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Abstract: An example of noncommutative Brownian motion is constructed on the
monotone Fock space which is a kind of “Fock space" generated by all the decreasing
finite sequences of positive real numbers. The probability distribution at time ¢ > 0
associated to this Brownian motion is shown to be the arcsine law normalized to mean
0 and variance ¢.

1. Introduction

In quantum probability theory or noncommutative probability theory, several (noncom-
mutative) Brownian motions have been known (see Parthasarathy [Par], Meyer [Mey],
and Schiirmann [Sch2]). For example, the following have been known.

The noncommuting pair of classical Brownian motions arises from the boson Fock
space in which the commuting independence and the commuting central limit theorem
are concerned (see Segal [Seg], Cushen and Hudson [CuH], Giri and von Waldenfels
[GvW], and Hudson and Parthasarathy [HuP]). The associated probability law to this
bosonic Brownian motion is the Gaussian distribution.

The noncommuting pair of fermion Brownian motions arises from the fermion Fock
space in which the anticommuting independence and the anticommuting central limit
theorem are concerned (see Hudson [Hud], von Waldenfels [vW], Barnett, Streater and
Wilde [BSW], and Applebaum and Hudson [ApH]). The associated probability law to
the fermion Brownian motion is the distribution of Bernoulli type. The noncommut-
ing pair of free Brownian motions arises from the free Fock space in which the free
independence and the free central limit theorem are concerned (see Voiculescu [Voi],
Speicher [Spe], and Kiimmerer and Speicher [KuS]). The associated probability law to
the free Brownian motion is the Wigner semicircle law. There is also a one-parameter
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family of Brownian motions called the generalized Brownian motions which interpo-
late the three important Brownian motions of boson, fermion and free (see Bozéjkoand
Speicher [BoS], and Schiirmann [Sch1]). These noncommutative Brownian motions
are deeply connected with the general notion of “independence” and “Fock space." In
these examples, “Fock space" is used to realize in a concrete Hilbert space the abstract
notion of noncommutative “independence” and the associated “Brownian motion (or
white noise)." The general notion of “independence” and “white noise” in quantum
probability theory was formulated by Kiimmerer (see [Kum, Spe]).

In a previous paper [Murl], for the purpose of constructing an example of the non-
commutative ‘“de Moivre-Laplace theorem," we introduced the (discrete time) monotone
Fock space which is a kind of “Fock space” generated by all the decreasing finite se-
quences of natural numbers. We proved in this Fock space a noncommutative “de
Moivre-Laplace theorem" where the limit distribution was shown to be, neither the
Gaussian law nor the Wigner semicircle law, but the arcsine law normalized to mean 0
and variance 1.

In this paper, for the purpose of constructing an example of noncommutative “Brow-
nian motion," we introduce the (continuous time) monotone Fock space which is the
natural generalization of previously introduced (discrete time) monotone Fock space to
the continuous time situation. We construct on the monotone Fock space an example of
noncommutative Brownian motion where the associated probability distribution at time
t is shown to be p;(dz) = u(dz/+/t). Here p is the “standard arcsine law" obtained in
the previous paper.

The paper is organized as follows. In Sect. 2, we give the definitions of the monotone
Fock space, the canonical processes and related operators. In Sect. 3, we investigate
the independence structure of monotone Fock space. It is proved that the canonical
pair process on monotone Fock space is a process with independent increments in the
Kiimmerer independence. In Sect. 4, we calculate the probability distribution of the
canonical process under the vacuum state. The probability distributionat ¢ > 0 is shown
to be the arcsine law with mean O and variance { > 0. The canonical processes are
interpreted as noncommutative Brownian motions.

2. Monotone Fock Space and Canonical Processes

In this section, we give the definition of (continuous time) monotone Fock space. The
von Neumann algebra with the vacuum state associated to the monotone Fock space is
a quantum probability space where we construct a noncommutative Brownian motion.
First we remark that our construction of monotone Fock space i$ analogous to the
treatment of symmetric Fock space given in Maassen [Maa].

Let T = R, be the set of all positive real numbers ¢ > 0. It is interpreted as the
set of times. We make the convention that we use the short notation 7 = (t; > 3 >
-+ > i,) to mean an r-tuple ({1,%2,---,¢,) with¢; € Tand ¢y > &3 > --- > t,.
Let X, = {(¢; > t2 > --- > t,)|t; € T} be the set of all decreasing finite sequences

=(t1 >tz > --- > t,;) of length r from 7". We assume that Xy = { A} the singleton
consisting of the null sequence A. Forapairo=(sy > --- > s,), 7=(; > --- > t;) of
decreasing sequences satisfying s, > ¢}, denote by (¢ > 7) a new decreasing sequence
(51 > > s >t > --- > t,) obtained by natural composition of & and 7. We
also assume that (0 > A) = 0 and (A > 7) = 7. Let H, = L*(Z,), r > 1 be the
complex Hilbert space of all L2-functions on X, with respect to the Lebesgue measure
A (induced from that of R™), which we call the r-particle space. The scalar product
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< |- > is assumed to be linear in the right-hand side variable. The vacuum space
(O-particle space) H, is the L2-space L*({A}) over the singleton {A} with unit mass.
We make the natural identification of #o = L?({A}) with the complex number field
C. Let 2 : A — 1 be the vector of # corresponding to the unit element 1 € C in
this identification. Let ® = &, H, be the Hilbert space direct sum of r-particle spaces,
which we call the (continuous time) monotone Fock space. The vector §2 as an element
of monotone Fock space @ is called the vacuum vector.

To make the description possibly simple, throughout this paper, we will not distin-
guish two L2-integrable, measurable functions f(c) and f(0) if f(¢) = fi(0), u-ae. 0.
So we omit the phrase “u-a.e. o," whenever there is no need to emphasize the distinction
with y-measure 0 between two measurable functions.

We define the monotone product f 1> g of two vectors f € H, and g € H, by

(f > 9)(e > 1) = f(o)g(T).

It is a vector in H,.,. Note that f > g = 0if f,g € H; and the support of f is on the
left-hand side of the support of g, i.e. Vs € supp(f), Vt € supp(g), s < t. This product
naturally gives a structure of associative algebra to a dense subspace ¢ = “the algebraic
direct sum of r-partcle spaces” C ®. For each one-particle vector h € H;, we define
the creation operator §;, as the left multiplication operator with respect to the monotone
product:

Sru=hpu, u€d.

We write its bounded linear extension by the same symbol ;. Note that ;2 = h. We
define the annihilation operator §; as the adjoint of the creation operator. Its explicit
action on an r-particle vector u = u(1) = u(t; > --- > t,) with r > 1 is shown to be
the integral operator with respect to the left-hand side variable:

Gru)tz> - >t,) = dt; h@EDu > t2> - > t,).
ti>t>- >ty

Note that §, £2 = 0. The map h > Jj; is linear and the map h — 4, is antilinear.

Let A = W*(1,8;,6; |h € #,) be the von Neumann algebra generated by all the
creation and annihilation operators with identity 1. The von Neumann algebra A has a
special state ¢(-) =< £2| - £2 > called the vacuum state. The pair (A, ¢) is interpreted as
a quantum probability space.

Denote by x, the indicator function of a finite interval ] C R,, and let us write
0 = 5"!, o = 6;1 in short notation. We also put D} = &jy,), Di =g,y t > 0.
The operator process { D} }:>o (resp. { D} }:>0) in (A, ¢) is called the creation process
(resp. the annihilation process).

Let (P, Q4), h € H; be the canonical pair defined by

Qh =62+6;)
Pp =18} — 6,).

Here i is the imaginary unitin C. Let us write Q7 = Qx, and Py = Px, in short notation.
Put Q; = Qo) and P, = Py, then we get a noncommuting family {Q;}:>0 (resp.
{P:}+>0) of self-adjoint operators. The noncommutativity of the family {Q; }:>o can be
checked as follows. For 0 < s < ¢, we have
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Q:Q: 02 Qsxio,t)
Xi0,5) B> Xp0,6)+ ( / dty X0, (t1)x10,6)(t1))2

X10,5) B> X(0,0) + 582

In the same way, we have
Q:Qs2 = Xpo,t) > Xio,5) + 552

The appearing two 2-particle vectors u = x[o,5) > X[o,t) and v = Xp0,cy D> Xio,s) are
different:

1 Gf t t, >0
u(ty > ) = { 0 g)tlie:w:s; 220)
_J 1 (ft>t; >ty >0ands > ty),
vt > 1) = { 0 (otherwise).

So we get the noncommutativity Q,Q: # Q:Q,,0 < s < t. Besides the family { P; }+>0
is also mutually noncommuting because {P;};>o is unitarily equivalent to {Qt}éo
as shown in Sect. 4. We call these two processes {Q:}:>0 and {P;}:>0 the canonical
processes. N

The known theories of quantum stochastic calculus (see [HuP, ApH, KuS]), i.e. the
bosonic, fermionic and free stochastic calculi suggest that we interpret the canonical
process {Q:}:>0 (resp. {P:}:>0) as a kind of Brownian motion. We want to justify
this interpretation. In the following sections, we investigate the properties of canonical
processes {Q:}:>0 and {P;}:>0 (or equivalently those of creation and annihilation
processes {Df };>0 and {D; }:>0).

3. Independence in Monotone Fock Space

In this section, we examine the independence structure in the monotone Fock space.

The general definition of “independence” in quantum probability theory was given
by Kiimmerer (see [Kum] and [Spe]) as follows. Let L be a totally ordered set. L is
interpreted as a set of times.

Definition 3.1. A time indexed family {C}icL of subalgebras of a unital algebra C is
independent in the sense of Kiimmerer with respect to a state p over C if

plaraz - - -ax) = plar)p(az) - - - p(ak)
whenever a; € i, 1=1,2,--- kwithly <l < - <l k> 1.
Let A(J) = W*(1, 47,61 ) be the von Neumann algebra generated by the creation
and annihilation operators d7, §; associated to a finite interval 7, with identity 1. Let us

write) < L < ---< Iywhent) <t < ---<trforallty € I),t, € I,---,tx € I.
Then we have

Theorem 3.1. The pair process {(Dy, D; )}:>0 has the property of independence of
increments in the Kiimmerer independence, with respect to the vacuum state ¢: for any
k, any mutually disjoint finite intervals I, I, - - -, I, with I, < I < - - - < I, and any
operators Ay € A(ly), A> € A(Dp), - - -, Ax € A(Ix), we have

O(Ar---Ag) = ¢(A1) - - - d(Ag).
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Proof. We first prove the factorization property in the special case that A; is a monomial
M; of 5 . So we assume that A; is given by

Ap=M; =6771870 60

with some signatures €; 1,¢€; 2, - - -, €i,N; € {+, —}. Here we adopt the convention that
N; = 0 means M; = 1. We adopt the short notation M; = ]’IJ}'_ to mean such a
monomial. Let 7, (I), r > 1 be the closed subspaces of & defined by

H(D) = {f€LXZ)| f(0)=0, g€ L\ Z.(D},
withE.(D={oc=(1>8> ->8)EX]| s €l,Vi=1,2,.-.,r}. Recall that

we made the convention that we omit the phrase “\-a.e," and hence f(o) = 0 precisely
means f(o) =0, A-ae. 0. Itis easy to see that the followng holds:

JJs00 € Cco u UR AU,
qIs)I%502 € €2 U U H Tk U L),

qIs I )(I%02 € C2 U URH (LU UL UTL).
Let us prove (M M) - - - My) = ¢(M)d(M3) - - - $(M}) by mathematical induction on
k. For k = 1, itis trivial. Let £ > 2 and put u = (M2 M3 - - - M )f2, then only two cases
are possible:

@:u€H(2U---UlI)forsomer > 1, and u #0.
(b): u e Co2.

First consider case (a), then we get J7 u = 0 because of
@Gru)s>0) = (x, Du)s>0) = x,(S)u(e) = 0 (s> 0),

where the last equality comes from I; < I U - - - U I. We also get 67, u = 0 because of

@pu)r) = / ds x, (u(s> 1) =
where the last equality comes from /; N ([ U - - - U Ix) = @. So when M; =[] 5 #1,
we have
<QIM1M2 Mk9> = <Ql(6;l||6€|2 . €|N| )JEINI = O
because of J}fu = 0. On the other hand we have

< QM2 > (< 2IM22 > - -- < 2| M2 >)
= < M2 >< 2|\My--- M2 >
=< RM2>< RNu>=0
because (a) implies < §2|u >= 0. Therefore case (a) with M = [] §7 # 1 implies the

factorization
(MM, - - - M) = ¢(My)$(M3) - - - $(M).
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Besides case (a) with M; =[] 6} =1 also implies the factorization.
In case (b), the vector u must be of the form u = a2 with some scalar a € C, and
hence we get

< QMM ---Mi2 > = < 2|Maf2 >

=< QM2 >a = < 2IM 2 >< a2 >
< QM2 >< 2|M;--- M2 >
< RIM 2 >< R|M2 > --- < 2|M 2 > .

So in both cases (a) and (b), we have the factorization property. By the induction on
k, we conclude that the factorization property holds for all £ > 1 and all monomials
HJINMZ—]._IJIz’ . Mk‘H6
Next we must show that the factonzatxon property holds for all polynomials P; of
the creation and annihilation operators 6 . That is, A; is supposed to be of the form

A; =P = E a(z)M(t)
1;=1

with some monomials M;” of §f and some complex scalars a{’ € C. In this
case, the factorization propeny is easﬂy obtained from the multi- hneanty of the map
(P, P2+, Py = ¢(P1Pp- - - ).

Finally let us show the factorization property for arbitrary A; € A(l}), - -+, Ax €
A(lg). Since A; is the limit, in the weak operator topology, of some polynomials
{P™},en of 55, we get

¢(AiPp---P) = lim $(PIVP; - - Py)
= lim (PP ¢(Ph) = S(ADSPD - $(Pr).
Using the convergence

Ay A\ PPy Pe = Ar---Aim1AiPuy P
in the weak operator topology and repeating the preceding discussion, we get

#(A1A; - - - Ag) = $(A1)(A2) - - - $(Ag).
This completes the proof. a
As a corollary of Theorem 3.1, we get

Corollary 3.1. The canonical process {Q:}:>o (resp. { P;}:>0) is a process with inde-
pendent increments in the Kiimmerer independence, with respect to the vacuum state

é.
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4. Probability Distribution of Canonical Process

In this section, we calculate the probability distribution associated to the canonical
process {Q:}:>o0 (and that to { P; }¢>0)-

Let us calculate the probability distribution gy of an increment Qr = Qp — Qq,

= [a,5),0 < a < b, of the canonical process {Q; }:>o under the vacuum state ¢. We

shall calculate the probability distribution p; by the moment method. Let us calculate

the pth moment m, of Qs in the vacuum state ¢. We have

mp = $(QF) ¢((67 +67 )
> $(85'852 - - 67°).

(€1,62,,6p)E{+,~}P

Note that since 7 £2 = 0, the set C2U|J;2, H. is stable under the action of §} and J; .
Hence the term
P55 ---877) =< 0216565 --- 6172 >

survives only when 6'45* - - - 67 2 € C12. Such a requirement imposes some constraint
on a sequence € = (€1, &2, - - -, £p) Of signatures +, —. It is easy to see that m, = 0 for
odd p. Let us calculate the pth moment ¢(Q7) for even p = 2k. At first we see that, for
the term < £2|67'5% - - - 6772 > not to vanish, the numbers #{j|¢; = +} and #{jl¢; =
—} must coincide with the same number k, because #{jle; = +} # #{jle; = -}
implies either 67'652 - - - ;"2 = 0 or 0 # 65'65* - - - 6;° 2 € oy H.». Furthermore more
constraints must be imposed on a sequence € = (€1, €3, - - -, £p) as follows. For the term
< £2|63'63* - -8;72 > not to vanish, the vector §5'85**! - - - 57”2 must not vanish for
eachl=1,2,---,p. So the number #{j|j > {,e; = —} of “times of annihilation" must
notexceed the number #{j|j > I, ¢; = +} of “times of creation," foreachl = 1,2, ---,p
Therefore, for the purpose of calculation of the pth moment ¢(Q}) with p = 2k, we
have only to take into account the sequences € = (€1, €2, - - -, €p) satisfying

(@) #{jlej =+} =#{jle; = -} =k,
(b) #{]lj Z l’6j =+} —#{]l.’ Z I)Ej = -} Z 0: Vi= 1a27' P
A sequence e satisfying these conditions is called an admissible sequence. Such a

sequence can be visualized in more pictorial language. We connect : and j, ¢ < j, by a
line if and only if

@) #hll<h<jen=+}-Hhl<h<jen=-}>0, i<VI<j,
Gi) #{hli<h<Jen=+} —#{hli <h<en=—} =0.
Forexample e = (—, —, —, +, —, +, +, +, —, +, —, —, +, +)is visualized as in Fig. 1. Such

[nnlinlnl

Fig. 1. An admissible figure g

a figure g = g(¢) corresponding to an admissible sequence € = (1, €2, - - -, &) is called
an admissible figure. There is the bijective correspondence between the admissible
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sequences {<|admissible} and the admissible figures {g|admissible}. Denote by G(p)
the set of all admissible figures corresponding to the admissible sequences of even
length p = 2k. Put G = U2, G(2k). For each finite time interval I = [a, b) and each
admissible figure g € G(2k) associated with the sequence (g1, €2, - - -, €25 ) of signatures,
putdy = 45'452 - - - d7*. Then the 2kt moment my, is given by the formula

mu= Yy, <QU2>.
gEG(2k)

Denote by < g; I > the vacuum expectation < §2|67 2 > of §7. Define the function d(g)
by d(g) = k for g = g(e) withe = (g, €2, - - -, €2¢). Then we can prove the following.

Theorem 4.1. < g;I > is the monomial, with order d(g), of the length A\(I) of time
interval I, i.e.
< g;1 >= a(@MD)*9.

Here the system of coefficients {a(g)}gec is determined by the recurrence relation:

() ag)=1 o=1"1y
@ ag)=algag)---a@) Gf 9=g09:-- 90
@) alg)= ggmralo) (i 9= [anl).

Before proving Theorem 4.1, we prepare two lemmas.
Lemmad4.l. 6{2=< g;1> f2.

Proof. Note that 6§12 € C§2 because g is an admissible figure. Since we have <
2/612 >=< g;1 > by the definition of < g;I >, we conclude 672 =< ¢;I > 0.
a

We adopt the short notation {> s} to mean the set {t € R.[t > s}.

Lemma 4.2. For each r-particle vector u = u(o) = u(sy > s2 > --- > s;) withr > 1,
we have (§Ju)(0) =< g; I N {> 51} > u(o).

Proof. Let us prove the equality by the mathematical induction on d(g). First consider
the case of d(g) = 1,i.e. g = rxl . Since we have

(07 S7u)(@)

/dt x1@®)(xr > u)t > o)

f dt x1x1tyu(e) = MI N{> s1}u(o)
t>s;

and

< g IN{>s1}> ul0)

< QI6;0{231}6;0{28|}Q > U(O')
AU O {2 81 huo),

we get the desired equality.

Now let us make the inductive hypothesis that the equality (6fu)(c) =
< g;:IN{> s1} > u(o) holds for all g such that d(g) < k. Let us show the equality for
d(g) = k. Consider the case of g = g192- - - ¢; withl > 2. Put
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Pgr-g(@)=<g1---gi-;IN{>5}> and pg@)=<gIN{>s}>
witho = (s; > s3 > --- > s,). Since d(g;) < k, we have
(07 u)(0) = pg, (0)u(0)
by the inductive hypothesis. Furthermore, since d(g; - - - 1—1) < k, we have
(679" v)(0) = pg,...q,_, (GI(0) fOor v=(gu
by the inductive hypothesis. Hence we get

(ngwglnglnu)(o.) - (5?1'“91—1809,“)(0')

= (77" 0)0) = @gyg,(0)(0)
= <g1-g-uI0{> s} ><g;IN{> 51} > u(o).

(6 u)o)

]

On the other hand, we have

<gIn{>s}>ul) =< Ql&f};'{'g‘;'}dj’g{zn}ﬂ > u(o)
=< .QIJ?;{&';'} <gnIn{>s}>N2>u()
=< g1 g-u:IN{>s1} >< g IN{> 51} > u(o),
where the second equality comes from Lemma 4.1. Combining these, we get the desired
equality.
Finally let us consider the case of g = [ail. Put Pat >o)=<giIN{>t}>
and ¢g,(t) =< gi; I N {> s} N {> t} >. Since d(g:1) < k, we have
@7t > ) =gt >0t >0) for v=x1Du
by the inductive hypothesis. By the same reason, we have
G350 Xin 26O = Y0 OXIn (20} O)-

Hence we have

<gIn{>s}>

< 10263010 203010 (201 2 >
= < 7n(e}0Tn(z e XIN(281} >

< Q"s;n{za,}'/’gn XI1n{>s} >

/dt XIn{3s1} Yo ODX1n{>s,}(#)

/ dt <giIn{>t}>.
In{>s1}

On the other hand
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(67u)(o) (07 67'01u)(o) = (07 67 (x1 > w)(0)
@7 6f'v)(@) = (O pgv)(0)

/ dt X1 @pq(t > oY(t > o)

1}

dt x1@) < gi; IN{>t} > x1t)u(o)
t>s

/ dt <guIn{>t}> uo).
In{>s1}

Combining these, we get the desired equality. Since we have checked the equality in
each cases, this completes the proof. a

Proof of Theorem 4.1. Let us prove the statement by the mathematical induction on d(g).
For the case of d(g) = 1,1.e. ¢ = 1_1 , we have

(ML) = (217 62) = / ATt = M),

and hence <1—_1;I> =Xl anda (1__1) = 1.Inthe case of g = g195 - - - g1, we have

< QI&?I"‘QI—IJ?!Q >=< Qlagl'“gl—l < g:;I >S0N>
= <672 >< g 1>
= a1 =MD 9 -Va(g)ND) ¥
= a(g1) - a(gi-1)a(@)AD)¥@ W,
where the second equality comes from Lemma 4.1. Hence we get
<gl . .gl; {) - a(gl . .gl)A(I)d(gln.gl)
and a(g; - - - g1) = a(g1) - - -a(gy). In the case of g = l'ﬁl, we have

([olir) = <aurepsia>

<gi-gi; 1>

/ ds x1()67' x1)(s) = / ds x1(8) < gi; IN{> s} > x1(s)

/ds <gIn{>s}> = /ds a(g)(b — s)%@v
1 1

(b — g%t " _ (_a@ g+
a@')[_ d(g) +1 ]a - (d(g1)+1)(b—a) e

Here the third equality comes from Lemma 4.2 and [ is assumed to be of the form
I = [a, b). Hence we get ( 571;1} = a(gn® ~ )@ and a ( [91l) = 222, By

= dg)H”
the induction on d(g), we complete the proof. a
From Theorem 4.1, we get the expression for the moment my;:

my = ( Z a(g)) /\(I)k

gEG(2k)
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Putay =) 9EG(2k) a(g) and ag = 1, then the sequence {ayx }x¢en satisfies the following
recurrence equation:

a, = l,
k
a2(ky—1) B2(ky—1) A2k;-1)
a =
® = 3 2 Nk k
J=1 ky+ky+---+kj=k

k2 1Lk>1,- ki 21

because of the recurrence relation for {a(g9)}4ec in Theorem 4.1. Such a form of
recurrence equation was already obtained and solved in a previous paper [Murl].
Following [Murl1], we briefly sketch the process solving the above recurrence equa-
tion. At first let us solve it with a formal calculation. Let f(s) = Z,‘:Zo as* be the
3
(formal) generating fuction for the sequence {az }xen. Let g(s) = / f(s)ds, then we
0

have

(

00 k
_ B2(ki—1) B2ko—1) B2~ | &
=1+ |2 ) nob S B |
k=1 j

=t ki+ky+---+kj =k
k2>2Lk2>1,-- ki 21

(

(o]
Q2k1—1) ki B2k2—1) & @2k;-1) k;
=1+ st st2... st
SIS x e

o0
k=j ki+ky+---+kj=k d
\ k2 LE>1-k>1

=1+ g(s¥
i=1

1

T 1—g(s)

Hence we get the differential equation for g:

g'(s) = 9(0) =0.

1
1-g(s)’
Differentiating this equation and eliminating g(s), we get the differential equation for

f:
f®=f6P, fO=1
and the solution f(s) = 71-‘_-5; Expanding f(s) to the binomial series, we finally get

_1
ax = ( k2> (=2)*.

Though we obtained the expression for az; by a formal calculation, we can a posteriori

check that ay; = (“k%) (—2)* is certainly the unique solution of the recurrence equation.
The sequence {a2 }xen uniquely determines a probability measure u on the real line
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1
d V2 <z<V2),
ﬁ(z)= { n\/(\/i+:c)(\/ﬁ_l—:c)( ? )
0 (otherwise)

as the unique solution of Hamburger’s moment problem. This can be checked with a
direct calculation of the moment generating function associated to the above probability
measure p [Murl]. We call the above probability measure y the standard arcsine law
because it is the normalization of the usual arcsine law yg (see [Fel]),

1
d#o(x)= {;—-—————-——(O<:c< D),

D Vel —z)
0

(otherwise),

into a probability distribution with mean 0 and variance 1. Since ma; = axA(J)*, the
sequence {max }xen uniquely determines a probability distribution p; which is given
by ur(dz) = p(dz//XD).

Now we finally get the probability distribution y; of an increment of the canonical
process {Q:}:>o0.
Theorem 4.2. The probability distribution py of anincrement Q1 = Q;—Q,, I = [s, 1),
0 < s < t, in the vacuum state ¢ is the arcsine law normalized to mean 0 and variance
t—s:

1

d -2 = V2t - 5)),
ﬁ(’”{g\/(\_fz(t—s)n)(\fz(t-s)-z)( IR

(otherwise).

For another canonical process { P;}:>0, we get the same result as follows. Let us
define a unitary operator F on @ by Fu = i"u, u € H,,r =0,1,2,---, where i is
the imaginary unit. It is an analogue of the Fourier-Wiener transform in the theory of
classical Brownian motion. It is easy to see that FQ;F~! = Py, FPiF~! = —Q;
and F§2 = §2. So it gives rise to the unitary equivalence between the triples (@, Q;, 2)
and (@, Py, £2). Hence Theorem 4.2 holds in the form that {Q;};>0 is replaced with
{P:}e>o0.

Corollary 4.1. The probability distribution of an increment Pr = P, — Py, I = [s,t),
0 < s < t, in the vacuum state ¢ is the arcsine law normalized to mean 0 and variance
t—s.

We remark that the standard arcsine law already appeared as the limit distribution
of a noncommutative de Moivre-Laplace theorem [Murl]. This noncommutative de
Moivre-Laplace theorem was constructed on the “discrete time" monotone Fock space
with noncommutative random walks {g, }nen and {p, }nen (see [Murl] for details).
The canonical process {Q:}:>0 (resp. {P;}+>0) can be viewed as a scaling limit of
random walk {gn, }nen (tesp. {pn }nen)- From this point of view and the independence
result in the previous section, we conclude that {Q; }:>o (resp. { P; }:>0) can be viewed
as a noncommutative analogue of Brownian motion. N

In Fig. 2, we plot the graph of probability distribution u; = o ¢) of the canonical
process Q:, t > 0. The distributions at time ¢ = 1/4, 1, 4 are sampled.

We are now trying to develop a quantum stochastic calculus on the monotone Fock
space which will be presented in an upcoming paper [Mur2].

Acknowledgement. The author wishes to express his hearty thanks to Prof. M. Motoo and Prof. M. Ohya for
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Fig. 2. The distribution of noncommutative Brownian motion {Q:¢}¢>0
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