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A Riemann-Roch type theorem for twisted
fibrations of moment graphs

Martina Lanini and Kirill Zainoulline

Abstract. In the present paper we extend the Riemann-Roch formalism to structure
algebras of moment graphs. We introduce and study the Chern character and push-forwards for
twisted fibrations of moment graphs. We prove an analogue of the Riemann-Roch theorem for
moment graphs. As an application, we obtain the Riemann-Roch type theorem for the equivariant
K-theory of some Kac-Moody flag varieties.
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1. Introduction

Moment graphs are combinatorial gadgets arising as labelled one-skeleta of
torus actions on (non-necessarily smooth) varieties. In most of the cases they en-
code all the necessary data to describe equivariant generalized cohomology theories
(see, for instance, [CS74], [DLZ], [GKM] and [HHH]). For example, the explicit com-
binatorial description which one obtains using localization techniques has allowed
Tymoczko [Ty08] to study the symmetric group dot-action on Hessenberg varieties.

If the variety also admits a stratification compatible with the torus action, then
the closure inclusion relation among strata induces an orientation on the edges of
the corresponding moment graph. Braden and MacPherson [BMO01] showed that
moment graphs arising in this way can be applied to determine the stalks of the
equivariant intersection cohomology complexes. In this way, they defined the notion
of sheaves on moment graphs. Braden-MacPherson’s result was further extended
and developed by Fiebig and Williamson [FW14] to determine the stalks of indecom-
posable parity sheaves. Thanks to the representation-theoretical role of intersection
cohomology and parity sheaves, the moment graph theory has become an important
tool in modern representation theory (see the survey [Fil6] for applications). More-
over, it provides a realization of the category of Soergel bimodules associated with
any Coxeter group (see [Fi08]), as well as allowing to categorify some properties of
Kazhdan-Lusztig polynomials (see [Lal2] and [Lal5]).

While developing tools needed for the representation-theoretical applications,
Fiebig realized that it was possible to carry the theory of sheaves on moment graphs
in an axiomatic way, so that several sheaf theoretical notions were adapted to the
moment graph setting without any need of actual geometry. This allows one, for ex-
ample, to define the analogue of IC-sheaves for a moment graph associated with any
Coxeter system (the so-called BMP-sheaves), leading Fiebig to the above-mentioned
moment graph realization of Soergel bimodules. On the other hand, pull-backs of
moment graph morphisms between the corresponding categories of sheaves (see
[Lal2]) provide a fundamental tool to categorify equalities among Kazhdan-Lusztig
polynomials.
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In this paper, we aim to develop further moment graph analogues of classical
topological /geometric tools. Namely, we intend to extend the general Riemann-
Roch formalism to the moment graph settings. Observe that given a moment graph
it is indeed possible to construct the corresponding additive and multiplicative struc-
ture algebras. In the case of a moment graph arising as a one-skeleton of a torus
action on a nice enough variety, these coincide with the equivariant cohomology
and K-theory, respectively. Given a moment graph morphism (see Definition 2.4),
one would like to define pull-backs and push-forwards between the corresponding
structure algebras. We, therefore, introduce the notion of (twisted) pull-back and
push-forward along a (twisted) fibration. For the reader familiar with flag varieties,
the latter is the moment graph generalization of the fibration corresponding to the
quotient morphism from the variety of complete flags to a variety of partial flags.
As a first consequence of our constructions, we are able to define a divided differ-
ence operator on the structure algebra of a moment graph having a special match-
ing, and satisfying some extra assumption (see Definition 2.11). Special matchings
have played an essential role in proving special cases of the invariance conjecture
for Kazhdan-Lusztig polynomials (see, for example, [Br04]). We believe that the
notion of divided difference operator in this setting might be of some interest to
algebraic combinatorists.

In order to state and prove the Riemann-Roch type theorem in the moment
graph setting, we introduce the truncated Chern character ¢b,;: Z,,(G)— Z,(G) be-
tween the structure algebras of the moment graph G by gluing the respective ex-
ponential maps over the fixed loci (see §5). Observe that this idea has been suc-
cessfully applied before in different contexts, e.g. in the settings of the equivariant
Riemann-Roch theorem for equivariant K-theory (see [EG00]), for bivariant opera-
tional K-theory (see [AGP]), for cohomological operations on equivariant oriented
cohomology of flag varieties (see [Za20]). We then show that ch, commutes with
characteristic maps and pull-backs. As for push-forwards, our main result (Theo-
rem 5.5) — the analogue of the Riemann-Roch theorem for moment graphs — says
that the push-forward 7% for a twisted fibration ¢ commutes with the Chern char-
acter up to a multiple by the respective Todd genus tdf of G (another interesting
geometric invariant of the moment graph). Namely, we prove that for any z € Z,,(G)
there is the following Riemann-Roch type formula:

78 (ch; (2)-td5 (G)) = chy(nS(2)).

Applying our result to Kac-Moody flag varieties, we obtain the respective equivari-
ant Riemann-Roch theorem for fibrations of the type G/B—G/P, where GO P2 B
are a Kac-Moody group, its parabolic and Borel subgroups, respectively.
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Organization of the paper In Section 2 we recall definitions and provide ex-
amples of moment graphs and morphisms between them. We then discuss the
quotients of moment graphs. In Section 3 we study structure algebras and their
behavior with respect to characteristic maps and filtrations; we introduce twisted
pull-backs. Section 4 is dedicated to constructing push-forwards maps induced by
twisted fibrations of moment graphs (Proposition 4.9); we prove the projection for-
mula (Corollary 4.11) and produce analogues of push-pull operators on moment
graphs. In Section 5 we introduce the Chern character between structure algebras
of moment graphs (Proposition 5.1); we study its properties with respect to char-
acteristic maps, pull-backs and forgetful maps (Lemma 5.2, 5.3 and 5.4). We state
and prove our main result (Theorem 5.5). In Section 6 we apply our theorem to
Kac-Moody flag varieties.
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2. Moment graphs and their quotients

In the present section we recall the definition and provide examples of moment
graphs and morphisms among them. We introduce the notion of a monodromy of a
moment graph in 2.6. We then discuss quotients of moment graphs modulo certain
equivalence relations. In particular, we study relations and quotients associated to
special matchings in 2.11.

2.1. Definitions and examples

Let A be a lattice (a free abelian group of finite rank). We denote by Ag the
subset of non-zero elements of A. We recall the definition of a moment graph on a
lattice A from [Lal2]:

Definition 2.1. The data G= ((V, <), 1 E—>Ag) is called a moment graph on
the lattice A if

(MG1) V is a set of vertices together with a partial order ‘<’, i.e. we are given
a poset (V, <).

(MG2) E is a set of directed edges labelled by a nonzero element of A via the
label function [, i.e. ECV xV with an edge (v, w)€ E denoted by v—w and labelled
by l(v—w)EAg.
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(MG3) For any edge v—w€E, we have v<w, v£w, i.e. direction of edges
respects the partial order.

Remark 2.2. Observe that (MG2) and (MG3) imply that the graph does not
have multiple edges or self-loops: (MG2) disallows several edges between the same
two vertices in the same direction, and (MG3) disallows pairs of edges between two
vertices in the opposite directions and self-loops. Also, (MG3) implies that G has no
directed cycles. Observe also that the direction of edges in G is uniquely determined
by the partial order ‘<’

Example 2.3. Let W be a real finite reflection group in the sense of [Hu90,
I.1]. Let @ be the associated root system together with a subset of simple roots II
and the decomposition ®=®, II®_ into positive and negative roots. Consider the
usual Bruhat poset (W, <) of [Hu90, I1.5.9]. The data

V=W, E={w—sqw|w<sqw, ac®;} and [(w— sqw):=q,

where s, is the reflection corresponding to the positive root «, define a moment
graph on the root lattice A, =Spanz(®) called the Bruhat moment graph and de-
noted G(W).

Moreover, let © be a subset of II and let Wg be the (parabolic) subgroup
generated by reflections corresponding to the roots from ©. Let W® denote the
subset of minimal coset representatives of W/Wg (such representatives are unique).
Consider the restricted Bruhat poset (W9, <). The data

Vi=W® E:i={w—50|w<sow, ac®,} and [(w— 550):=aq,

where w denotes the minimal coset representative of the coset wWg, define a mo-
ment graph on the same root lattice A, called the parabolic Bruhat moment graph
and denoted G(W®).

As examples one can also take full subgraphs of G(W®) corresponding to
Bruhat intervals [v,w] on W® with vertices {u€W® |[v<u<w}, or graphs corre-
sponding to double cosets of W (see [DLZ, §4] for details).

2.2. Moment graph morphisms

Given an edge x—y or y—x we will use the notation z—1y if we only consider
the underlying edge without orientation. We recall the definition of moment graph
morphisms and isomorphisms.
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Definition 2.4. (cf. [Lal2, Definition 2.3]) A morphism between two moment
graphs on A

f: ((V, <),1: E—>Ag) — ((V/,S’),l’: E'—)A@)

is given by a collection of maps (fv, {fi.v}vev), where
(MR1) fv: V—V’is a morphism of posets such that

v—weFE = fy(v)— fr(w)eE or fy(v)=fv(w).
Given an edge v—w€ FE such that fy (v)# fy(w), we set

Je(v—w):= fy(v) — fv(w).

(MR2) fi, is a Z-linear automorphism of A for each veV such that if v—weFE
and fy (v)# fv(w), then
(a) fio(l(v—w))==l'(fe(v—uw)),

(b) o f1,=mo fi 4, where 7 is the canonical quotient map
T A— A/l (fe(v—w))Z.

Lemma 2.5. (cf. [Lalb, Lemma 3.6]) A morphism f=(fv,{fiv}vev) between
two moment graphs G=((V,<),l: E=Ag) and G'=((V',<'),lI': E'—Ag) on A is
an isomorphism if and only if the following two conditions hold:

(ISO1) fv is bijective,

(ISO2) for each v' —w'€E’ there exists exactly one v—w€eE such that fy (v)=
v and fy(w)=w'.

We will need the following

Definition 2.6. A collection £={&, },cv of automorphisms of the lattice A is
called a G-monodromy if

(1) &N =&\ ellv—w)Z, Yv— weE and A€A.
Observe that a G-monodromy {&,},ev which satisfies (MR2a), i.e.
&E(l(v—w)) =+ (fp(v—w)) for all v—w € E with fy(v) # fv(w),

defines an automorphism (idy, {f;,,:=&, }vev) of G.
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2.3. Quotient graphs

Given a moment graph g:((m <),l: E—>Ag) we introduce the notion of a
quotient of G as follows. First, we choose an equivalence relation on V' which is
compatible with the structure of a moment graph:

Definition 2.7. Let ‘~’ be an equivalence relation on V. We say that ‘~’ is
G-compatible if the following two conditions are satisfied:

(EQV1) v~w = v~u for all v<u<w,

(EQV2) vy - w1 €E, v1tw; = for any va€V, va~wv; there exists a unique
wg €V such that wy~wy, vo—ws €L,
moreover, [(v1 —wy)=I(va—w3).

Then we take a quotient of G with respect to this equivalence relation:

Definition 2.8. Given a G-compatible equivalence relation on V' we define
a quotient of G by ‘~’ denoted QN:((VN,SN),ZN: E~—>Ag) to be the oriented
labelled graph where

(Q1) V. is the set of equivalence classes {[v]},ev of V' with respect to ‘~’;

(Q2) Ev:={[v]—=[w]|vdw, I ~v, w' ~w with v/ —w'};

(Q3) <. is the transitive closure of relations [v] <. [w], [v] = [w]€E~;

(Q4) I ([v] = [w]):==xl(v'—w"), where v/ ~v, w'~w and v/ =w'€F.
Observe that when ‘~’ is trivial, i.e. v~w for all v, weV, then V. on A consists
of one point only, together with the lattice A (E. is an empty set and there is no
label function).

Finally, we show that the graph obtained in such a way is a moment graph:

Lemma 2.9. Given a moment graph G and a G-compatible equivalence relation
‘7, the quotient G, is a moment graph on A.

Proof. Tt reduces to show that G. has no oriented cycles. Indeed, suppose
there is an oriented cycle [v1]—[va]—...—[v,]—[v1]. Then by (Q2) and (EQV2)
there exists a path v1—v5—...—v], —v] on the graph G for certain v;~wv;. Hence,
we obtain vy <vs<...<v] <v] with v;~v] and by (EQV1) it implies [v1]=[v;] for
alli. O

Example 2.10. Let G=G(W) be the Bruhat graph and let Wg be the para-
bolic subgroup of W of Example 2.3. Then the relation on W defined by

vvw  —— oW =wWeg

is a G-compatible equivalence relation and G. can be identified with G (W@), the
parabolic Bruhat moment graph from Example 2.3.
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We will use the following notion introduced in [Br04]:

Definition 2.11. Given a poset (V, <) denote by ‘<’ the covering relation on
V, that is v<w if and only if v<w and

v<u<w —— u=vVor u=uw.

By a special matching of V' we call a (set) bijection M: V—V such that
o for any veV either M (v)<v or v<aM (v), and
o if M(v)#w, then vaw = M (v)<M(w).

Lemma 2.12. Given a moment graph G= ((V, <), l: E‘)Ag) assume that the
poset (V,<) admits a special matching such that if v—>weE, then

(i) M(v)>M(w)eE, and

(ii) (M (v) =M (w))=l(v—>w).
Then there is a G-compatible equivalence relation on V with equivalence classes
given by [v]={v, M(v)}, veV.

Example 2.13. (cf. [Br04, Proposition 4.1]) Suppose [v,w], where v,weW
is the Bruhat interval which is stable under the right multiplication by a simple
reflection s. Then M (u):=us for any u€[v,w] defines a special matching that
satisfies both (i) and (ii) of the lemma.

3. Structure algebras of moment graphs

In this section we introduce structure algebras associated to the symmetric
algebra and the group ring of a lattice A, respectively. We study its behavior with
respect to characteristic maps and filtrations. We then discuss twisted pull-back
maps induced by morphisms of moment graphs and monodromies.

3.1. Two filtrations

Consider the two covariant functors
S*(=): A—S*(A) and Z[-]: A—Z[A]

from the category of lattices (free finitely generated abelian groups) to the category
of commutative rings given by taking the symmetric algebra and the group ring
of a lattice A, respectively. By definition, the i-th graded component S*(A) is
additively generated by monomials A Aa...A; with A; €A and the group ring Z[A] is
additively generated by exponents e*, A\€A. Let I, and I,,, denote the kernels of the
augmentation maps e,: S*(A)—=Z and €,,: Z[A]—Z given by A—0. By definition,
the ideal I, consists of polynomials with trivial constant terms and the ideal I, is
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generated by differences (1—e~*), A€ A. Consider the respective I-adic filtrations:
S*(A)=I1221,2I2D... and Z[A]=1),21,21I22D..

Let
gra ) =P /i and gr, (M= I,/
i>0 i>0

denote the associated graded rings. Observe that S*(A)~grk(A)~gr’ (A) as graded
rings (the latter isomorphism is induced by Ars1—e™?).

Example 3.1. If A~Z, then the ring S*(A) can be identified with the poly-
nomial ring in one variable Z[z], where x is a generator of A. The group ring
Z[A] can be identified with the Laurent polynomial ring Z[t,¢~!], where t=e®. The
augmentation maps €, and &, are given by

€q:x——0 and ¢&,,:t—1.

We have I,=(x) and I, is generated by differences (1—t"), neZ.

3.2. Structure algebras and characteristic maps

In what follows we denote by S both the symmetric algebra S*(A) and the
group ring Z[A]. We are ready to introduce the following central object of the
present paper:

Definition 3.2. Let g:((v, <),l: E—>Ag) be a moment graph on A. By a
structure algebra of G we call the S-submodule

Z(G) = {(zv)v S H S | Zy— 2w GCL’l(U_m,)S7 Vo —>w€E}

veV

with the coordinate-wise multiplication, where xy=1—e~* for S=Z[A] and z\=2\
for S=5*(A). Sometimes, to specify the first (resp. the second) case we denote it
by Z,(G) (resp. by Z,(G)).

The grading of S*(A) induces a natural grading on the structure algebra Z,(G).
We denote by Zi(G) its ith-graded homogeneous component. Observe that the
algebra Z,,(G) is not necessarily graded but only filtered. The I,,-adic filtration on
Z[A] induces the (coordinate-wise) filtration on Z,,(G).

Remark 3.3. The structure algebra Z,(G) appears naturally as ring of global
sections of the so-called structure sheaf on the moment graph. It also computes the
T-equivariant Chow ring/singular cohomology in the case of a flag variety [KK86].



368 Martina Lanini and Kirill Zainoulline

On the other side, the structure algebra Z,,(G) can be viewed as a K-theoretic
version of Z,(G) as it computes the T-equivariant K-theory of a flag variety [KK90].
We refer to Section 6 for a more detailed description of these structure algebras in
the context of equivariant cohomology/K-theory.

For any automorphism of the lattice A we denote by the same symbol the
induced automorphism of S.

Definition 3.4. Given a G-monodromy £¢={¢,},cy the map

S— 1[5 22— (&@))ev
veV

induces a ring homomorphism ¢*: S— Z(G) called the &-characteristic map.

Example 3.5. If {={id, },ecv, then the ¢-characteristic map is nothing but
the structure map
S—>Z(g)7 Z’—>(Z)UEV-

Let G=G(W) be a Bruhat moment graph and let £={&, }wew, where &, is the
automorphism of the root lattice A given by the W-action &, (A):=w(A). Then the

&-characteristic map coincides with the characteristic map on structure algebras of
[Fi08, §4].

3.3. Pull-backs

We extend the notion of a pull-back map for an equivariant cohomology to the
setup of structure algebras as follows:

Lemma 3.6. Let f=(fv,{fi0}vev): G—G' be a moment graph morphism and
let €={&, tvev be a G-monodromy such that if v—weE and fv(v)#fy(w), then
& (fr(v—w)))el(o—w)Z.

Then there is a ring homomorphism between structure algebras given by
[ 2 — 2 (ze)wev — (&o(2pw) vev-
which we call a pull-back map induced by f and twisted by €.

Proof. Suppose v—w€FE and fy(v)=fy(w). Then zf, =2, (w)=2 and
by (1) of Definition 2.6 we obtain

gv(z)fgw(z) € Z(U - ”LU)S
Suppose v—w€eE and fy (v)# fy(w). Then by (MR1) fy(v)— fy(w)EE’ and

Zfy ()~ 2fv(w) €U (fE(V —w))S.
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So there exists a g€S such that zy, (,y=24gl'(fe(v—w)), 2=2¢, (v), and hence
by (1) and by the hypothesis on &, we obtain

gv(zfv(v)) —&w (va (w)) =&y (Z+gl/(fE (v— w))) —&w(2)
=& (2) = &uw(2)+& (g (fE(v —w))) €l(v —w)S. O

Example 3.7. Take the Bruhat moment graph G=G(W) and Q’:Q(W@):
G, where ~ is the G-compatible relation of Example 2.10. Take the trivial mon-
odromy ¢={idy }wew. Then f&*: Z'—Z is the ring homomorphism sending the
element (z), cye to the element (z,),ew with z,=z, if v€Ev'Wg. By the results of
[KK86] and [KK90] this map coincides with the pull-back on the T-equivariant Chow
ring/cohomology (resp. K-theory) induced by the usual projection G/B—G/Peg.

4. Push-forwards on structure algebras

In the present section we introduce and study push-forwards on structure al-
gebras induced by fibrations of moment graphs. First, we introduce the notion
of a fibration of moment graphs. Then, twisting it by a monodromy ¢ we obtain
the so-called {-fibration. Given a regular {-fibration we construct the push-forward
map and prove the projection formula. Finally, for fibrations associated to special
matchings, we produce analogues of push-pull operators on moment graphs.

4.1. Fibrations

Given a moment graph G= ((V, <1 E —>Ag) and a G-compatible equivalence
relation ‘~’ consider the morphism of (oriented labelled) graphs 7: G—G.. induced
by the quotient set map v—[v].

Definition 4.1. Consider the moment graph obtained as a full subgraph of G
by restricting the vertex set to the equivalence class [v]. We call it the fibre of 7 at
[v] and denote it by Gp,).

We say that the quotient morphism 7 is a fibration if for any [v], [w]€ V. there
is a moment graph isomorphism

f[v]a[w] _ (f‘[})]’[w], {fl[j;]v[w]})ye[v] . g[v] = g[w] such that

(FB1) for all u,v,weV, we have f[”H”]:IdgM and flublvlo plollw] — flul,[w],
" [(FBQF ]fc[)r] any w[e]‘?]for all v,y €[v] SEI?I[l ]that y—[ﬁe]E, we have fl[”]’[w]::
fli;’ ¢ :flj;; “and flv s (l(y—y'))zzl:l(f‘;) b (y)_fx;) y).
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Example 4.2. If G=G(W) and G.=G(W®) as in Example 2.10, then 7 is a
fibration with isomorphisms f*h]: O] =Yy given by

FLEY W — wWe, ur— o tu, and MM A wTI(N), AEA,
v !

where Z denotes the minimal length representative of the coset zWg. Notice that
all the fibres are isomorphic to the Bruhat graph G(Wg) which can be identified
with the fibre G over the neutral element.

Example 4.3. Assume that the vertex poset (V,<) of G admits a special
matching M: V—V of Definition 2.11. Then by Lemma 2.12 for any v€V the
fibre G, is a moment graph consisting of two vertices and one labelled arrow
Ej,j={v—M(v)} oriented according to the partial order. As a lattice for G, we
may take the rank one lattice Af,) generated by the label /(v— M (v)). There are

obvious isomorphisms of moment graphs fVl*! such that f‘[})]’[w] (v)=w or M(w)
and f/"")(1(v— M (v)))=+1(w— M (w)) which define a fibration.

4.2. Fibres and monodromy
Given veV consider the multi-set of labels L, of edges adjacent to v, i.e.
L,={l(v—w)|v—weE}.
We denote by L, ~ its subset entirely contained in the fibre Gj,), i.e.
Ly ={llv—w)|v—weE, v~w}.

We denote by —L, ~. the multi-set {—l(v—w)|v—weE, v~w} respectively.
We assume that all moment graphs are locally finite, that is for any v, weV the
interval {ueV]v<u<w} is finite.

Definition 4.4. Let 7n: G—G. be a fibration with isomorphisms
(f[”]’[“’])(v’w)e‘/XV between the fibres as in Definition 4.1. Let [e]€V. be a dis-
tinguished vertex of the quotient graph. A collection {={&,},cv of automorphisms
of A is said to be compatible with the fibre G| if

(CF1) For any y€[v] we have

€y°fz[”]’[e]< II v>=i IT
YELy,~ YELy, ~

where the products are in S*(A). In particular, for any y€ L, . we have

(M () e £L, .
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(CF2) For any y€v] set

NE={f""(y) |y e Ly~ and &,(fM1 (7)) e~ L, ).

Then for any y—y' € E with ¢’ €[v] the following two conditions hold:
(a) #Ns;,—é#Nyg, mod 2;
(b) X pens &u(B) = Dsens, &w (D)€L —y)L.

Example 4.5. In the setup of Examples 2.3 and 2.10, if v€W® is a minimal
length representative and e is the neutral element of W, then for any y€[v] we have
v(Le,)=Ly ~, where L. . is the set of positive roots ®¢ of the root subsystem of
® spanned by simple roots from ©. So L, . does not depend on a choice of the
representative so we can simply denote it by Ly,

Suppose y€[v] so that by the parabolic decomposition y=vu, where veW®
and ueWg.

Set &, (A\):=y(\) and fl[v]’[e]()\)::vfl()\), A€A as in Example 4.2. Then we

obtain
BEL(

YEL)

Denote by [[®9 the product Hﬁe@ﬁf B. Since u([]29)=(-1)")([]@9) for any
u€Weg, the property (CF1) follows.
By definition we have

N5 ={v""(7) |7y €v(®9) and yv~ ' (7) € v(2)}
={B8|5€®? and u(B) € 2},

therefore, the cardinality #N§ coincides with the length £(u) of u.
Suppose that y—y'€ E and ¢y’ €[v], then y=s,y’ and y'=vu’, ' e We.
Therefore, vu=s,vu’ which implies that u'=s,-1(4)u and, hence, £(u)#L(u')
mod 2. This verifies property (CF2a).
As for (CF2b), observe that there is a bijection (c.f. [CS09, Proposition 3.2.14])
Ng\Ng L)Ngf,\styil

y~ ()

(@’ 5’_>8y*1(a)(ﬁ)7

moreover, N§HN§7 )CNjﬂNﬁ and
v=1(a

1 Sy=1(a)

BE(NGNNSE | NN == —s,1a(B)€ (NGNS | )\N].

(e
Therefore, we obtain

Sy =D vE)= D> yB) Y (sy-1 ()

13 3 13 3
BENy deEN,, BeNy\Nsy,l(a)
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+ > By ®)

BENSNNE

1Y VBB

BE(NS,NNE \Ny

y~ ()

y~1(a)

€ Za.

Example 4.6. In the fibration of Example 4.3 choose e€V and let i) be the
respective fibre. Then a G-monodromy {={¢,},cv of Definition 2.6 is compatible
with the fibre G if and only if

(2) &y (lle— M(e))) = —En(y (Ile — M(e)) =+l(y — M(y))-
Indeed, the properties (CF1), (CF2a) and (CF2b) follow from

o [Vl (i(y—M(y))) =+l(y—M(y)),

o Ly ={l(y—M(y))} for any yeV,

.Ng:{l(va(y)) if & (I(e—M(e)) =—l(y—M(y)),
Y [] otherwise.

4.3. Push-forwards

Let g:((% <),l: E—>Ag) be a moment graph together with a G-compatible

equivalence relation ‘~’, a G-monodromy {={¢&, },cv and a distinguished vertex
e€V. We now introduce the notion of a &-fibration between moment graphs.

Definition 4.7. The induced quotient map G—G.. is called a £-fibration and
denoted 7¢ if it is a fibration such that the monodromy ¢ is compatible with the
fibre g[e].

Definition 4.8. We say that a ¢-fibration 7€ is regular if

o L, =L, for any v~w in V (observe that this implies that L, .. does not
depend on a choice of a representative so it can be denoted by Ly,))
and for each [v]€V,., we have

e z,=1—e77 is irreducible in Z[A] for each y€ L], and

o vy |xyx, EL[A], v,7 €L, vEY = 24T

Proposition 4.9. Given a reqular &-fibration ¢ : G—G., there is a Z[A]-mod-

ule homomorphism between the associated (multiplicative) structure algebras

78 Z(G) — Zm(G~)  defined by (2 }—)( Z—y> ’
(©)— Zn(G-) cver = (X e .

where z, €Z[A] and xg=1—e"P€Z[A].
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Proof. We have to show that
~ L 2y
(1) Z[’U]'_ZyG['L}] WEZ[A], and
(2) g[v]72[1”]6:131([”]_}[11)])2[/\} for any [U]*)[U/]EEN.
(1): Set Bzfl[v]’[e] (v)€Le for yeLp,). Then

Ny ={B €Ly |&(B) € —Lp}-
Since x_,=x~(—e?), by Definitions 4.1 and 4.4 we obtain
& I1 =)= (I =) TL oo,
BELe YEL) BENS
Therefore, it reduces to check that

m Z (sgn(y)zy H egy(ﬁ)> € Z[A],

[v]
y€Ev] BENS

where we set sgn(y):z(—l)#Nf. Observe also that Definition 4.4 implies that if
v,y €[v] and y—y' €E then sgn(y)=—sgn(y’).
Since the fibration is regular, this is equivalent to

Ty | Z (sgn(y)zy H 6_5”(5)), for any v € L.
yE] BEN;

Each label € L}, induces an automorphism j, on the set of vertices of G, by
mapping y€[v] to the unique vertex j,(y)€[v] connected to y via an edge labelled
by . So we obtain

3 (sgn(y)zy 11 e—@(ﬁ))

yE[v] BENS
VL) pEN; SENT W)

= Z sgn(y)zy< H e~ Su(B) _ H 65]‘7(1;)(5)) mod .,
V55 peN; SENL )

=Y sl [ @O (1me e SO0 e vy
yE[v] BENS

Yy<j~(y)
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By (CF2b), there exists an integer me€Z such that

—mey

(1_6* ZéeNj_y(y) gjw(y)(6)+zf‘]€N§ 5y(B)) =1—¢ )

and, therefore, z,=1—e~" divides the latter.
(2): Assume now that [v]—[w]€E~. with I ([v]—[y])=« and consider

o) = Zlw] = Z gy(HﬁeL[ z5 Z Eu (HﬁeL zg
y€(v]

Since ‘~’ is G-compatible, there is a similar bijection j, between the vertices of Gy,
and Gp,). We now have to show that

2y - Zjo (v)
Z (E‘”(HBELM 28)  Gaw (pery, ””ﬁ)) € aZ[A].

y€E[v]

The independence of labels implies that a¢ L, ULy;_ (). Hence, we are reduced to

show that
nyja(y)( 11 l‘ﬁ) _Zja(u)fy( 11 il?/a) € o Z[A].

BELe BELe

The latter follows since fja(y)(HﬁGL[e] xg)—fy(HBGL[e] x3)E€xoZ[A] by Definition
2.6, and zy — 2, (y) ETZ[A] as 2€Z,,(G). O

Replacing x., by v and Z[A] by S*(A) in Definition 4.8 and in Proposition 4.9
the same proof (where e” is replaced by 1) gives the similar result for the structure
algebras Z, associated to S*(A):

Corollary 4.10. Given a regular ¢-fibration 7€ : G—G.., there is a S*(A)-mod-
ule homomorphism between the associated (additive) structure algebras

7 20(9) — Za(Gn) defined by (z,)yev — (Z ﬁ)] v.
€L vje

yE
where z, €S*(A).

Corollary 4.11. (Projection formula) In the hypothesis of Proposition 4.9 we
have

me((T90) (2)-2) =2 w2 (2), 2 € Zm(Gn), 2 € Zm(G).

In other words, the push-forward 75 is a homomorphism of Z,,(G~)-modules.
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Proof. Let 2'=(z[,)pjev. and 2=(2y)vev. By definition, we have

21z
() () 2) = (efgenen) = (2 )
5 yE[v] fy(HﬁgL[e] {Eg) [v]eVe
| j : 2y ) o
R (1T . ) _(Zuz[v])[fu]eVN« (]
( | ]ye[v] gy(HﬁGL[e] xﬁ) [v]eVe ]

Example 4.12. Consider the fibration 7: G—G.. of Example 4.5, where G=
G(W) is the Bruhat graph, G.=G(W®) is the parabolic Bruhat moment graph,
e is the neutral element of W, the moment graph isomorphism fhlel: O] = Ye)
are given by f‘[}']’[e] (w)=v~lw for any wevWg and fl[”]’[e] (A)=v"1(N), A€A, the
automorphisms {={, }, are given by &£, =y(\), A€A.

Then we are in the hypotheses of the proposition and the induced homo-
morphism of structure algebras coincides with the classical push-forward map on
K-theory 7.: K(G/B)— K(G/Ps) induced by the canonical quotient map G/B—
G/Po (see e.g. [GR13, (3.3)]).

Example 4.13. Consider the fibration of Example 4.3. Suppose that the
multi-sets Ly, for G. consist of linearly independent labels. Suppose also that
we have a collection £={¢,} of automorphisms of A satisfying (2). Then we are
in the hypothesis of the proposition and there is the induced homomorphism of
Z[A]-modules 75 : Z,,(G)— Zm (G).

Combining it with the induced pull-back we obtain the group homomorphism

(w4 o ml s 2(G) — Zin(G)

which we call the push-pull operator on the moment graph G.

In the case of a special matching of the Weyl group induced by right multiplica-
tion by a simple reflection s and £ taken from Example 3.5, the above composition
will give the classical divided difference operator.

5. The Chern character and the Riemann-Roch theorem

In the present section we introduce the Chern character between structure
algebras of moment graphs. We study its properties with respect to characteristic
maps, pull-backs and forgetful maps. We state and prove our main result — the
analogue of the Riemann-Roch theorem for moment graphs.
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5.1. Truncated Chern character
Consider a map
chy: Z[A]— S5'(A) :=S*(A)/IE ' @2Q
defined by taking the truncated exponential series

ch;(e) — exp(\) = Z %/\j7 A€EA.
0<j<i

It is a ring homomorphism which we call a (truncated) Chern character.
Observe that under this map

chy(ry) =chi(l—e ™) = > CHmN ensz ()

1<;5<i
so ch; (I3,)C I for all j<i and, therefore, there is an induced graded ring homomor-
phism
chy: gri(A) — grE (Mg
which becomes an isomorphism after tensoring the left hand side with Q.

Since chi(xA)EASéi(A), ch; preserves the relations in the definition of the
structure algebra. So we obtain

Proposition 5.1. Let g:((v, <),l: E—>A@) be a moment graph. Then the
direct sum

©Sveveh;: Gpev Z[A] — EBvevséi(A)

of the maps ch; restricts to a ring homomorphism (called the localized Chern char-
acter)

¢h;: 2(G) — Z25'(G)ay

where the latter is the truncated structure algebra with Q-coefficients.

5.2. Forgetful, characteristic maps and pull-backs

We now show that the localized Chern character commutes with characteristic,
forgetful maps and pull-backs. Our first observation is the following

Lemma 5.2. The localized Chern character on the structure algebras of G
respects the £-characteristic map, i.e.

Eochy=ch;oct: Sy — Z5HG)g.
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Proof. As both functor S*(—) and Z[—] and ch; are functorial with respect to
automorphisms &, of the lattice A, the lemma follows. [

As in [LZ19] we denote by Z(G) the quotient of Z(G) modulo the ideal 1Z(G)
(here Z(G) is viewed as an S-module) and call it the augmented structure algebra.
The quotient map p: Z(G)— Z(G) is called the forgetful map. We have

Lemma 5.3. The localized Chern character on structure algebras respects the
forgetful map, i.e.

poch; :J]i op: Zm(g) Hé{;i(g)@

where c~bl denotes the restricted class.

Proof. Since the Chern character preserves the augmentation ideal, the result
follows. [

Finally, let f: G—G’ be a morphism of oriented graphs which satisfies the
hypothesis of Lemma 3.6. Consider the induced pull-back map on the structure
algebras f¢*: Z(G')— Z(G). By definition, we then have

Lemma 5.4. The localized Chern character respects the pull-backs, i.e. we
have

FE o e =ch; o f,

where b is the respective Chern character for the moment graph G'.

5.3. The Riemann-Roch type theorem

Suppose now we are in the hypotheses of Proposition 4.9, i.e. we are given a
regular ¢-fibration 7€: G—G. of moment graphs with a distinguished point ec V.
So that there is the induced push-forward n%: Z(G)—Z(G.). We then define the
¢&-Todd genus of the fibration 7¢ to be the truncation in Z=%(G)

(@)= (e X ~6): Il = ).
BEN YELy) 4

We have the following Riemann-Roch type theorem for £-fibrations on moment
graphs:

Theorem 5.5. For any z€ Z,,(G) we have

& (chy(2) td5 (G)) = cb, (7S (2)).
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Proof. 1t is enough to prove it on fibres Gy,), [v]€V.. Recall that the map s
is given on the fibre by

(et — = [T 3 (Sgn e sum))

R ,BeNf

)

Since cb; is a ring homomorphism, we obtain

Chi(ﬂf(z))[vlzinm e (sgn )ch;(zy)c <H

y€[v] BENS
= Z (Sgn )ch; (2, exp< Z —&(B >/ H (le”f)> ESSi(A).
y€E[v] BENS YELw)

On the other side we obtain

¢ (ch,(2)-td5 (G )y = Z(sgn( )ehi(z,)td5 (G)/ [ )

y€[v] YEL)

The result then follows. 0O

Remark 5.6. The formula of Theorem 5.5 can be viewed as the moment
graph analogue of [Pa04, Corollary 2.5.5] where the £&-Todd genus of the &-fibration
corresponds to td.,(Tx) of loc.cit.

6. The case of Kac-Moody flag varieties

In the present section we show that all Examples 2.3, 2.10, 3.5, 4.2, 4.5 and,
finally, 4.12 can be extended to the Kac-Moody settings (i.e., to possibly infinite
Weyl groups), so that our main result Theorem 5.5 holds for the T-equivariant
K-theory and Chow groups of Kac-Moody flag varieties.

6.1. Preliminaries and notation

We introduce notation and list basic properties of the root datum associated
to a generalized Cartan matrix. We follow closely [KK90, (1.1) and (1.2)]:

Let A:=(ai;)1<i j<i be a generalized Cartan matrix (i.e., a;;=2, —a;; €Z, for
all i j, where Z is the set of nonnegative integers, and a;;=0 < a;;=0). Choose
a triple (b, IT,1IV), unique up to isomorphism, where b is a complex vector space of
dimension 2] —rkA,

H:{al,...,al}Ch*, Hv:{hl,...,hl}Ch
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are linearly independent sets satisfying o;(h;)=a;;. Such a triple we call the root
datum corresponding to the generalized Cartan matrix A.

Let g=g(A) be the Kac-Moody Lie algebra associated to A as in [KK90, §1].
So that b is the Cartan subalgebra of g and there is the root space decomposition

g=b Y (9a®0-a); Ga—={r€g|[hz]=a(h)z, Vheb},
aEA L

where AJF:{ani:l Zyo;|a#0 and go#0} is called the set of positive roots. De-
fine A_=—A_, and call it the set of negative roots. Define A=A UA_ and call it
the set of roots. The roots {e;}1<i<; are called the simple roots and the elements
hi, 1<i<I are called the simple coroots.

Associated to (g,h) there is the Weyl group W CAut(h*), generated by the
simple reflections s;, 1<i<l, where

Si(A):AfA(hZ)O[Z, )\E[’)*

Group W is the Coxeter group on generators s;, 1<i¢<I. For i#j, the order m;;
of s;5; equals to 2,3, 4,6, 00 when a;ja;; is 0,1, 2,3, >4, respectively. We denote by
< the Bruhat order on W and by £:W —Z, the length function. The Weyl group
preserves A.

Define the subset of real roots to be

O :={w(o)|weW, o; €I}

For any a=w(q;)€®, the associated the reflection is s, =ws;w™!. Set & =A, NP
and &_=A_No.

For any ©CII let Wg be the subgroup of W generated by {s;}a,co. Let
W® denote the subset of minimal left coset representatives of W/Wg (each coset
contains a unique such representative).

As in [KK90, (1.2)] we fix an integral lattice hz Ch satisfying

e h;ehy for all 1<i<l,

e bhyz/ Zi’:1 Zh; is torsion free, and

e h5:=Homy(hz,Z) contains II.

We call b7 the weight lattice. It is W-stable by definition. We choose funda-
mental weights w; €hy, 1<i<l satisfying w;(h;)=0d; ; for all 1<i,j<I. Note that if
rkA=I, then the w;’s are uniquely determined.

6.2. Localization

Following [KK90, (1.3)] let G be a Kac-Moody group, let Pg be a parabolic
subgroup containing the Borel subgroup B and the compact maximal torus 7', and
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let G/Pg be the associated Kac-Moody flag variety. We now recall computations
for both the T-equivariant Chow group and the equivariant K-theory of G/Pg with
coefficients in a commutative ring R.

Set A to be the character group of T. Note that ®CACh;. Assume that A is
a formal Demazure lattice in the sense of [Lel6, Definition 3.1], i.e., every simple
root of IT can be extended to a Z-basis of A. We refer to [Lel6, §3] for properties
and examples of Demazure lattices.

Set S=Z[A]. Consider the left S-module Sy =S®gR[W]. Each element of
Sw can be written as an S-linear combination ), s Guwow, Where {0y }wew is
the standard basis and ¢, €S are coeflicients. The twisted commuting relation
w(q)0w=0,q, €S induces a multiplication on Sy, hence, turning it into the twisted
group algebra of [KK90, (2.1)].

Consider the localizations Q:S[i,aECIM] and Qw=Q®rR[W]. Let Y be
the R-subalgebra of Qw generated by elements of SCQw and by the push-pull
elements

Yi= J/'—lai +%%631; S QW7

for all simple roots «; €Il and the corresponding reflections s;. Given weW and
its reduced word w=s;, S;,...8;,, We set Yu=y;,...y;,, in Qw (see [KK90, (2.4)]).
According to [KK90, (2.9)] the elements {y,, }. form an S-basis of the algebra Y.

Let ¥ be the S-linear dual of Y and let w denote the Q-linear dual of Qv . Then
¥ is an S-subalgebra of w (see [KK90, Proposition 2.20]) which can be identified
with the T-equivariant K-theory Kp(G/B) by [KK90, Theorem 3.13]. Moreover,
the parabolic analogue of this result [KK90, Corollary 3.20] says that the invariant
subring W® (under the Hecke action by Wg) can be identified with K7(G/Pg).

6.3. The forgetful map

We now explain the construction of the forgetful map in the context of local-
ization. We assume for simplicity ©=g.
Consider the Qu action on @ defined by

(Ew: qw5w> q = Eﬂ; qww ().

Using this action one identifies the algebra Y with its image in Endg(S). Then
composing with the augmentation £: S— R one obtains the map Y —Homg(S, R)

dzzquw(sw: {SH;W(S)} —  ed= {sHs(quw(s))}.

w

The image of this map is denoted €Y.
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Consider ge ¥ =Homg(Y,S). It can be described as follows: if we write g=

(Sw)wa then g: d:Zw Qw51u’_>zw GuwSwES.
We define the forgetful map p: ¥—e¥=Hompg(cY, R) by

gr— {edr—eg(d)},

where {ed—eg(d)} €e¥ sends

) )

Let y* be the Q-linear dual of y,,. The set {y},, forms an S-basis of ¥. By
definition the forgetful map p sends v, to ey, e (yy, (yy))=0w,» which is the R-dual
of ey,. Hence, it maps

T = Z Swy:;) — p(fE) = Z E(Sw)fy;;v
where {ey },, is the R-basis of 0.
Therefore, we can identify e¥ with the quotient ¥/ZU=Z®g ¥ so that p turns
into the quotient map by [KK90, Theorem 3.28]

p: K7(G/B) — K(G/B).

As before, this description can be extended to the parabolic situation in which case
we obtain the forgetful map

p: K1(G/Po) — K(G/Ps).

6.4. The equivariant Riemann-Roch type formula

Following to [HHH] we may identify the invariant subring ¥® and, hence,
the T-equivariant K-theory Kr(G/Pg), with the structure algebra Z,,(G) of the
corresponding (parabolic) moment graph G=G(W®), where W€ is the subset of
minimal left coset representatives of W/Wg as in Example 2.3. Observe that the
similar identification between the structure algebra Z,(G) and the T-equivariant
Chow ring CH7(G/Pg) is also well-known.

Modulo all these identifications we obtain the following consequences of Propo-
sition 5.1 and Lemma 5.3:

Corollary 6.1. The localized Chern character ch; on the structure algebras of
G(W®) defines the respective localized Chern character

¢h;: Kr(G/Po) — CH:'(G/Po; Q).



382 Martina Lanini and Kirill Zainoulline

Moreover, it restricts to the usual (non-equivariant) Chern character
ch,: K(G/Po) — CH(G/Po;Q)
so that there is a commutative diagram

K1(G/Po) ———— K(G/Po)

‘hz‘l l:‘h

CHZ'(G/Pe; Q) —— CH=(G/Pe; Q).

We set £ to act by elements of W as in Example 3.5. Then by Example 4.12
there is the ¢-fibration G(W)—G(W®) which is regular by [CZZ, Lemma 2.2], since
A is the Demazure lattice. We have —&,(8)=—y(8)=vu(—f), where y=vu, ve W®
and ueWg. So

i@ =(ewn( X 8) ] =) <CHF(G/P0)

ﬁe@fmu(cb(f) YEL[y)

and we obtain the following consequence of Theorem 5.5:

Corollary 6.2. For any z€ K1(G/Po) we have

78 (ch; (2)-td5 (G)) = chy(nS(2)).
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