta-
tistical models and a wide range of sets of alternatives are considered. Lepski
and Spokoiny [18] obtained minimax rates of testing over Besov bodies B; , 4(R)
in the irregular case (when 0 < p < 2), see also [14]. Ermakov [11] determines a
family of asymptotic minimax procedures for testing that the signal belongs to
a parametric set against nonparametric sets of alternatives in the heteroscedas-
tic Gaussian white noise. In all these references, asymptotic minimax rates of
testing are established. In Model (1.1), with o; = o for all j € J, Baraud in [2]
considers a non asymptotic point of view, which means that the noise level o
is not assumed to converge towards 0. This is the point of view that we adopt
in this paper. We describe how the minimax rates of testing depend on the se-
quence (0;);es. The particular cases of interest correspond to polynomial and
exponentially increasing sequences, which in the case of Model (1.3) leads to
the so-called mildly and severely ill-posed inverse problems. When allowing the
noise level to decrease towards zero, we recover asymptotic rates of testing. Note
that we do not aim at providing adaptive minimax rates, which will be the core
of a future work.

The paper is organized as follows. In Section 2, we provide lower bounds for
the minimax separation rate over classes of vectors § with a finite number of
non-zero coefficients, which yet covers sparse signals. In Section 3, we determine
upper bounds for those minimax rates. In Section 4 and 5, we compute mini-
max rates of testing over ellipsoids and [, balls. Some conclusions are drawn in
Section 6. The proofs are gathered in Sections 6 and 7.

To end this introduction, let us define some notations. Assume that Y =
(Y;)jes obeys to Model (1.1). We denote by 6 the vector (or sequence) (8;);cs
and by Py the distribution of Y. All along the paper, we consider the test of null
hypothesis “6 = 0”. Let « €]0, 1] be some prescribed level. A test function ®,,
is a measurable function of the observation Y, with values in {0,1}. The null
hypothesis is accepted if &, = 0 and rejected if ®, = 1. Finally, for all z € R,
we denote by |x] the greater integer smaller than x and we set [z] = |z] + 1.

2. Non asymptotic lower bounds

The bounds will be established for two classes of signals characterized by their
non zeros coefficients. The first one deals with the elementary case where the
coeflicients are equal to zero after a certain rank. The second one concerns the so-
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called sparse signals which are defined by the amount of non zeroes coefficients
which can be located at different scales.

In this section, we generalize the results obtained in [2] in an homoscedastic
model to the heteroscedastic Model (1.1).

We first give a lower bound for the minimax separation radius over the set
Sp, defined for all D > 1 by

Sp = {6‘ S ZQ(J),VJ > D,Hj = 0}
When J ={1,..., N}, we assume that D < N.
Proposition 1. Assume that Y = (Y;),cs obeys to Model (1.1). Let 5 €]0,1 —
of, c(a, 8) = 2In(1 +4(1 —a — §)?)) /" and

1/4
I /

_ 4
pPD = E 0;
Jj=1

The following result holds:

Vp < c(a, B)pp, inf  sup  Py(®, = 0) > B.
Pa ge5p,|6]l=p
This implies that the minimaz separation radius over Sp with respect to the Iy
norm satisfies

p(SDvavﬁ) Z C(a,ﬂ)PD-

This proposition can be understood as follows: whatever the a-level test
chosen, for all p < ¢(a, 8)pp, there exists a signal 6 € Sp with norm p, such that
the error of the second kind is greater than 8. The result obtained in Proposition
1 coincides with the lower bound established in [2] in the homoscedastic model
(o0j=0 YjelJ).

Let us now consider the problem of sparse signal detection. Let k,n € N*
with & <n. When J = {1,..., N}, we assume that n < N. We want to obtain
lower bounds for the minimax separation radius over the set Sy, defined by

Skn ={0 € 1l2(J), Vj>mn, §; =0, Card{j <n,0; #0} < k}. (2.1)

Theorem 1. Assume that Y = (Y;);es obeys to Model (1.1). Let o1y < 02y <
- <oy, we define for alll € {0,...,n -k},

I+k
Stk = 2. ol (2.2)
j=l+1
Let 8 €]0,1 — «f, such that « 4+ 8 < 0.59 and

1/4

_ 1/2 n— l n — l 2 4
Pkn = Ogrlnga”,i(—k E[)k In (1 + k2 \Y I{;2 ) \Y Z 0'(])

(2.3)



Signal detection with heterogeneous variances 95

The following result holds

inf sup Py(®, =0) > 5.
Lo 9eSk 1, l|0l1>pr n

This implies that the minimax separation radius over Sy, with respect to the lo
norm satisfies
p(Sk,na «, ﬂ) 2 Pk
Comments: Let us consider three cases governing the behaviour of the se-
quence (0;)je.
1. In the homoscedastic case, 0; = o for all j € J. In this case, 212,19 = o’k
for all [ and, taking [ = 0, we obtain that

n n
Prm = 0kIn (1 +ozV ﬁ) :
which corresponds to the lower bound established in [2].
2. When k£ < n/2 and Efn/%k > C’Ei_wC for some absolute constant C

(independent of k£ and n), we obtain that

1/2

2 2 n n - 4
Pen = | O g In <1 + 252 Viy/ @) \ Z ) . (24)

Jj=n—k+1

At the price of a factor 2 in the logarithm (n is replaced by n/2), the
variance term appearing in the lower bound for pim is Ei_k)k which
corresponds to the largest possible variance for a set of cardinality k£ in
{1,...,n}, indeed

Ei_,“k = max o
JEM
where My, ,, denotes the set of all subsets of {1,...,n} with cardinality k.
This situation occurs for example when (0;);es grows at a polynomial
rate, 0; = 0j” for some ¢ > 0 and vy > 0. Actually this corresponds to a
mildly ill-posed inverse problem. In this case,

2y 1

2 2 2 2 2 2 (N 2
En—k,k S kO' n ’Y, En/2,k Z kO' ag (5) = %En_ch.

3. When (o) ey grows at an exponential rate: o; = o exp(yj) for some o > 0
and v > 0, we obtain that pi_’n > U(2n), providing a bound for the severely
ill-posed inverse problems.

3. Non asymptotic upper bounds

In this section, we construct upper bounds for the (¢, 8) minimax separation ra-
dius over the sets Sp and Sy, that we compare with the lower bounds obtained
in the previous section.
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In order to show that the (o, 8) minimax separation radius with respect to
the ls norm over a set F is bounded from above by p, it suffices to define a
test statistic @, such that the power of the test at each point 8 in F satisfying
18]l > p is greater than 1 — §.

Proposition 2. Assume thatY = (Y;),eg obeys to Model (1.1). Let o, 8 €]0, 1],

2.

and let tp1—o(o) denote the 1 — a quantile of Zle oFes:

D
P Zaf-e? >itpi-alo) | =a.
j=1

Let ®p o be the level-a test defined by
(I)Dxa = ]]‘ZJ-DZI Y?>tpi-a(o) (31)
We define xo, = In(a™!), 25 = In(871)

Cla, B) = /225 + \/2(xa + 75) + V2(V/Ta + /75)"/? (3.2)

and pp = (Zle 03»1)1/4.
For all § € Sp such that ||0|| > C(o, B)pp we have Pg(Pp o =1) > 1— L.
Hence, we obtain that
p(SD7 a7ﬁ) S C(Oé, B)pD

We deduce from Propositions 1 and 2 that
C(CY, ﬁ)PD S p(SD7 «, ﬁ) S C(Oé, B)pD

Hence the upper and lower bounds coincide up to multiplicative constants. By
simple computations we can notice that the ratio of these two constants is
bounded by 10 for admissible values of @ and S. Note that the computation of
optimal constants remains an open problem.

Let us now propose a testing procedure for sparse signal detection. This
procedure will be defined by a combination of two tests. The first one is based
on a thresholding method, which was already used for detection of irregular
alternatives in [3] and in [9]. The second one is the test (3.1) with D = n. More
precisely, for all a €]0,1[, let 1 (o) denotes the 1 —a quantile of 37| 077

Let @g}) be the test defined by
) =1yn veise,, (o)

Let gn,1—o denote the 1 — o quantile of maxi<j<n e? and @&2) the test defined
by
2 =1

a Yj? .
maxi<j<n | 77 >Qn,1—a
J

Then define the level-a test

&, = max (@“’ »?

/2 a/2> : (3.3)
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Theorem 2. Assume that Y = (Y;)jecs obeys to Model (1.1). Let o, 8 €]0,1]
and @, defined in (3.3). Let C(a, B) be defined by (3.2), If « <1/e and n > 3,
for all 6 € Sy, satisfying

1/2

H9||224Cz(a,ﬁ) Zo? A Z ojzln(n) , (3.4)
j=1

7,0 7#0

we have
Py(®,=1)>1- 6.

Hence, we obtain that for all k € {1,...,n},
1/2

P (Skn, o, B) <4C%(, B) | | D _of | AZ2_pxIn(n)], (3.5)
j=1

where ¥y, has been defined in (2.2).

Comments: Let us compare these results with the lower bounds obtained
in Theorem 1. For the sake of simplicity, we do not compute explicit constants
until the end of this section.

1. We first assume that (0;);cs grows at a polynomial rate: Vj € J, 0; = 057
for some v > 0 (this includes the homoscedastic case). In this case, when
k < n/2 there exists a constant C' > 0 such that Efn/%k > CEfokyk.
A lower bound for the («, 8) minimax separation rate of signal detection
over Sk, is given by (2.4). This lower bound has to be compared with the

upper bound (3.5).

(a) When k = n! with [ < 1/2, the upper and lower bounds coincide and
are of order ¥2_, ; In(n).

(b) When k = n! with I > 1/2, the lower bound is of order X2 _, ,v/n/k
and ¥2_, . > Cko®n®, which leads to a lower bound of order

Co?n?Y+1/2, The upper bound is smaller that (Z?Zl U;»l)l/2, which

is smaller than o2n?Y*1/2, Hence, the two bounds coincide.

(c) When k = y/n/¢(n) where ¢(n) — 400 and ¢(n)/n — 0 asn — 400
(typically ¢(n) = In(n)), the lower bound is of order X2 _, ; In(¢(n))
and the upper bound is of order X2 _,  In(n).

In this case, the upper and lower bound are of same order up to
a logarithmic term. This gap is also observed in the homoscedastic
model (see [2]) and remains, up to our knowledge, an open problem.

2. Let us now assume that (0;);e; grows at an exponential rate: Vj € J,

o; = oexp(yj) for some v > 0. The lower bound is greater than o2 =

02 exp(2yn) and the upper bound is smaller that 4C?(a, B 03-1)1/2,

which is bounded from above by C(«,3,7)o? exp(2yn). Hence the two
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bounds coincide. Note that in this case, the test <I>((12) based on thresholding
is useless and one can simply consider that the test

(I)a = (I)((ll)v

which achieves the lower bound for the separation rate.

3. The result stated in (3.4) is more precise than the minimax upper bound
given in (3.5). If the set Jiu = {j,0; # 0} corresponds to small values for
the variances (0;);c,, it is not required that [|f]|? is greater than the
right hand term in (3.5) for the test to be powerful for this value of 6.
The minimax bound given in (3.5) corresponds to the worst situation,
that is the case where the set J; corresponds to the largest values for the
variances.

Hence, we have provided, for the specific problem of signal detection for inverse
problems, minimax separation radius for the both mildly and severely ill-posed
problems except for the particular case of mildly inverse problems with a number
of non zero coefficients of order v/n/¢(n) specified in 1. (c).

4. Minimax rates over ellipsoids

In the previous sections, the only constraint on the signal was expressed through
the number of non-zero coefficients. In several situations, one deals instead with
infinite sequences having a finite number of significant coeflicients, the reminder
being considered as negligible (in a sense to be made precise later on). To this
end, we consider in this section a slightly different framework. Our aim is to
study the link between the decay of the 6;’s and the associated rate of testing.
We consider in the following two different kinds of function spaces: ellipsoids
and [,-bodies.

4.1. Non asymptotic minimazx separation radius over ellipsoids

In the following, we assume that the sequence 6 = (6,) e s belongs to the ellipsoid
Eu.2(R) defined as

Eu2(R) = {I/ = ZQ(J),ZCL?VJ2 < R2},

jeJ

where a = (ay)res denotes a monotone non-decreasing sequence. For instance,
if @ corresponds to the sequence of Fourier coefficients of a function f and a;
is of order j* with s > 0, then assuming that 6 € &,2(R) is equivalent to
impose conditions on the s-th derivative of f and thus can be considered as
a regularity assumption on our signal. The following result characterizes the
minimax separation radius over &, 2(R).
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Proposition 3. Let a, 8 be fized and denote by p(Eq2(R), o, B) the minimax
separation radius over &, o(R) with respect to the ly norm. Then

p*(Ea2(R), a, B) > ZS)uI;(CQ(a, B)ph A R*ap?),
S

where pp and c¢(a, B) have been introduced in Proposition 1. Moreover, for all
DeJ,
sup P9(¢D7a:0)gﬂ7
0€€a.2(R),[10112>C?(,8)p} + R2ap,’

where ®p o, and C(a, B) are respectively defined by (3.1) and (3.2). Hence,
P*(Ea2(R), 0, B) < Inf (C*(a, B)ph + Rap?).

Proposition 3 presents both an upper and a lower bound for the minimax
separation radius over &, 2(R). Remark that the upper bound is attained by
the test @, introduced in Proposition 2 where only signals with a finite number
of non-zero coefficients were considered. We point out that we do not use the
whole sequence (Y;);ecs in order to test the null hypothesis “¢ = 0” but only
the first D coefficients. The price to pay is to introduce some bias in the test-
ing procedure. However this bias can be controlled by taking advantage of the
constraint expressed on the decay of 6.

4.2. Asymptotic minimax rates of testing for inverse problems

The aim of this discussion is to show that our approach can lead to important
minimax results. Some of these rates have already been presented in the litera-
ture. Indeed, a good characterization of p(&, 2(R), @, ) can be obtained as soon
as the lower and upper bounds in Proposition 3 are of the same order. As many
statistical problems encountered in the literature, one has to find a trade-off
between the bias RQGBQ and p?,, which corresponds up to some constant to the
standard deviation of Z]D:l sz under the null hypothesis. This trade-off can
be performed in several situations, when introducing specific constraints on the
sequences (ai)res and (bg)res, hence leading to explicit rates of convergence as
shown below.

Let «, 8 be fixed. We assume that J = N* and (Z;) e obeys to Model (1.3).
For a sequence of real numbers (vg)gen+, we write vy < k! if there exist positive
constants ¢; and co such that, for all k£ € N*, ¢1k! < vy, < ekl

The Table 1 below presents the minimax rates of testing over the ellipsoids
Ea,2(R) with respect to the I3 norm. We consider various behaviours for the
sequences (ag)ren+ and (bg)ren+. For each case, we give f(o) such that for all
1>0>0,Ci(a, B)f(0) < p?(Eaa(R),a, B) < Ca(a, B) f(0) where C1 (v, B) and
C2(a, B) denote positive constants independent of o.

In the following table, s, ¢, v,~ and r denote positive constants.

Here D denotes the integer part of the solution of p%, = R2a52.
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TABLE 1
Asymptotic minimaz rates of testing on ellipsoids
Mildly ill-posed Severely ill-posed
by < k—t by, =< exp(—vk")
ap < k° om (log(o*Q))72S/T
ap =< exp(vks) o? (log(cr*2))(2t+1 /s e=2vD° (5 < 1)

We point out that similar rates are also available in [6] in the context of good-
ness of fit testing in density model with errors in the variables. In the Gaussian
white noise model tackled in this paper, some of these rates have been presented
in other work. Indeed, the case ay ~ k* and by ~ k~! was first studied in [10]
and [15]. Concerning severely ill-posed problems with supersmooth functions
(i.e. by ~ exp(—vyk") and ap ~ exp(vk®)), we do not handle the general case
since we assume that s < 1. When this assumption is violated, the upper and
lower bounds in Proposition 3 do not coincide: our test does not attain the min-
imax rate of testing. This is certainly due to our approach, which in some sense
is related to a rough regularization scheme.

We pinpoint that simultaneously to this work minimax rates of testing for
inverse problems were obtained in [13] providing a complementary analysis to
this important issue. Actually, they provide asymptotic results which can be
compared to the ones presented in Table 1. They restricted themselves to the
case r = s = 1. In the specific case a; =< exp(vk) and by =< exp(—~vk), they
obtain an explicit rate with respect to o while our result depends on D. For the
other cases the rates are the same. Yet our study is more complete since we deal
with all the values of r and s.

The whole algebra leading from Proposition 3 to the rates presented in Table
1 can be found in Section 7.3.2.

5. Minimax rates of testing for inverse problems over l,-bodies

Ellipsoids can be related to classes of smooth functions. In the particular case
where 6 corresponds to the Fourier coefficients of a given function f, the con-
straints expressed through the belonging to one of the spaces introduced above
may be incompatible with the presence of discontinuities. In order to extend the
covered cases, we consider in this subsection sequences 6 belonging to I,-bodies
Ea.p(R) defined as

Eap(R) = {u €ly(J),Y abvt < RP},
=
where a = (ay)res denotes a monotone non-decreasing sequence and 0 < p < 2.
5.1. Non asymptotic lower bounds

Let (Z;)jes obey to the model
Z; =bi0; + o€, 7€ J
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From now to the end of this section, we assume that the sequence (b;);jes is
polynomially or exponentially decreasing, which yet correspond to the main
cases of interest in inverse problems. The lower bounds are given in the following
theorem.

Theorem 3. Assuming that for all j € J, b; = 577 for some v > 0, we obtain

1 1-2/p
pz(é'a)p(R),a,ﬁ) > DY ;%I; |:\/5

1 1
7 = 02DV <1 + (5 _ 5) \/O) )

Assuming that for all j € J, b; = exp(—~j) for some v > 0, we obtain

R2a52 A ﬁ%}

where

PEan(),0.0) = sup VD' R Ao exp(2D)|.
DeJ

5.2. Non asymptotic upper bounds

In order to attain the lower bound presented above, a test similar to the one
introduced in Proposition 2 is not sufficient. On [,-bodies, the bias after a given
rank D is indeed more difficult to control than for ellipsoids. Some significant
coefficients (in a sense which will be made precise in the proof) may be contained
in the sequence 6 after the rank D. Hence, we have to introduce specific tests
in order to detect these coefficients. We first define

- 1 1
Dt — inf {D € J.Ra?VD' P < oDV (1 n (5 - 5) v 0) } ,

if the problem is mildly ill-posed and
Dt = inf {D € 1, R?a;2VD < o? exp(27D)} . (5.2)

if the problem is severely ill-posed. By convention, DT = N if the set in (5.1)
(or in (5.2)) is empty.
For all j € J and « €]0, 1], we introduce

Piite = 1y 12201

where z;, denotes the 1 — /2 quantile of a Gaussian random variable with
mean 0 and variance 0]2. We now define the test

o _ J supjeqpiyr,. Ny Pitas2v—pty if DT <N,
lc.a/2 7 0 if DF = N.
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The final test that we consider is a combination of these two procedures:
(I)L = (I)loc,a/Z \ (I)DT,a/Qu

where the testing procedure ®p+ /5 is defined by (3.1).

The following proposition emphasizes the performances of the test ®!. The
constants Cy , and Cs,, given below are explicitly computable. An interested
reader can find the value of C , at the end of the proof of Proposition 4.

Proposition 4. Let o, 8 €]0,1[. We assume that (a;pb;(%p))jew is a mono-
tone non-increasing sequence. One observes

Zj :bj9j+aej, ] (S J:{l,,N}
The following result holds

sup Py(®f, =0) <,
0€€a,p(R),|10]2>vN p2 (Ea,p(R),a,B)

with

o vy = Cy,logt P/2(N) when by = k= for all k € J (mildly ill-posed
inverse problems).

o vy =Ch) log' P2 (N)v DTl_p/2 when by, = e~ for all k € J (severely
ill-posed inverse problems),

where C1 ,,Ca;, denote positive constants independent of o.

Remark that the test ®], reaches the lower bound established in Corollary 3
up to some logarithmic term. Hence, the lower and upper bounds presented
respectively in Theorem 3 and Proposition 4 do not coincide. This drawback is
not characteristic of the heteroscedastic model since a similar property occurs
in the homoscedastic case (v = 0): see [2] for more details. In this particular
homoscedastic setting, the lower bound of Theorem 3 is known to be sharp
according to the results on Besov spaces in [22]. We do not know if a simi-
lar property occurs in the heteroscedastic model. This a difficult problem that
should be addressed in a separate paper.

For the sake of convenience, the upper bound is only presented for J =
{1,..., N} which, roughly speaking, corresponds to the regression setting. Nev-
ertheless, our result can be easily extended to the case where J = N*. In such
a situation, our test will be performed on {1,...,N}, where N is a trade-off
between the bias after the rank N on &, ,(R) and the growth of log(N). A good
candidate for N is a power of o2,

In order to conclude this discussion, we point out that we impose a condition
on the sequence (aj_p b;(%p )) jen. This condition is necessary in order to control
the bias after the rank DT. It always holds when p = 2 since (a;)jen is an
increasing sequence. When p < 2, the considered function has to be sufficiently
smooth with respect to the ill-posedness of the problem. A similar condition can
be found for instance in [8].
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5.8. Asymptotic minimazx rates for inverse problems

The non asymptotic study of minimax rate of testing is at the core of the
present paper. Nevertheless, in some particular settings, we can obtain asymp-
totic results. For instance, we have presented in Section 4.2 some cases where
our results lead to explicit rates on ellipsoids, hence recovering some existing
properties. Such a discussion is possible on [, bodies, although, up to our knowl-
edge, explicit asymptotic minimax rates of testing in an inverse problem setting
have never been obtained.

Here, we deal with mildly ill-posed problems with polynomial /,-bodies, i.e.
(ar)ken ~ (k*)ken for some s > 0.

Corollary 1. Assume that ar ~ k° and by, ~ k=7 for all k € N* where s,vy
denote positive constants such that s > ~v(2/p —1). Then

4s+2/p—1 4s+2/p—1

Cylog P/2(N)oz+e+175 > 0*(Eap(R), a, B) > Cro2+27+17p

where C1,Co denote positive constant independent of o.

Remark that the sequence (a;” bj_(2_p )) jen+ is monotone non-increasing as
soon as s > v(2/p— 1). Hence the conditions of Proposition 4 are satisfied. The

proof follows the same argument as on ellipsoids and will therefore be omitted.

6. Conclusion

We first highlight the fact that our procedures are non asymptotic. For practical
purposes, it is of high importance to control the level of a test whatever the
noise level. By the same way, we are able to characterize a set over which the
power of the test is guaranteed. Moreover, we are able to deal with the cases of
signals characterized only by their sparsity without an additional smoothness
constraint. Actually, we point out that to achieve these goals we build in this
paper precise deviation inequalities for statistics with heterogeneous variance
which generalize the one established for non centered x? variables in [4], which
provides an interesting concentration result.

We do not consider adaptation in this paper. However, by introducing multi-
ple testing procedures in the spirit of [3], we could easily provide non asymptotic
adaptive testing procedures in the framework of this paper.

The issue of signal detection for inverse problems has been paid much atten-
tion over the last years. A complementary study in [13], focuses on an asymptotic
point of view on this problem. In very particular, rates of testing as well as their
adaptive version are provided.

Finally, we point out that the results presented in this paper, enabled us
to assess optimality of testing strategies for inverse problem, as stated in [17].
Actually, we were able to decide whether tests for inverse problems should be
performed or if direct inference on the observations could be sufficient or even
lead to better results.
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7. Proofs
7.1. Proof of the lower bounds

The proofs of the lower bounds use a Bayesian approach extending the methods
developed in the papers by Ingster [12] and by Baraud [2]. We use the following
lemma:

Lemma 1. Let F be some subset of lo(J). Let p1, be some probability measure
on

Fo =10 € F, 0] > p}
and let
o= [Pt

Assuming that P, , is absolutely continuous with respect to Py, we define

dPMP
P, (y)-

Lup (y) =
For alla>0, 8 €]0,1—«af, if

Bo (L2,.(Y)) <1+4(1—a—5)

then
Vp < p*, inf sup Pp(®, =0) > .
®a geF,
This implies that
p(F,a,B) > p".

For the proof of this lemma, we refer to [2], Section 7.1.

7.1.1. Proof of Proposition 1

Let p >0, weset for1 <j<D,

—1/2

D
a2 4
0 =wjoip E o
i=1

where (w;,1 < j < D) are ii.d. Rademacher random variables: P(w; = 1) =
P(wj = —1) = 1/2. Let p,, be the distribution of (61,...,6p). u, is a probability
measure on

{0 € Sp, 110l = p}-
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dP,.,

Let us now evaluate the likelihood ratio Ly, (Y) = 52 (Y).
D 2 2 D -2
1 1 o;wip 1 Y.
L, (Y) = E, |exp 52—2 Y; % exp 52_32
4 4 g
=1 % ijl o =1 3
2 1 PY;
= exp J % H cosh Tj
EJ 1 J Zj:l U;'l

Let Z be some standard normal variable. For all A € R,
E(cosh?(AZ)) = exp(A?) cosh(\?). (7.1)

Hence, since Y;/o; ~ N(0,1),

o (12, )_f[ osh(zflo_4>

J

Since for all z € R, cosh(z) < exp(z?/2), we obtain

Eo (Lip(y)) < exp <2Zg744> .
j=17;

For p = ¢(a, B)pp we obtain:
Bo (L2,(Y)) <1+4(1-a-B)%,

which implies that p(Sp,a, 8) > ¢(«, 8)pp by Lemma 1.

7.1.2. Proof of Theorem 1

Without loss of generality, we can assume that the sequence (0;);es is non de-
creasing (if this is not the case, we can reorder the observations Y;). We fix some
1e€{0,1,...,n — k}. Let My, denote the set of all subsets of {{+1,...,n}
with cardinality k. Let m be a random set of {{ + 1,...,n}, which is uniformly
distributed on My, ;. ,. This means that for all m € My, P(h = m) = 1/CF_,
Let (wj,1 < j < n) be i.i.d. Rademacher random variables, independent of 7.

Let us recall that
l+k

lk_EU

J=l+1
We set

0; = (pw;o;/Zik)Ljem (7.2)
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Note that 6 = (6;)jes € Sk,n and that, since (¢;);cs is non decreasing,

2
Zjem 9 > 2

16]* = »? >
57k
1 1 1 YJ?
L @) = B fexp _522(39 0;)" Jexp | =52 —5
L jeJ 7 jeJ J
Y0 1 62
— Emw 177 - 7J
oxp Z 0'2. 220.2
L jem J jem J
Y P ka
= E;o [exp IZIZ Jexp | —
;UJ Lk 257,

Q:<j
g

~7|<
ESI e
o]

e}
/‘l‘\
[\)

3
s,
N—

1
Ly, (Y) = o > E |exp

?)

kp? 1 pY;
— - h J
oo (i) ¥ e

n=l meMy i n jEM

We use (7.1) together with E(cosh(A\Z)) = exp(\?/2) for a standard Gaussian
variable Z. Since Yj/o; is a standard normal variable, we obtain that

2 kp? 1 P’
2 2 2
P P 4
H exp (222 ) H exp <ET> cosh (F) .
jeEM \m Lk ) jemnm/ Lk L,k

m,m’'€My 1 n jEM\m/
Since, for all m,m’ € My ;n,

X

[m\m/| + [m'\m| + 2|lm nm/| = [m| + |m| = 2k,
we obtain

9 [mnm/|
Eo (LZP(Y)) = (Cﬁll)2 Z (cosh <%>> :

m,m'GMkﬁl,n

The end of the proof is similar to the proof of Theorem 1 in [2], similar arguments
are also given in [9]. Let us recall these arguments.

Eo (LiP(Y)) —E [exp <|m | In cosh (%))] :
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where m,m’ are independent random subsets with uniform distribution on
My in. For fixed 7, |7 N /| is an hypergeometric variable with parameters
(n—1,k,k/(n—1)). This leads to

Eo (LZP (Y)) = E[exp(H In(s))], where s = cosh <%>

and H is an hypergeometric variable with parameters (n — [, k,k/(n —1)). The
variable H can be decomposed into a sum of dependent Bernoulli variables:
H = Hy +---+ Hj. Hence, we obtain

k
Elexp(HIn(s))] =E [ [J(1+ (s — DH

j=1

For all j € {1,...,k}, the distribution of (Hkl,...,ij) is independent of

{k1,...k;} and c01nc1des with the distribution of (Hi,..., H;). Note that
k(k—1)...(k—7+1)

m=Dn-1-1)...(n—=1—5+1)

E(H,...H;) = P(H =1,....H;=1) =

k J
< —_— .
< (7=)
This implies that
k

. H(1+ (s—1)H)| < zk:cljc <(Sn—_1l)k>j _ <1+ %)k

j=1 j=0

Hence,

Let ¢ = 1 +4(1 — a — )%, and A = % 1n(c). Since the function cosh is
increasing on R*, we obtain that if

2
L §ln(1—|—A+ \/2A+A2),
X7k
then

cosh(Ep;)—1< (A+\/2A+A2—1) (A+\/2A+A2+1)_1

Lk

The right hand side of the above inequality equals A. We finally obtain that

Eo (Lip(Y)) < exp [kln (1 + %A)] <c
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By Lemma 1, this implies that

P*( Sk, B) > X7 In (1 + A+ 24+ A2)
>

2, In (1 24V \/ﬁ) .

If o + 8 <0.59, In(¢) > 1/2, which implies that

n—I n—I
P*(Skns @, f) > 57, In (14‘7 v 7)

Since this result holds for all I € {0,n — k}, we get

n—1 n—1
pQ(Sk,mo‘vﬂ) Z 0 max kEikln <1+ 7 vV —> .

<l<n—

In order to prove that

pQ(Sk,nvavﬂ) Z Z U;‘l )

Jj=n—k+1
we define, as in the proof of Proposition 1,
N —1/2 .
0; :wja?p (Zj:n_k_H O';—l) Vie{n—k+1,...,n},
=0 Vig{n—k+1,...,n},

where (wj,n —k+1 < j < n) are 1.i.d. Rademacher random variables. Note
that (0;)jes € Sk.n and that ||0]|*> = p?>. We now conclude as in the proof of

Proposition 1, using that ¢(«, 8) = (2 1n(c))1/4 >1lifa+ 8 <0.59.
7.2. Proof of the upper bounds

7.2.1. Proof of Proposition 2

In order to prove Proposition 2, we have to show that for all # € Sp such that
||9H > C(Oé, B)pDa

D
Po (> V) <tpi-alo)] <8 (7.3)
j=1

We denote by tp g(6,0) the 5 quantile of ngﬂ Yj2, when Y = (Y;);jes obeys

to Model (1.1). In order to prove (7.3), it suffices to show that
tD,l—a(O') < tD”@(e,O').

To prove this inequality, we will first give an upper bound for tp 1_4(c) and
then a lower bound for tp g(0, o).
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Upper bound for tp1_,(0):
We use an exponential inequality for chi-square distributions due in [16] (see
Lemma 1). It follows from this inequality that for all z > 0,

1/2
D D
P Zaf(e? —-1)>2yx Zo? +2z sup (07) | <exp(—x).
= ot 1<<D
Setting x, = In(1/a), we obtain that
5 1/2
tpi-alo) < ZU? + 24/Tq ZO’? +2zo sup (JJQ»).
= =1 1<j<D
1/2
: D
Since sup, < ;< p 07 < (Zj:l U;»l) ,
b b 1/2
tpial0) <Y 02 +Cla) | Y of| . (7.4)
j=1 j=1

Lower bound for tp 3(0,0):
We prove the following lemma, which generalizes the results obtained in [4] to
the heteroscedastic framework:

Lemma 2. Let
Y;=0;+o0je, 1<j<D,

where €1,...€p are i.i.d. Gaussian variables with mean 0 and variance 1.

We define T' = Z]D:l Yj2 and

D D
L= o1+2> 036}
j=1 j=1

The following inequalities hold for all x > 0:

P (T —E(T) > 2VZa +2 12u£)D(UJ2-)$) < exp(—=x). (7.5)

P (T _E(T) < —2\/2:1:) < exp(—z). (7.6)
The proof of this lemma is given in the Appendix.
Inequality (7.6) provides a lower bound for tp 5(6,0). Indeed, setting x5 =
log(1/5), we obtain that

P (T _E(T) < -2 21:5) <B.
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Hence, tp s(0,0) > ZJD:l(G? + 0%) — 2/3zg. Inequality (7.3) is satisfied if
tpi—a(o) < tp g(f,0), which holds as soon as

D

Za + 2z, sup (07). (7.7)

07 —2\/Sxp > 210
j=1 1<5<D

1M

Let us note that

D
VE = < Do
j=1
D
< o +V2 sup (o))
j=1 1<j<D

Hence, the following inequality implies (7.7):

29 —2\/_ sup CANGT 292 2

j=1 j=1

0} (VTp+v/Ta)=2 sup (07)xa>0.

1<j<D

AMD

Easy computations show that this inequality holds if

1/2

D
>0 ZPD[ 25 + /20 +25) + V2(VTa + )

Hence, we have proved that

p(Sp,a, ) < Cla, B)pp

which concludes the proof of Proposition 2.

7.2.2. Proof of Theorem 2

The test @, is obviously of level a thanks to Bonferroni’s inequality:

Po(d, =1) < JPO@S}Q =1)+Po(@F), =1)

<__
_2+2_

Let us now evaluate the power of the test.

a/2 a/2

It follows from Proposition 2 that for all # € Sj,,, such that

Pg((l)a = 1) 2 max (]P)g(q)(l) = 1),1@9(‘1}(2) = 1)) .

1/2

16]12 > C?(a/2, 8 Za ,
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we have Pg(@i% =1) > 1— . Let us remark that C(a/2, 3) < v/2C(a, ) since
a<1/2.
It remains to evaluate the power of the test @;2/)2.

o) : Yy
]P)G(q)a :O) = Pg(v‘] 6{1,...,77,},? Sqnﬁlfa)
J
Y2
< i £ <
12121£ ]P)G(O'JZ _Qn,l—a)

Y2
]P)G(_JQ S qn,lfa)
7

P (10; + 0j€| < 0j/Gn1—a)

P (16;] = ojle;| < 05 /ani—a)
P (ajlej| > 10| — 0 \/@ni—a) -

Let ¢i1—p denote the 1 — 8 quantile of |¢;|. We obtain that if

dj € {1,...,TL}, |9J| >Uj(q1—6+~/Qn,l—oz)7 (78)

IN A

then
Pe(®? =0) < 8.

Condition (7.8) is equivalent to
Im € Mk,n; Z 0J2 > Z U?(Ql—ﬁ + VvV Qn,lfa)2-
JjEM JjEM

In particular, if

||0H2 > Z 0]2‘ ((h,g + vV Qn,lfa)27

3,057#0
then (7.8) holds. This implies that for all § € Si,, such that
EM}C,"

07> max (3002 | (@rs+ Ve
JEM

we have P9(<1>£3> = 0) < B. It remains to give an upper bound for g, 1—. We
use the inequality P(|e;| > x) < exp(—x?/2). This leads to

—~
™
—

P( maxne? >2Iln(n/a)) < nP(ler] > v/2In(n/a))
< o
Hence, ¢ni1-o < 2In(n/a) and ¢1—g < +/2In(1/5). By assumption, In(n) >

1 and In(1/a) > 1. This implies that In(n/a) < 2In(n)In(1/a). Let us now

remark that /2254 21/2x, < 2C(a, ), which implies that q1 g+, /Gn1—a/2 <
2C(«, B). This concludes the proof of Theorem 2.
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7.3. Proof of minimaz rates on ellipsoids and l,-bodies
7.8.1. Proof of Proposition 3

We first prove the lower bound. For all D € J, introduce r% = c2(a,ﬁ)p% A
R2a52, where ¢(a, 8) is introduced in Proposition 1. Let D be fixed. Then for
all @ € Sp such that [|0]|*> =%

D
D_a3t; = it <apll6|® < B2,
jeJ Jj=1

Hence
{9 € Sp, ||9||2 = TQD} C {9 € &,2(R), ||9||2 > TQD} .

Since rp < ¢(«, B8)pp, we get from Proposition 1

inf sup Py(®, =0) > inf sup Py(®, =0) > B, (7.9)
®a geg, o(R),|10]>rD ®a gesp,|0l=rp

where the infinimum is taken over all possible level-a testing procedures.
Since inequality (7.9) holds for all D € J, we obtain p*(£,2(R), o, 3) >
suppe s (c?(a, B)phAR%ap?). Concerning the upper bound, we know from Propo-
sition 2 that the test ®p , is powerful as soon as:

D
> 02> C*e, B)ph & 0] = C* (e, B)pD + Y 07,
j=1

k>D

where C(a, ) is defined by (3.2). Since 0 € &, 2(R), we get

Z 07 < R%a;? and sup Py(®, =0) < p.
k>D 0€€q,2(R),1012>C?(o,8)p% +R2a’

This concludes the proof since the previous result holds for all D € J.
7.8.2. Asymptotic minimax rates of testing on ellipsoids
First case: a ~ k* and b, ~ k~t. Choosing

— 2

D= {gm J )

we can remark that p% and R2a52 are of the same order, hence leading to the
desired rate.

Second case: ay, ~ e'* and by, ~ k™t Set
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Then
p2 (ga,Q(R)a Q, ﬂ) < Op2D0 + R2CLB§,
< Co? (1og(072))(2t'|r1/2)/S + 02,
< (C+1)o? (1og(c7_2))(2t+1/2)/S ,

where C' denotes a constant independent of o. Concerning the lower bound, we

set
1 1/s
Dy = {(B log(a_Q)) J )
Then
p*(Ea2(R), 0, ) > p}, ARap’,
> Co? (1og(g*2))(2t"’1/2)/S Ao = Co? (log(a*Q))(th/m/s 7

for some C' > 0.

Third case: a, ~ k* and by, ~ e~ 7*". Set
1 1/r
Dy = {(E 10g02)> J .
Then

p2 (ga,Q(R)7 «, ﬁ) = p2D0 + Rza’Biu

AN

< VDo + Roar?,
< 0 +C (log(o2) " < (C+1) (log(a2) /",
for some C > 0. Concerning the lower bound, we set
1 1/r
D, = <%10g(0_2)) )
Then
p*(Ea2(R), . B) > ph, A R%ap?,
> 0%yt AR%ap?,
—2y) —2s/T _o\\—2s/r

for some C > 0.

vks

Fourth case: aj, ~ €”%* and b, ~ e~7*". Denote by D the solution of the equation

2 _ p2. -2
pp = R%ap”.
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Remark that
p2D0 < Rzagi where Dy = Lﬁj,

since (p%)pen+ and (a%)pen+ are monotone increasing. Hence
P2(Ean(R), a0, B) < Co?e?Di 4 R2e=2vD5 < ¢fe=2Di,

Then
ph, > RQaB? where D; = [D].

We get
p2(5a,2(R)7 avﬂ) Z C (p2D1 A R2CLB?) Z C/R2CLB? Z O/R26—2qu.

In order to conclude the proof, we have to prove that the lower and upper
bounds coincide. To this end, remark that D, = Dy + 1. Thus

6—21/D1 — 6—2U(D0+1) — 6—21/D0 ~ 62V{D0—(D0+1) } > 6—2VD06—2U

as soon as s < 1.

7.3.8. Proof of Theorem 3

The proof of this theorem will require the following proposition

Proposition 5. Let (Y});cs obey to Model (1.1). Let o €]0, 1], 8 €]0,1—af such
that a+ 6 < 0.59 and denote by p(E, p(R), o, B) the minimax rate of testing over
Ea.p(R) with respect to the ly norm. For all D € J and for all0 <1< D—[v/D],

we set
l
2 2
PIVB).D. _El,(\/ﬁ] In <1+ 1-— 5) ,

where 2127%/5] is given in (2.2). Then

P (Eap(R), . B) = sup (p1(D) V pa(D)),

DeJ
where
12/ 2 D
-2/p o _ 1,IVD
p(D) = max vD R%@f% /\p%\@W 'k
0<I<D—[VD] D [VB1.[VD] D,
and
1/2
1=2/p 9 9 2 4
p2(D)=VD TRapn | Y o

j=D—[vVD]+1
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Proof. The proof will use the one of Theorem 1. We assume that (o) ;¢ is non-
decreasing. Let us first establish a relation between the I, ball &, ,(R) and the

sets Si.n. For all D € J, for all § € S[\/ﬁ] p such that [|0]]? < \/51_2/1)]%2(152,
we have 0 € &, ,(R). Indeed, using Holder’s inequality

—+o00
Soater= 3 ahet < (VD) R(10]2) 2l < RY.
j=1 5:0;70

We set k = [v/D],n =D and for all | € {0,1,...,n — k}, we define 6 = (0;,j €
J) by (7.2). As pointed out in the proof of Theorem 1, 6 € S ,, and ||6]|* > p2.
We also have [|0]|* < p*X2_, /%7 ,. This implies that if

p2 2; ko< (\/5)172/;0]%20/52,
L,k

then 0 € &, ,(R).
Moreover, in the proof of Theorem 1, we proved that if

n—I n—I
p2§22k1n<1+7\/ 7),

then
Eo(L7 (Y)) <1+4(1—a—p)>%

This implies by Lemma 1 that p?(€, ,(R)) > p?. We finally get

2 2 n—l n—l \/—172/1) 9 _9 El2,kj
P (ga,p(R)) > El,k In|1+ 2 V =R AVD Rap, 5P .
n—k,k

Since the result holds for all € {0,1,...,n — k}, we obtain that p?(&, ,(R)) >
p1(D). To obtain that p?(E,,(R)) > p2(D), we consider, as in the proof of
Theorem 1, for k = [v/D] and n = D

) . 2\ 12 .
0; :wjajp(zj:n—k+laj) Vie{n—k+1,...,n},
=0 Vigd{n—k+1,...,n}.
Since p?(Eqp(R)) > p1(D) V p2(D) for all D € J, the result follows. O

Then, we complete the proof of Theorem 3. We now assume that b; = j =7
which leads to 0; = 057 for some v > 0. Using the inequalities

2 272 2 2 nH2y+1/2
Eumzaﬂ[\/ﬁ], 2 Bl < o' DY /2,

one derives from Theorem 5 that

1-2/p o _p I 272 !
> —_— Y - — .
p1(D) > OSlSI%a_X[\/E] (\/D R%ap oz o I“V[VD]ln [ 1+14/1 5
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Taking [ = [D/2] + 1 in the above inequality leads to the result stated in
Corollary 3 for the polynomial case.
Let us now assume that o; = oexp(j7). It is obvious that

p2(D) > \/l_)liz/pR2aB2 A o? exp(2vD),

which leads to the desired result.

7.3.4. Proof of Proposition 4

For the sake of convenience, we only prove this proposition in the particular case
where by, = k77 for all k € N*. The proof for severly ill-posed inverse problems
follows essentially the same algebra.

It follows from Bonferonis’s inequality that @ is a level-a test. Then intro-
duce

A= {D e J,R2a;*VD " < U2D1/2+2u%,} :

1 1
My =In|1 ———Vvo].
n( + ( 5 D) )
In a first time, we suppose that A is empty. From the definition of DT, we get
D' = N and

where

Py(®], = 0) < Pp(Pprt o2 =0) = Py(Ppy 02 =0) < B,

for all sequence 6 satisfying

D0 =161° = C*(a, B)px,

JjEJ
where C'(«, 8) has been introduced in (3.2). Since A is empty, we get

C*(a,B)p% < C*(a, B)o*V NN,

B 1 1
< Ca, )’ NV} In 1<1+ §‘N>’
1 1
< 2PHC2(a, B! (” §_N> P*(Eap(R), . B). (7.10)

From now on, we assume that the set A is not empty and that Dt < N. Let

p3 =2(v5+4)In (2(1\]@7—[313*)) .

Two different situations may occur:
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1/ There exists at least j € {D%,..., N} such that b207 > o?u3;, ie. there
exist significant coefficients after the rank DT.

2/ For all j > DT, bf@? < %%, i.e. all the coefficients 6, have poor importance
after the rank DT.

First consider the case 1/. Recall that in this case, the set A is not empty and
there exists j' € {DT +1,..., N} such that b?, 9?-, > o2u%. In this particular
setting, we have to use the threshold test in order to detect these coeflicients.
More precisely,

Py(®f, =0) < Py <SUII)> Qi1 a/2(N-Dt) = 0) < Py (®gjry,a/2(v—nt) =0) -
>

Thanks to inequality (29) of [2], we know that this probability is smaller than

B as soon as:
_ 2(N — D7)
9J2»/ > 02bj,2 In <T) 2(V5 +4).

This inequality is implied by the assuption made in the case 1/.
Now, we consider point 2/. Let j > DT,

2 _ p2-pp2—ppypp—(2-p)
0; = 07 7b; "0, ,
2-p, 2— —(2-p)
< o p,uNpt?ﬁ’bj P
Then, we get
_ —(2— 29—
IR
j>Dt j>Dt
< o2 Z a —(2— p)lu?vp
j>Dt
o2 PRP —pp—(2-p)  2— P
< R Jn;zgiaj bj o

. —p—(2— . . .
Since the sequence (a; P b; g ))jGN is assumed to be monotone non increasing,

we can control the bias as follows

292<U2 PRPa b (2 p) el
j>Dt

In order to conclude the proof, we have to bound the right hand side of the
above inequality. Remark that

Dt = inf{D € J, R2a2(VD)' =27 < JQDQ”H/Q)\%,} :

= inf{D e J RPap? < o?D¥ a3 L
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Thus
29]2 < az’pap(DT)'”’H/Q(DT)QV”YPM?V_p)\%T
j>Dt
< JQ(DT)Q'YJFI/Q;L?V*Z’/\%P

Hence, we deduce from Proposition 2 that

Py(®f, = 0) < Py(@pi nse =0) < B,

for all sequence @ satisfying EJD:Tl 07 > C?(a, B)o?(D1)?7+1/2 which is equiva-
lent to
161> > C*(a, B)o® (D112 4 7 63 (7.11)
j>Dt

In order to conclude, just remark that

02(04,[3)0'2(DT)2’Y+1/2+ Z 9]2
j>Dt

< o Bo2 (DN 4 o2 (DHT2E AL
< 202(DT)2v+1/2(M?V—p V 1) (02(0475) + )‘%V) :
< Crpp*(Eap(R), o, B)(In(N)) P72, (7.12)

where

X (4(\/5 +4) 1n(2/aﬂ))1_p/ :

The result follows from (7.11) and (7.12). Note that when DT = N, 3" . 6% =
0 and the above result also holds in this case.

8. Appendix

Proof of Lemma 2. We first compute the Laplace transform of T. Easy compu-
tations show that for t < 1/(20%),

E [exp(t(6; + j6)%)] = —— ( “ )
exp j O'jﬁj = exXp 3 .

1 - 2t0? 1 —2to}
This implies that for ¢ < mini<j<p 1/(207),

E [exp(tT)} = exp Z

5 .
j=1 1 —2to; j=14/1— 2tUJ2-
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Moreover,

This leads to

E [exp(t(f - IE(T))}

D 9129202 1 &2
E J ) 2 E 2
exp m — tO'] exp —5 lOg(l — 2t0'])

j=1

We use the following inequality which holds for z < 1/2:

x{llog(l—QI)‘i‘fE*' i ]zo. (8.1)
2 1—-2x
This inequality implies that for all ¢ < min;<;<p 1 / 20]2,
R . D ot 2
logE [exp(t(T — B(T)| < 3 ﬁ Lo ; b

This leads to

log E [ex (t(T—IE(T))} < £

We now use the following lemma which is proved in [4] (see Lemma 8.2): O

Lemma 3. Let X be a random variable such that

log (E [exp(tX)]) < f‘f); for0<t<1/b

where a and b are positive constants. Then
P (X > 2a+/T + bx) <exp(—z) forallxz > 0.

Hence, inequality (7.5) is proved. Let us now prove inequality (7.6).
For all z € R,

P(T—E(T) < —z) = ]P’(—T—HE(T) —z> o)
< %EB]E (et(—'f"-HE(’f")—z))
< infE (et<T>E<T>+z>) .
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We have, from the above computations

D 2092 2
2t°05 0% 1
J_J 2 2

In (E (et(f’f]E(T)Jrz))) _ Z

j=1
We now use (8.1) for z = tajz with ¢ < 0. We obtain
1 2 2 t*oj
§1n(1 — 2t0j) +tUj + m <
This implies that

2620302 7
—2 I < 2t0? — L In(1 - 2t07).
1 —2to7 o3 J

Hence, for all t < 0, z € R,

D 2
. . 1 0+
E (et(T—IE(T)+Z)) <exp |— E <§ log (1 — 2taj2-) + taj2-> <1 + 2—J2> +tz
o4
j=1 J

We use this inequality with z = 2¢/3x, and t, = —/z/VE.
P (T ~E(T) < —2\/%) <E (etI<TA7E<TA>+zm>) .
Moreover,
E (et1<T>E<TA>+2m>)
D

= exp |- (% log (1 - 2%032) — %af) (1 + 2§—’2> — 2

j=1

SN

We use the following inequality which holds for all u > 0:
% log(1 4 2u) —u > —u?,
and we apply this inequality to u = —tmajz. We obtain that for all z > 0,
P (7~ E(T) < ~2V5z) < exp(-2).

This concludes the proof of Lemma 2.
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