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A Riemann-Roch type theorem for twisted
fibrations of moment graphs

Martina Lanini and Kirill Zainoulline

Abstract. In the present paper we extend the Riemann-Roch formalism to structure
algebras of moment graphs. We introduce and study the Chern character and push-forwards for
twisted fibrations of moment graphs. We prove an analogue of the Riemann-Roch theorem for
moment graphs. As an application, we obtain the Riemann-Roch type theorem for the equivariant
K-theory of some Kac-Moody flag varieties.
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1. Introduction
Moment graphs are combinatorial gadgets arising as labelled one-skeleta of

torus actions on (non-necessarily smooth) varieties. In most of the cases they en-
code all the necessary data to describe equivariant generalized cohomology theories
(see, for instance, [CS74], [DLZ], [GKM] and [HHH]). For example, the explicit com-
binatorial description which one obtains using localization techniques has allowed
Tymoczko [Ty08] to study the symmetric group dot-action on Hessenberg varieties.

If the variety also admits a stratification compatible with the torus action, then
the closure inclusion relation among strata induces an orientation on the edges of
the corresponding moment graph. Braden and MacPherson [BM01] showed that
moment graphs arising in this way can be applied to determine the stalks of the
equivariant intersection cohomology complexes. In this way, they defined the notion
of sheaves on moment graphs. Braden-MacPherson’s result was further extended
and developed by Fiebig and Williamson [FW14] to determine the stalks of indecom-
posable parity sheaves. Thanks to the representation-theoretical role of intersection
cohomology and parity sheaves, the moment graph theory has become an important
tool in modern representation theory (see the survey [Fi16] for applications). More-
over, it provides a realization of the category of Soergel bimodules associated with
any Coxeter group (see [Fi08]), as well as allowing to categorify some properties of
Kazhdan-Lusztig polynomials (see [La12] and [La15]).

While developing tools needed for the representation-theoretical applications,
Fiebig realized that it was possible to carry the theory of sheaves on moment graphs
in an axiomatic way, so that several sheaf theoretical notions were adapted to the
moment graph setting without any need of actual geometry. This allows one, for ex-
ample, to define the analogue of IC-sheaves for a moment graph associated with any
Coxeter system (the so-called BMP-sheaves), leading Fiebig to the above-mentioned
moment graph realization of Soergel bimodules. On the other hand, pull-backs of
moment graph morphisms between the corresponding categories of sheaves (see
[La12]) provide a fundamental tool to categorify equalities among Kazhdan-Lusztig
polynomials.
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In this paper, we aim to develop further moment graph analogues of classical
topological/geometric tools. Namely, we intend to extend the general Riemann-
Roch formalism to the moment graph settings. Observe that given a moment graph
it is indeed possible to construct the corresponding additive and multiplicative struc-
ture algebras. In the case of a moment graph arising as a one-skeleton of a torus
action on a nice enough variety, these coincide with the equivariant cohomology
and K-theory, respectively. Given a moment graph morphism (see Definition 2.4),
one would like to define pull-backs and push-forwards between the corresponding
structure algebras. We, therefore, introduce the notion of (twisted) pull-back and
push-forward along a (twisted) fibration. For the reader familiar with flag varieties,
the latter is the moment graph generalization of the fibration corresponding to the
quotient morphism from the variety of complete flags to a variety of partial flags.
As a first consequence of our constructions, we are able to define a divided differ-
ence operator on the structure algebra of a moment graph having a special match-
ing, and satisfying some extra assumption (see Definition 2.11). Special matchings
have played an essential role in proving special cases of the invariance conjecture
for Kazhdan-Lusztig polynomials (see, for example, [Br04]). We believe that the
notion of divided difference operator in this setting might be of some interest to
algebraic combinatorists.

In order to state and prove the Riemann-Roch type theorem in the moment
graph setting, we introduce the truncated Chern character chi : Zm(G)→Za(G) be-
tween the structure algebras of the moment graph G by gluing the respective ex-
ponential maps over the fixed loci (see §5). Observe that this idea has been suc-
cessfully applied before in different contexts, e.g. in the settings of the equivariant
Riemann-Roch theorem for equivariant K-theory (see [EG00]), for bivariant opera-
tional K-theory (see [AGP]), for cohomological operations on equivariant oriented
cohomology of flag varieties (see [Za20]). We then show that chi commutes with
characteristic maps and pull-backs. As for push-forwards, our main result (Theo-
rem 5.5) – the analogue of the Riemann-Roch theorem for moment graphs – says
that the push-forward πξ

∗ for a twisted fibration πξ commutes with the Chern char-
acter up to a multiple by the respective Todd genus tdξi of G (another interesting
geometric invariant of the moment graph). Namely, we prove that for any z∈Zm(G)
there is the following Riemann-Roch type formula:

πξ
∗
(
chi(z)·tdξi (G)

)
= chi(πξ

∗(z)).

Applying our result to Kac-Moody flag varieties, we obtain the respective equivari-
ant Riemann-Roch theorem for fibrations of the type G/B→G/P , where G⊇P⊇B

are a Kac-Moody group, its parabolic and Borel subgroups, respectively.
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Organization of the paper In Section 2 we recall definitions and provide ex-
amples of moment graphs and morphisms between them. We then discuss the
quotients of moment graphs. In Section 3 we study structure algebras and their
behavior with respect to characteristic maps and filtrations; we introduce twisted
pull-backs. Section 4 is dedicated to constructing push-forwards maps induced by
twisted fibrations of moment graphs (Proposition 4.9); we prove the projection for-
mula (Corollary 4.11) and produce analogues of push-pull operators on moment
graphs. In Section 5 we introduce the Chern character between structure algebras
of moment graphs (Proposition 5.1); we study its properties with respect to char-
acteristic maps, pull-backs and forgetful maps (Lemma 5.2, 5.3 and 5.4). We state
and prove our main result (Theorem 5.5). In Section 6 we apply our theorem to
Kac-Moody flag varieties.
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Project awarded to the Department of Mathematics, University of Rome Tor Ver-
gata, CUP E83C18000100006, and the PRIN2017 CUPE84–19000480006. K.Z. was
partially supported by the NSERC Discovery grant RGPIN-2015-04469, Canada.

2. Moment graphs and their quotients

In the present section we recall the definition and provide examples of moment
graphs and morphisms among them. We introduce the notion of a monodromy of a
moment graph in 2.6. We then discuss quotients of moment graphs modulo certain
equivalence relations. In particular, we study relations and quotients associated to
special matchings in 2.11.

2.1. Definitions and examples

Let Λ be a lattice (a free abelian group of finite rank). We denote by Λ∅ the
subset of non-zero elements of Λ. We recall the definition of a moment graph on a
lattice Λ from [La12]:

Definition 2.1. The data G=
(
(V,≤), l : E→Λ∅

)
is called a moment graph on

the lattice Λ if
(MG1) V is a set of vertices together with a partial order ‘≤’, i.e. we are given

a poset (V,≤).
(MG2) E is a set of directed edges labelled by a nonzero element of Λ via the

label function l, i.e. E⊂V ×V with an edge (v, w)∈E denoted by v→w and labelled
by l(v→w)∈Λ∅.
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(MG3) For any edge v→w∈E, we have v≤w, v �=w, i.e. direction of edges
respects the partial order.

Remark 2.2. Observe that (MG2) and (MG3) imply that the graph does not
have multiple edges or self-loops: (MG2) disallows several edges between the same
two vertices in the same direction, and (MG3) disallows pairs of edges between two
vertices in the opposite directions and self-loops. Also, (MG3) implies that G has no
directed cycles. Observe also that the direction of edges in G is uniquely determined
by the partial order ‘≤’.

Example 2.3. Let W be a real finite reflection group in the sense of [Hu90,
I.1]. Let Φ be the associated root system together with a subset of simple roots Π
and the decomposition Φ=Φ+�Φ− into positive and negative roots. Consider the
usual Bruhat poset (W,≤) of [Hu90, II.5.9]. The data

V :=W, E := {w−→ sαw |w≤ sαw, α∈Φ+} and l(w−→ sαw) :=α,

where sα is the reflection corresponding to the positive root α, define a moment
graph on the root lattice Λr=SpanZ(Φ) called the Bruhat moment graph and de-
noted G(W ).

Moreover, let Θ be a subset of Π and let WΘ be the (parabolic) subgroup
generated by reflections corresponding to the roots from Θ. Let WΘ denote the
subset of minimal coset representatives of W/WΘ (such representatives are unique).
Consider the restricted Bruhat poset (WΘ,≤). The data

V :=WΘ, E := {w−→ sαw |w≤ sαw, α∈Φ+} and l(w−→ sαw) :=α,

where w denotes the minimal coset representative of the coset wWΘ, define a mo-
ment graph on the same root lattice Λr called the parabolic Bruhat moment graph
and denoted G(WΘ).

As examples one can also take full subgraphs of G(WΘ) corresponding to
Bruhat intervals [v, w] on WΘ with vertices {u∈WΘ |v≤u≤w}, or graphs corre-
sponding to double cosets of W (see [DLZ, §4] for details).

2.2. Moment graph morphisms

Given an edge x→y or y→x we will use the notation x−−y if we only consider
the underlying edge without orientation. We recall the definition of moment graph
morphisms and isomorphisms.
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Definition 2.4. (cf. [La12, Definition 2.3]) A morphism between two moment
graphs on Λ

f :
(
(V,≤), l : E−→Λ∅

)
−→

(
(V ′,≤′), l′ : E′ −→Λ∅

)
is given by a collection of maps (fV , {fl,v}v∈V ), where

(MR1) fV : V −→V ′ is a morphism of posets such that

v−−w∈E ==⇒ fV (v)−− fV (w)∈E′ or fV (v)= fV (w).

Given an edge v−−w∈E such that fV (v) �=fV (w), we set

fE(v−−w) := fV (v)−− fV (w).

(MR2) fl,v is a Z-linear automorphism of Λ for each v∈V such that if v−−w∈E
and fV (v) �=fV (w), then

(a) fl,v(l(v−−w))=±l′(fE(v−−w)),
(b) π¨fl,v=π¨fl,w, where π is the canonical quotient map

π : Λ−→Λ/l′(fE(v−−w))Z.

Lemma 2.5. (cf. [La15, Lemma 3.6]) A morphism f=(fV , {fl,v}v∈V ) between
two moment graphs G=

(
(V,≤), l : E→Λ∅

)
and G′=

(
(V ′,≤′), l′ : E′→Λ∅) on Λ is

an isomorphism if and only if the following two conditions hold:

(ISO1) fV is bijective,

(ISO2) for each v′→w′∈E′ there exists exactly one v→w∈E such that fV (v)=
v′ and fV (w)=w′.

We will need the following

Definition 2.6. A collection ξ={ξv}v∈V of automorphisms of the lattice Λ is
called a G-monodromy if

(1) ξv(λ)−ξw(λ)∈ l(v−→w)Z, ∀ v−→w∈E and λ∈Λ.

Observe that a G-monodromy {ξv}v∈V which satisfies (MR2a), i.e.

ξv(l(v−−w))=±l′(fE(v−−w)) for all v−−w∈E with fV (v) �= fV (w),

defines an automorphism (idV , {fl,v :=ξv}v∈V ) of G.
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2.3. Quotient graphs

Given a moment graph G=
(
(V,≤), l : E→Λ∅

)
we introduce the notion of a

quotient of G as follows. First, we choose an equivalence relation on V which is
compatible with the structure of a moment graph:

Definition 2.7. Let ‘∼’ be an equivalence relation on V . We say that ‘∼’ is
G-compatible if the following two conditions are satisfied:

(EQV1) v∼w =⇒ v∼u for all v≤u≤w,
(EQV2) v1→w1∈E, v1 �∼w1 =⇒ for any v2∈V , v2∼v1 there exists a unique

w2∈V such that w2∼w1, v2→w2∈E;
moreover, l(v1→w1)=l(v2→w2).

Then we take a quotient of G with respect to this equivalence relation:

Definition 2.8. Given a G-compatible equivalence relation on V we define
a quotient of G by ‘∼’ denoted G∼=

(
(V∼,≤∼), l∼ : E∼→Λ∅

)
to be the oriented

labelled graph where
(Q1) V∼ is the set of equivalence classes {[v]}v∈V of V with respect to ‘∼’;
(Q2) E∼ :={[v]→[w]|v �∼w, ∃v′∼v, w′∼w with v′→w′};
(Q3) ≤∼ is the transitive closure of relations [v]≤∼ [w], [v]→[w]∈E∼;
(Q4) l∼([v]→[w]):=±l(v′→w′), where v′∼v, w′∼w and v′→w′∈E.

Observe that when ‘∼’ is trivial, i.e. v∼w for all v, w∈V , then V∼ on Λ consists
of one point only, together with the lattice Λ (E∼ is an empty set and there is no
label function).

Finally, we show that the graph obtained in such a way is a moment graph:

Lemma 2.9. Given a moment graph G and a G-compatible equivalence relation

‘∼’, the quotient G∼ is a moment graph on Λ.

Proof. It reduces to show that G∼ has no oriented cycles. Indeed, suppose
there is an oriented cycle [v1]→[v2]→...→[vn]→[v1]. Then by (Q2) and (EQV2)
there exists a path v1→v′2→...→v′n→v′1 on the graph G for certain v′i∼vi. Hence,
we obtain v1≤v′2≤...≤v′n≤v′1 with v1∼v′1 and by (EQV1) it implies [v1]=[vi] for
all i. �

Example 2.10. Let G=G(W ) be the Bruhat graph and let WΘ be the para-
bolic subgroup of W of Example 2.3. Then the relation on W defined by

v∼w ⇐==⇒ vWΘ =wWΘ

is a G-compatible equivalence relation and G∼ can be identified with G(WΘ), the
parabolic Bruhat moment graph from Example 2.3.
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We will use the following notion introduced in [Br04]:

Definition 2.11. Given a poset (V,≤) denote by ‘�’ the covering relation on
V , that is v�w if and only if v≤w and

v≤u≤w ==⇒ u= v or u=w.

By a special matching of V we call a (set) bijection M : V −→V such that
• for any v∈V either M(v)�v or v�M(v), and
• if M(v) �=w, then v�w =⇒ M(v)≤M(w).

Lemma 2.12. Given a moment graph G=
(
(V,≤), l : E→Λ∅

)
assume that the

poset (V,≤) admits a special matching such that if v→w∈E, then

(i) M(v)→M(w)∈E, and

(ii) l(M(v)→M(w))=l(v→w).
Then there is a G-compatible equivalence relation on V with equivalence classes

given by [v]={v,M(v)}, v∈V .

Example 2.13. (cf. [Br04, Proposition 4.1]) Suppose [v, w], where v, w∈W
is the Bruhat interval which is stable under the right multiplication by a simple
reflection s. Then M(u):=us for any u∈[v, w] defines a special matching that
satisfies both (i) and (ii) of the lemma.

3. Structure algebras of moment graphs

In this section we introduce structure algebras associated to the symmetric
algebra and the group ring of a lattice Λ, respectively. We study its behavior with
respect to characteristic maps and filtrations. We then discuss twisted pull-back
maps induced by morphisms of moment graphs and monodromies.

3.1. Two filtrations

Consider the two covariant functors

S∗(−) : Λ 
−→S∗(Λ) and Z[−] : Λ 
−→Z[Λ]

from the category of lattices (free finitely generated abelian groups) to the category
of commutative rings given by taking the symmetric algebra and the group ring
of a lattice Λ, respectively. By definition, the i-th graded component Si(Λ) is
additively generated by monomials λ1λ2...λi with λj∈Λ and the group ring Z[Λ] is
additively generated by exponents eλ, λ∈Λ. Let Ia and Im denote the kernels of the
augmentation maps εa : S∗(Λ)→Z and εm : Z[Λ]→Z given by λ 
→0. By definition,
the ideal Ia consists of polynomials with trivial constant terms and the ideal Im is
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generated by differences (1−e−λ), λ∈Λ. Consider the respective I-adic filtrations:

S∗(Λ)= I0
a ⊇ Ia ⊇ I2

a ⊇ ... and Z[Λ] = I0
m ⊇ Im ⊇ I2

m ⊇ ...

Let
gr∗a(Λ)=

⊕
i≥0

Iia/I
i+1
a and gr∗m(Λ)=

⊕
i≥0

Iim/Ii+1
m

denote the associated graded rings. Observe that S∗(Λ)�gr∗a(Λ)�gr∗m(Λ) as graded
rings (the latter isomorphism is induced by λ 
→1−e−λ).

Example 3.1. If Λ�Z, then the ring S∗(Λ) can be identified with the poly-
nomial ring in one variable Z[x], where x is a generator of Λ. The group ring
Z[Λ] can be identified with the Laurent polynomial ring Z[t, t−1], where t=ex. The
augmentation maps εa and εm are given by

εa : x 
−→ 0 and εm : t 
−→ 1.

We have Ia=(x) and Im is generated by differences (1−tn), n∈Z.

3.2. Structure algebras and characteristic maps

In what follows we denote by S both the symmetric algebra S∗(Λ) and the
group ring Z[Λ]. We are ready to introduce the following central object of the
present paper:

Definition 3.2. Let G=
(
(V,≤), l : E→Λ∅

)
be a moment graph on Λ. By a

structure algebra of G we call the S-submodule

Z(G) :=
{

(zv)v ∈
∏
v∈V

S | zv−zw ∈xl(v→w)S, ∀ v−→w∈E

}

with the coordinate-wise multiplication, where xλ=1−e−λ for S=Z[Λ] and xλ=λ

for S=S∗(Λ). Sometimes, to specify the first (resp. the second) case we denote it
by Zm(G) (resp. by Za(G)).

The grading of S∗(Λ) induces a natural grading on the structure algebra Za(G).
We denote by Zi

a(G) its ith-graded homogeneous component. Observe that the
algebra Zm(G) is not necessarily graded but only filtered. The Im-adic filtration on
Z[Λ] induces the (coordinate-wise) filtration on Zm(G).

Remark 3.3. The structure algebra Za(G) appears naturally as ring of global
sections of the so-called structure sheaf on the moment graph. It also computes the
T -equivariant Chow ring/singular cohomology in the case of a flag variety [KK86].
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On the other side, the structure algebra Zm(G) can be viewed as a K-theoretic
version of Za(G) as it computes the T -equivariant K-theory of a flag variety [KK90].
We refer to Section 6 for a more detailed description of these structure algebras in
the context of equivariant cohomology/K-theory.

For any automorphism of the lattice Λ we denote by the same symbol the
induced automorphism of S.

Definition 3.4. Given a G-monodromy ξ={ξv}v∈V the map

S−→
∏
v∈V

S, z 
−→ (ξv(z))v∈V

induces a ring homomorphism cξ : S−→Z(G) called the ξ-characteristic map.

Example 3.5. If ξ={idv}v∈V , then the ξ-characteristic map is nothing but
the structure map

S−→Z(G), z 
−→ (z)v∈V .

Let G=G(W ) be a Bruhat moment graph and let ξ={ξw}w∈W , where ξw is the
automorphism of the root lattice Λ given by the W -action ξw(λ):=w(λ). Then the
ξ-characteristic map coincides with the characteristic map on structure algebras of
[Fi08, §4].

3.3. Pull-backs

We extend the notion of a pull-back map for an equivariant cohomology to the
setup of structure algebras as follows:

Lemma 3.6. Let f=(fV , {fl,v}v∈V ) : G→G′ be a moment graph morphism and

let ξ={ξv}v∈V be a G-monodromy such that if v−−w∈E and fV (v) �=fV (w), then
ξv(l′(fE(v−−w)))∈l(v−−w)Z.

Then there is a ring homomorphism between structure algebras given by

fξ∗ : Z ′ −→Z, (zv′)v′∈V ′ 
−→ (ξv(zf(v)))v∈V .

which we call a pull-back map induced by f and twisted by ξ.

Proof. Suppose v−−w∈E and fV (v)=fV (w). Then zfV (v)=zfV (w)=z and
by (1) of Definition 2.6 we obtain

ξv(z)−ξw(z)∈ l(v−→w)S.

Suppose v−−w∈E and fV (v) �=fV (w). Then by (MR1) fV (v)−−fV (w)∈E′ and

zfV (v)−zfV (w) ∈ l′(fE(v−−w))S.
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So there exists a g∈S such that zfV (v)=z+gl′(fE(v−−w)), z=zfV (w), and hence
by (1) and by the hypothesis on ξv we obtain

ξv(zfV (v))−ξw(zfV (w)) = ξv
(
z+gl′(fE(v−−w))

)
−ξw(z)

= ξv(z)−ξw(z)+ξv(gl′(fE(v−−w)))∈ l(v−−w)S. �

Example 3.7. Take the Bruhat moment graph G=G(W ) and G′=G(WΘ)=
G∼, where ∼ is the G-compatible relation of Example 2.10. Take the trivial mon-
odromy ξ={idw}w∈W . Then fξ∗ : Z ′→Z is the ring homomorphism sending the
element (z′v)v′∈WΘ to the element (zv)v∈W with zv=zv′ if v∈v′WΘ. By the results of
[KK86] and [KK90] this map coincides with the pull-back on the T -equivariant Chow
ring/cohomology (resp. K-theory) induced by the usual projection G/B→G/PΘ.

4. Push-forwards on structure algebras

In the present section we introduce and study push-forwards on structure al-
gebras induced by fibrations of moment graphs. First, we introduce the notion
of a fibration of moment graphs. Then, twisting it by a monodromy ξ we obtain
the so-called ξ-fibration. Given a regular ξ-fibration we construct the push-forward
map and prove the projection formula. Finally, for fibrations associated to special
matchings, we produce analogues of push-pull operators on moment graphs.

4.1. Fibrations

Given a moment graph G=
(
(V,≤), l : E→Λ∅

)
and a G-compatible equivalence

relation ‘∼’ consider the morphism of (oriented labelled) graphs π : G→G∼ induced
by the quotient set map v→[v].

Definition 4.1. Consider the moment graph obtained as a full subgraph of G
by restricting the vertex set to the equivalence class [v]. We call it the fibre of π at
[v] and denote it by G[v].

We say that the quotient morphism π is a fibration if for any [v], [w]∈V∼ there
is a moment graph isomorphism

f [v],[w] =(f [v],[w]
V , {f [v],[w]

l,y })y∈[v] : G[v]
�−→G[w] such that

(FB1) for all u, v, w∈V , we have f [v],[v]=IdG[v] and f [u],[v]
¨f [v],[w]=f [u],[w];

(FB2) for any w∈V , for all y, y′∈[v] such that y−−y′∈E, we have f
[v],[w]
l :=

f
[v],[w]
l,y =f

[v],[w]
l,y′ and f

[v],[w]
l (l(y−−y′))=±l(f [v],[w]

V (y)−−f
[v],[w]
V (y′)).
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Example 4.2. If G=G(W ) and G∼=G(WΘ) as in Example 2.10, then π is a
fibration with isomorphisms f [v],[w] : G[v]→G[w] given by

f
[v],[w]
V : vWΘ −→wWΘ, u 
−→w v−1u, and f

[v],[w]
l :λ 
−→w v−1(λ), λ∈Λ,

where z denotes the minimal length representative of the coset zWΘ. Notice that
all the fibres are isomorphic to the Bruhat graph G(WΘ) which can be identified
with the fibre G[e] over the neutral element.

Example 4.3. Assume that the vertex poset (V,≤) of G admits a special
matching M : V →V of Definition 2.11. Then by Lemma 2.12 for any v∈V the
fibre G[v] is a moment graph consisting of two vertices and one labelled arrow
E[v]={v−−M(v)} oriented according to the partial order. As a lattice for G[v] we
may take the rank one lattice Λ[v] generated by the label l(v−−M(v)). There are
obvious isomorphisms of moment graphs f [v],[w] such that f

[v],[w]
V (v)=w or M(w)

and f
[v],[w]
l (l(v−−M(v)))=±l(w−−M(w)) which define a fibration.

4.2. Fibres and monodromy

Given v∈V consider the multi-set of labels Lv of edges adjacent to v, i.e.

Lv = {l(v−−w) | v−−w∈E}.

We denote by Lv,∼ its subset entirely contained in the fibre G[v], i.e.

Lv,∼ = {l(v−−w) | v−−w∈E, v∼w}.

We denote by −Lv,∼ the multi-set {−l(v−−w)|v−−w∈E, v∼w} respectively.
We assume that all moment graphs are locally finite, that is for any v, w∈V the
interval {u∈V |v≤u≤w} is finite.

Definition 4.4. Let π : G→G∼ be a fibration with isomorphisms
(f [v],[w])(v,w)∈V×V between the fibres as in Definition 4.1. Let [e]∈V∼ be a dis-
tinguished vertex of the quotient graph. A collection ξ={ξy}y∈V of automorphisms
of Λ is said to be compatible with the fibre G[e] if

(CF1) For any y∈[v] we have

ξy ¨ f
[v],[e]
l

( ∏
γ∈Ly,∼

γ

)
=±

∏
γ∈Ly,∼

γ,

where the products are in S∗(Λ). In particular, for any γ∈Ly,∼ we have

ξy(f [v],[e]
l (γ))∈±Ly,∼.
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(CF2) For any y∈[v] set

N ξ
y = {f [v],[e]

l (γ) | γ ∈Ly,∼ and ξy(f [v],[e]
l (γ))∈−Ly,∼}.

Then for any y→y′∈E with y′∈[v] the following two conditions hold:
(a) #N ξ

y �≡#N ξ
y′ mod 2;

(b)
∑

β∈Nξ
y
ξy(β)−

∑
δ∈Nξ

y′
ξy′(δ)∈l(y→y′)Z.

Example 4.5. In the setup of Examples 2.3 and 2.10, if v∈WΘ is a minimal
length representative and e is the neutral element of W , then for any y∈[v] we have
v(Le,∼)=Ly,∼, where Le,∼ is the set of positive roots ΦΘ

+ of the root subsystem of
Φ spanned by simple roots from Θ. So Ly,∼ does not depend on a choice of the
representative so we can simply denote it by L[v].

Suppose y∈[v] so that by the parabolic decomposition y=vu, where v∈WΘ

and u∈WΘ.
Set ξy(λ):=y(λ) and f

[v],[e]
l (λ):=v−1(λ), λ∈Λ as in Example 4.2. Then we

obtain
ξy

(
f

[v],[e]
l

( ∏
γ∈L[v]

γ

))
= vu

( ∏
β∈L[e]

β

)
.

Denote by
∏

ΦΘ
+ the product

∏
β∈ΦΘ

+
β. Since u(

∏
ΦΘ

+)=(−1)�(u)(
∏

ΦΘ
+) for any

u∈WΘ, the property (CF1) follows.
By definition we have

N ξ
y = {v−1(γ) | γ ∈ v(ΦΘ

+) and yv−1(γ)∈ v(ΦΘ
−)}

= {β |β ∈ΦΘ
+ and u(β)∈ΦΘ

−},

therefore, the cardinality #N ξ
y coincides with the length �(u) of u.

Suppose that y→y′∈E and y′∈[v], then y=sαy
′ and y′=vu′, u′∈WΘ.

Therefore, vu=sαvu
′ which implies that u′=sv−1(α)u and, hence, �(u) �≡�(u′)

mod 2. This verifies property (CF2a).
As for (CF2b), observe that there is a bijection (c.f. [CS09, Proposition 3.2.14])

N ξ
y \N ξ

sy−1(α)

∼−→N ξ
y′ \N ξ

sy−1(α)
, β 
−→ sy−1(α)(β),

moreover, Nξ
y∩N ξ

sy−1(α)
⊂N ξ

y′∩N ξ
sy−1(α)

and

β ∈ (N ξ
y′∩N ξ

sy−1(α)
)\N ξ

y ⇐==⇒ −sy−1(α)(β)∈ (N ξ
y′∩N ξ

sy−1(α)
)\N ξ

y .

Therefore, we obtain∑
β∈Nξ

y

y(β)−
∑

δ∈Nξ

y′

y′(δ) =
∑

β∈Nξ
y\Nξ

s
y−1(α)

y(β)−y′(sy−1(α)(β))
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+
∑

β∈Nξ
y∩Nξ

s
y−1(α)

y(β)−y′(β)

− 1
2

∑
β∈(Nξ

y′∩Nξ
s
y−1(α)

)\Nξ
y

y′(β+(−sy−1(α)(β)))

∈Zα.

Example 4.6. In the fibration of Example 4.3 choose e∈V and let G[e] be the
respective fibre. Then a G-monodromy ξ={ξy}y∈V of Definition 2.6 is compatible
with the fibre G[e] if and only if

(2) ξy
(
l(e−−M(e))

)
=−ξM(y)

(
l(e−−M(e))

)
=±l(y−−M(y)).

Indeed, the properties (CF1), (CF2a) and (CF2b) follow from
• f [y][e](l(y−−M(y))

)
=±l(y−−M(y)),

• L[y]={l(y−−M(y))} for any y∈V ,

• N ξ
y =

{
l(y−−M(y)) if ξy

(
l(e−−M(e))

)
=−l(y−−M(y)),

∅ otherwise.

4.3. Push-forwards

Let G=
(
(V,≤), l : E→Λ∅

)
be a moment graph together with a G-compatible

equivalence relation ‘∼’, a G-monodromy ξ={ξv}v∈V and a distinguished vertex
e∈V . We now introduce the notion of a ξ-fibration between moment graphs.

Definition 4.7. The induced quotient map G→G∼ is called a ξ-fibration and
denoted πξ if it is a fibration such that the monodromy ξ is compatible with the
fibre G[e].

Definition 4.8. We say that a ξ-fibration πξ is regular if
• Lv,∼=Lw,∼ for any v∼w in V (observe that this implies that Lv,∼ does not

depend on a choice of a representative so it can be denoted by L[v])
and for each [v]∈V∼ we have

• xγ=1−e−γ is irreducible in Z[Λ] for each γ∈L[v], and
• xγ |xγ′x, x∈Z[Λ], γ, γ′∈L[v], γ �=γ′ =⇒ xγ |x.

Proposition 4.9. Given a regular ξ-fibration πξ : G→G∼, there is a Z[Λ]-mod-

ule homomorphism between the associated (multiplicative) structure algebras

πξ
∗ : Zm(G)−→Zm(G∼) defined by (zy)y∈V 
−→

( ∑
y∈[v]

zy

ξy
( ∏

β∈L[e]
xβ

))
[v]∈V∼

,

where zy∈Z[Λ] and xβ=1−e−β∈Z[Λ].
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Proof. We have to show that
(1) z̃[v] :=

∑
y∈[v]

zy
ξy(

∏
β∈L[e]

xβ)∈Z[Λ], and

(2) z̃[v]−z̃[w]∈xl([v]→[w])Z[Λ] for any [v]→[w]∈E∼.
(1): Set β=f

[v],[e]
l (γ)∈Le for γ∈L[v]. Then

N ξ
y = {β ∈L[e] | ξy(β)∈−L[v]}.

Since x−γ=xγ(−eγ), by Definitions 4.1 and 4.4 we obtain

ξy

( ∏
β∈L[e]

xβ

)
=

( ∏
γ∈L[v]

xγ

) ∏
β∈Nξ

y

(−e−ξy(β)).

Therefore, it reduces to check that

1∏
γ∈L[v]

xγ

∑
y∈[v]

(
sgn(y)zy

∏
β∈Nξ

y

e−ξy(β)
)
∈Z[Λ],

where we set sgn(y):=(−1)#Nξ
y . Observe also that Definition 4.4 implies that if

y, y′∈[v] and y→y′∈E then sgn(y)=−sgn(y′).
Since the fibration is regular, this is equivalent to

xγ |
∑
y∈[v]

(
sgn(y)zy

∏
β∈Nξ

y

e−ξy(β)
)
, for any γ ∈L[v].

Each label γ∈L[v] induces an automorphism jγ on the set of vertices of G[v] by
mapping y∈[v] to the unique vertex jγ(y)∈[v] connected to y via an edge labelled
by γ. So we obtain∑

y∈[v]

(
sgn(y)zy

∏
β∈Nξ

y

e−ξy(β)
)

=
∑
y∈[v]

y<jγ(y)

sgn(y)
(
zy

∏
β∈Nξ

y

e−ξy(β)−zjγ(y)
∏

δ∈Nξ
jγ (y)

e−ξjγ (y)(δ)
)

≡
∑
y∈[v]

y<jγ(y)

sgn(y)zy
( ∏

β∈Nξ
y

e−ξy(β)−
∏

δ∈Nξ
jγ (y)

e−ξjγ (y)(δ)
)

mod xγ

=
∑
y∈[v]

y<jγ(y)

sgn(y)zy
∏

β∈Nξ
y

e−ξy(β)
(
1−e

−
∑

δ∈N
ξ
jγ (y)

ξjγ (y)(δ)+
∑

β∈N
ξ
y
ξy(β))

.
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By (CF2b), there exists an integer m∈Z such that

(
1−e

−
∑

δ∈N
ξ
jγ (y)

ξjγ (y)(δ)+
∑

β∈N
ξ
y
ξy(β))

=1−e−mγ ,

and, therefore, xγ=1−e−γ divides the latter.
(2): Assume now that [v]→[w]∈E∼ with l∼([v]→[y])=α and consider

z̃[v]−z̃[w] =
∑
y∈[v]

zy
ξy(

∏
β∈L[e]

xβ)−
∑
u∈[w]

zu
ξu(

∏
β∈L[e]

xβ) .

Since ‘∼’ is G-compatible, there is a similar bijection jα between the vertices of G[v]
and G[w]. We now have to show that∑

y∈[v]

(
zy

ξy(
∏

β∈L[e]
xβ)−

zjα(y)
ξjα(y)(

∏
β∈L[e]

xβ)

)
∈xαZ[Λ].

The independence of labels implies that α �∈L[y]∪L[jα(y)]. Hence, we are reduced to
show that

zyξjα(y)

( ∏
β∈L[e]

xβ

)
−zjα(u)ξy

( ∏
β∈L[e]

xβ

)
∈xαZ[Λ].

The latter follows since ξjα(y)(
∏

β∈L[e]
xβ)−ξy(

∏
β∈L[e]

xβ)∈xαZ[Λ] by Definition
2.6, and zy−zjα(y)∈xαZ[Λ] as z∈Zm(G). �

Replacing xγ by γ and Z[Λ] by S∗(Λ) in Definition 4.8 and in Proposition 4.9
the same proof (where eγ is replaced by 1) gives the similar result for the structure
algebras Za associated to S∗(Λ):

Corollary 4.10. Given a regular ξ-fibration πξ : G→G∼, there is a S∗(Λ)-mod-

ule homomorphism between the associated (additive) structure algebras

πξ
∗ : Za(G)−→Za(G∼) defined by (zy)y∈V 
−→

( ∑
y∈[v]

zy

ξy
( ∏

β∈L[e]
β
))

[v]∈V∼

,

where zy∈S∗(Λ).

Corollary 4.11. (Projection formula) In the hypothesis of Proposition 4.9 we

have

πξ
∗((πidΛ)∗(z′)·z)= z′ ·πξ

∗(z), z′ ∈Zm(G∼), z ∈Zm(G).

In other words, the push-forward πξ
∗ is a homomorphism of Zm(G∼)-modules.
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Proof. Let z′=(z′[v])[v]∈V∼ and z=(zv)v∈V . By definition, we have

πξ
∗((πidΛ)∗(z′)·z)=πξ

∗((z′[v]zv)v∈V )=
( ∑

y∈[v]

z′[v]zy

ξy
( ∏

β∈L[e]
xβ

))
[v]∈V∼

=
(
z′[v]

∑
y∈[v]

zy

ξy
( ∏

β∈L[e]
xβ

))
[v]∈V∼

=(z′[v]z̃[v])[v]∈V∼ . �

Example 4.12. Consider the fibration π : G→G∼ of Example 4.5, where G=
G(W ) is the Bruhat graph, G∼=G(WΘ) is the parabolic Bruhat moment graph,
e is the neutral element of W , the moment graph isomorphism f [v],[e] : G[v]→G[e]

are given by f
[v],[e]
V (w)=v−1w for any w∈vWΘ and f

[v],[e]
l (λ)=v−1(λ), λ∈Λ, the

automorphisms ξ={ξy}y are given by ξy=y(λ), λ∈Λ.
Then we are in the hypotheses of the proposition and the induced homo-

morphism of structure algebras coincides with the classical push-forward map on
K-theory π∗ : K(G/B)→K(G/PΘ) induced by the canonical quotient map G/B→
G/PΘ (see e.g. [GR13, (3.3)]).

Example 4.13. Consider the fibration of Example 4.3. Suppose that the
multi-sets L[v] for G∼ consist of linearly independent labels. Suppose also that
we have a collection ξ={ξy} of automorphisms of Λ satisfying (2). Then we are
in the hypothesis of the proposition and there is the induced homomorphism of
Z[Λ]-modules πξ

∗ : Zm(G)→Zm(G∼).
Combining it with the induced pull-back we obtain the group homomorphism

(πidΛ)∗ ¨πξ
∗ : Zm(G)−→Zm(G)

which we call the push-pull operator on the moment graph G.
In the case of a special matching of the Weyl group induced by right multiplica-

tion by a simple reflection s and ξ taken from Example 3.5, the above composition
will give the classical divided difference operator.

5. The Chern character and the Riemann-Roch theorem

In the present section we introduce the Chern character between structure
algebras of moment graphs. We study its properties with respect to characteristic
maps, pull-backs and forgetful maps. We state and prove our main result – the
analogue of the Riemann-Roch theorem for moment graphs.



376 Martina Lanini and Kirill Zainoulline

5.1. Truncated Chern character

Consider a map

chi : Z[Λ]−→S≤i
Q (Λ) :=S∗(Λ)/Ii+1

a ⊗ZQ

defined by taking the truncated exponential series

chi(eλ) 
−→ exp(λ)=
∑

0≤j≤i

1
j!λ

j , λ∈Λ.

It is a ring homomorphism which we call a (truncated) Chern character.
Observe that under this map

chi(xλ)= chi(1−e−λ)=
∑

1≤j≤i

(−1)j+1

j! λj ∈λS≤i
Q (Λ)

so chi(Ijm)⊂Ija for all j≤i and, therefore, there is an induced graded ring homomor-
phism

chi : gr≤i
m (Λ)−→ gr≤i

a (Λ)Q

which becomes an isomorphism after tensoring the left hand side with Q.
Since chi(xλ)∈λS≤i

Q (Λ), chi preserves the relations in the definition of the
structure algebra. So we obtain

Proposition 5.1. Let G=
(
(V,≤), l : E→Λ∅

)
be a moment graph. Then the

direct sum

⊕v∈V chi : ⊕v∈V Z[Λ]−→⊕v∈V S
≤i
Q (Λ)

of the maps chi restricts to a ring homomorphism (called the localized Chern char-

acter)

chi : Zm(G)−→Z≤i
a (G)Q,

where the latter is the truncated structure algebra with Q-coefficients.

5.2. Forgetful, characteristic maps and pull-backs

We now show that the localized Chern character commutes with characteristic,
forgetful maps and pull-backs. Our first observation is the following

Lemma 5.2. The localized Chern character on the structure algebras of G
respects the ξ-characteristic map, i.e.

cξ ¨ chi = chi ¨ c
ξ : Sm −→Z≤i

a (G)Q.
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Proof. As both functor S∗(−) and Z[−] and chi are functorial with respect to
automorphisms ξx of the lattice Λ, the lemma follows. �

As in [LZ19] we denote by Z̃(G) the quotient of Z(G) modulo the ideal IZ(G)
(here Z(G) is viewed as an S-module) and call it the augmented structure algebra.
The quotient map ρ : Z(G)→Z̃(G) is called the forgetful map. We have

Lemma 5.3. The localized Chern character on structure algebras respects the

forgetful map, i.e.

ρ ¨ chi = c̃hi ¨ ρ : Zm(G)−→ Z̃≤i
a (G)Q,

where c̃hi denotes the restricted class.

Proof. Since the Chern character preserves the augmentation ideal, the result
follows. �

Finally, let f : G→G′ be a morphism of oriented graphs which satisfies the
hypothesis of Lemma 3.6. Consider the induced pull-back map on the structure
algebras fξ∗ : Z(G′)→Z(G). By definition, we then have

Lemma 5.4. The localized Chern character respects the pull-backs, i.e. we

have

fξ∗
¨ ch

′
i = chi ¨ f

ξ∗,

where ch
′
i is the respective Chern character for the moment graph G′.

5.3. The Riemann-Roch type theorem

Suppose now we are in the hypotheses of Proposition 4.9, i.e. we are given a
regular ξ-fibration πξ : G→G∼ of moment graphs with a distinguished point e∈V .
So that there is the induced push-forward πξ

∗ : Z(G)→Z(G∼). We then define the
ξ-Todd genus of the fibration πξ to be the truncation in Z≤i

a (G)

tdξi (G)=
(

exp
( ∑

β∈Nξ
y

−ξy(β)
)
·

∏
γ∈L[y]

γ
1−e−γ

)
y

.

We have the following Riemann-Roch type theorem for ξ-fibrations on moment
graphs:

Theorem 5.5. For any z∈Zm(G) we have

πξ
∗
(
chi(z)·tdξi (G)

)
= chi(πξ

∗(z)).
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Proof. It is enough to prove it on fibres G[v], [v]∈V∼. Recall that the map πξ
∗

is given on the fibre by

(zy)y∈[v] 
−→ z̃[v] = 1∏
γ∈L[v]

xγ

∑
y∈[v]

(
sgn(y)zy

∏
β∈Nξ

y

e−ξy(β)
)

Since chi is a ring homomorphism, we obtain

chi(πξ
∗(z))[v] = 1∏

γ∈L[v]
chi(xγ)

∑
y∈[v]

(
sgn(y)chi(zy)chi

( ∏
β∈Nξ

y

e−ξy(β)
))

=
∑
y∈[v]

(
sgn(y)chi(zy) exp

( ∑
β∈Nξ

y

−ξy(β)
)
/

∏
γ∈L[v]

(1−e−γ)
)
∈S≤i

Q (Λ).

On the other side we obtain

πξ
∗
(
chi(z)·tdξi (G)

)
[v] =

∑
y∈[v]

(
sgn(y)chi(zy)tdξi (G)/

∏
γ∈L[v]

γ

)
.

The result then follows. �

Remark 5.6. The formula of Theorem 5.5 can be viewed as the moment
graph analogue of [Pa04, Corollary 2.5.5] where the ξ-Todd genus of the ξ-fibration
corresponds to tdch(TX) of loc.cit.

6. The case of Kac-Moody flag varieties

In the present section we show that all Examples 2.3, 2.10, 3.5, 4.2, 4.5 and,
finally, 4.12 can be extended to the Kac-Moody settings (i.e., to possibly infinite
Weyl groups), so that our main result Theorem 5.5 holds for the T -equivariant
K-theory and Chow groups of Kac-Moody flag varieties.

6.1. Preliminaries and notation

We introduce notation and list basic properties of the root datum associated
to a generalized Cartan matrix. We follow closely [KK90, (1.1) and (1.2)]:

Let A:=(aij)1≤i,j≤l be a generalized Cartan matrix (i.e., aii=2, −aij∈Z+ for
all i �=j, where Z+ is the set of nonnegative integers, and aij=0 ⇔ aji=0). Choose
a triple (h,Π,Π∨), unique up to isomorphism, where h is a complex vector space of
dimension 2l−rkA,

Π= {α1, ..., αl}⊂ h∗, Π∨ = {h1, ..., hl}⊂ h
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are linearly independent sets satisfying αj(hi)=aij . Such a triple we call the root
datum corresponding to the generalized Cartan matrix A.

Let g=g(A) be the Kac-Moody Lie algebra associated to A as in [KK90, §1].
So that h is the Cartan subalgebra of g and there is the root space decomposition

g= h⊕
∑

α∈Δ+

(gα⊕g−α), gα = {x∈ g | [h, x] =α(h)x, ∀h∈ h},

where Δ+={α∈
∑l

i=1 Z+αi |α �=0 and gα �=0} is called the set of positive roots. De-
fine Δ−=−Δ+ and call it the set of negative roots. Define Δ=Δ+∪Δ− and call it
the set of roots. The roots {αi}1≤i≤l are called the simple roots and the elements
hi, 1≤i≤l are called the simple coroots.

Associated to (g, h) there is the Weyl group W⊂Aut(h∗), generated by the
simple reflections si, 1≤i≤l, where

si(λ)=λ−λ(hi)αi, λ∈ h∗.

Group W is the Coxeter group on generators si, 1≤i≤l. For i �=j, the order mij

of sisj equals to 2, 3, 4, 6,∞ when aijaji is 0, 1, 2, 3,≥4, respectively. We denote by
≤ the Bruhat order on W and by �:W→Z+ the length function. The Weyl group
preserves Δ.

Define the subset of real roots to be

Φ := {w(αi) |w∈W, αi ∈Π}.

For any α=w(αi)∈Φ, the associated the reflection is sα=wsiw
−1. Set Φ+=Δ+∩Φ

and Φ−=Δ−∩Φ.
For any Θ⊂Π let WΘ be the subgroup of W generated by {si}αi∈Θ. Let

WΘ denote the subset of minimal left coset representatives of W/WΘ (each coset
contains a unique such representative).

As in [KK90, (1.2)] we fix an integral lattice hZ⊂h satisfying
• hi∈hZ for all 1≤i≤l,
• hZ/

∑l
i=1 Zhi is torsion free, and

• h∗Z :=HomZ(hZ,Z) contains Π.
We call h∗Z the weight lattice. It is W -stable by definition. We choose funda-

mental weights ωi∈h∗Z, 1≤i≤l satisfying ωi(hj)=δi,j for all 1≤i, j≤l. Note that if
rkA=l, then the ωi’s are uniquely determined.

6.2. Localization

Following [KK90, (1.3)] let G be a Kac-Moody group, let PΘ be a parabolic
subgroup containing the Borel subgroup B and the compact maximal torus T , and
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let G/PΘ be the associated Kac-Moody flag variety. We now recall computations
for both the T -equivariant Chow group and the equivariant K-theory of G/PΘ with
coefficients in a commutative ring R.

Set Λ to be the character group of T . Note that Φ⊂Λ⊂h∗Z. Assume that Λ is
a formal Demazure lattice in the sense of [Le16, Definition 3.1], i.e., every simple
root of Π can be extended to a Z-basis of Λ. We refer to [Le16, §3] for properties
and examples of Demazure lattices.

Set S=Z[Λ]. Consider the left S-module SW =S⊗RR[W ]. Each element of
SW can be written as an S-linear combination

∑
w∈W qwδw, where {δw}w∈W is

the standard basis and qw∈S are coefficients. The twisted commuting relation
w(q)δw=δwq, q∈S induces a multiplication on SW , hence, turning it into the twisted
group algebra of [KK90, (2.1)].

Consider the localizations Q=S[ 1
xα

, α∈Φ+] and QW =Q⊗RR[W ]. Let Y be
the R-subalgebra of QW generated by elements of S⊂QW and by the push-pull
elements

yi = 1
x−αi

+ 1
xαi

δsi ∈QW ,

for all simple roots αi∈Π and the corresponding reflections si. Given w∈W and
its reduced word w=si1si2 ...sim we set yw=yi1 ...yim in QW (see [KK90, (2.4)]).
According to [KK90, (2.9)] the elements {yw}w form an S-basis of the algebra Y .

Let Ψ be the S-linear dual of Y and let ω denote the Q-linear dual of QW . Then
Ψ is an S-subalgebra of ω (see [KK90, Proposition 2.20]) which can be identified
with the T -equivariant K-theory KT (G/B) by [KK90, Theorem 3.13]. Moreover,
the parabolic analogue of this result [KK90, Corollary 3.20] says that the invariant
subring ΨΘ (under the Hecke action by WΘ) can be identified with KT (G/PΘ).

6.3. The forgetful map

We now explain the construction of the forgetful map in the context of local-
ization. We assume for simplicity Θ=∅.

Consider the QW action on Q defined by(∑
w

qwδw

)
·q′ =

∑
w

qww(q′).

Using this action one identifies the algebra Y with its image in EndR(S). Then
composing with the augmentation ε : S→R one obtains the map Y →HomR(S,R)

d=
∑
w

qwδw =
{
s 
−→

∑
w

qww(s)
}


−→ εd=
{
s 
−→ ε

(∑
w

qww(s)
)}

.

The image of this map is denoted εY .
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Consider g∈Ψ=HomS(Y, S). It can be described as follows: if we write g=
(sw)w, then g : d=

∑
w qwδw 
→

∑
w qwsw∈S.

We define the forgetful map ρ : Ψ→εΨ=HomR(εY,R) by

g 
−→ {εd 
−→ εg(d)},

where {εd 
→εg(d)}∈εΨ sends{
s 
−→ ε

(∑
w

qww(s)
)}


−→ ε

(∑
w

qwsw

)
.

Let y∗w be the Q-linear dual of yw. The set {y∗w}w forms an S-basis of Ψ. By
definition the forgetful map ρ sends y∗w to εyv 
→ε(y∗w(yv))=δw,v which is the R-dual
of εyw. Hence, it maps

x=
∑
w

swy
∗
w 
−→ ρ(x)=

∑
w

ε(sw)εy∗w,

where {εy∗w}w is the R-basis of εΨ.
Therefore, we can identify εΨ with the quotient Ψ/IΨ=Z⊗SΨ so that ρ turns

into the quotient map by [KK90, Theorem 3.28]

ρ : KT (G/B)−→K(G/B).

As before, this description can be extended to the parabolic situation in which case
we obtain the forgetful map

ρ : KT (G/PΘ)−→K(G/PΘ).

6.4. The equivariant Riemann-Roch type formula

Following to [HHH] we may identify the invariant subring ΨΘ and, hence,
the T -equivariant K-theory KT (G/PΘ), with the structure algebra Zm(G) of the
corresponding (parabolic) moment graph G=G(WΘ), where WΘ is the subset of
minimal left coset representatives of W/WΘ as in Example 2.3. Observe that the
similar identification between the structure algebra Za(G) and the T -equivariant
Chow ring CHT (G/PΘ) is also well-known.

Modulo all these identifications we obtain the following consequences of Propo-
sition 5.1 and Lemma 5.3:

Corollary 6.1. The localized Chern character chi on the structure algebras of

G(WΘ) defines the respective localized Chern character

chi : KT (G/PΘ)−→CH≤i
T (G/PΘ;Q).
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Moreover, it restricts to the usual (non-equivariant) Chern character

c̃hi : K(G/PΘ)−→CH≤i(G/PΘ;Q)

so that there is a commutative diagram

KT (G/PΘ)

chi

��

ρ
�� K(G/PΘ)

c̃hi

��

CH≤i
T (G/PΘ;Q) ρ

�� CH≤i(G/PΘ;Q).

We set ξ to act by elements of W as in Example 3.5. Then by Example 4.12
there is the ξ-fibration G(W )→G(WΘ) which is regular by [CZZ, Lemma 2.2], since
Λ is the Demazure lattice. We have −ξy(β)=−y(β)=vu(−β), where y=vu, v∈WΘ

and u∈WΘ. So

tdξi (G)=
(

exp v

( ∑
β∈ΦΘ

+∩u(ΦΘ
−)

β

)
·

∏
γ∈L[v]

γ
1−e−γ

)
vu

∈CH≤i
T (G/PΘ;Q)

and we obtain the following consequence of Theorem 5.5:

Corollary 6.2. For any z∈KT (G/PΘ) we have

πξ
∗
(
chi(z)·tdξi (G)

)
= chi(πξ

∗(z)).

References
[AGP] Anderson, D., Gonzales, R. and Payne, S., Equivariant Grothendieck-

Riemann-Roch and localization in operational K-theory, Algebra Number
Theory 15 (2021), 341–385.

[Bi99] Billey, S., Kostant polynomials and the cohomology ring for G/B, Duke Math.
J. 96 (1999), 205–224.

[BM01] Braden, T. and MacPherson, R., From moment graphs to intersection coho-
mology, Math. Ann. 321 (2001), 533–551.

[Br04] Brenti, F., The intersection cohomology of Schubert varieties is a combinatorial
invariant, Eur. J. Comb. 25 (2004), 1151–1167.

[Br97] Brion, M., Equivariant Chow groups for torus actions, Transform. Groups 2
(1997), 225–267.

[CZZ] Calmès, B., Zainoulline, K. and Zhong, C., Formal affine Demazure and
Hecke algebras of Kac-Moody root systems, Algebr. Represent. Theory 23
(2020), 1031–1050.

[CS09] Cap, A. and Slovak, J., Parabolic Geometries I: Background and General The-
ory, Mathematical Surveys and Monographs 154, American Math. Soc.,
2009.



A Riemann-Roch type theorem for twisted fibrations of moment graphs 383

[CS74] Chang, T. and Skjelbred, T., The topological Schur lemma and related results,
Ann. Math. 100 (1974), 307–321.

[DLZ] Devyatov, R., Lanini, M. and Zaynullin, K., Oriented cohomology sheaves on
double moment graphs, Doc. Math. 24 (2019), 563–608.

[EG00] Edidin, D. and Graham, W., Riemann-Roch for equivariant Chow groups, Duke
Math. J. 102 (2000), 567–594.

[EG98] Edidin, D. and Graham, W., Equivariant intersection theory, Invent. Math. 131
(1998), 595–634.

[Fi08] Fiebig, P., The combinatorics of Coxeter categories, Trans. Am. Math. Soc. 360
(2008), 4211–4233.

[Fi16] Fiebig, P., Moment graphs in representation theory and geometry, in Schubert
calculus (Osaka 2012), Advanced Studies in Pure Mathematics 71, pp.
75–96, 2016.

[FW14] Fiebig, P. and Williamson, G., Parity sheaves, moment graphs and the
p-smooth locus of Schubert varieties, Ann. Inst. Fourier 64 (2014), 489–
536.

[GR13] Ganter, N. and Ram, A., Generalized Schubert Calculus, J. Ramanujan Math.
Soc. 28A (2013), 1–42.

[GKM] Goresky, M., Kottwitz, R. and MacPherson, R., Equivariant cohomology,
Koszul duality, and the localization theorem, Invent. Math. 131 (1998),
25–83.

[GHZ] Guillemin, V., Holm, T. and Zara, C., GKM description of the equivariant
cohomology ring of a homogeneous space, J. Algebraic Comb. 23 (2006),
21–41.

[Hu90] Humphreys, J., Reflection groups and Coxeter groups, Cambridge studies in Ad-
vanced Math. 29, Cambridge University Press, Cambridge, 1990.

[Ka90] Kac, V., Infinite-dimensional Lie algebras, 3rd. ed., Cambridge University Press,
Cambridge, 1990, xxii+400 pp.

[KK90] Kostant, B. and Kumar, S., T -equivariant K-theory of generalized flag vari-
eties, J. Differ. Geom. 32 (1990), 549–603.

[KK86] Kostant, B. and Kumar, S., The nil Hecke ring and cohomology of G/P for a
Kac-Moody group G∗, Adv. Math. 62 (1986), 187–237.

[Ku02] Kumar, S., Kac-Moody groups, their flag varieties and representation theory,
Progress in Mathematics 204, Birkhäuser, Boston, 2002.

[HHH] Harada, M., Henriques, A. and Holm, T., Computation of generalized equiv-
ariant cohomologies of Kac-Moody flag varieties, Adv. Math. 197 (2005),
198–221.

[La12] Lanini, M., Kazhdan-Lusztig combinatorics in the moment graph setting, J.
Algebra 370 (2012), 152–170.

[La15] Lanini, M., On the stable moment graph of an affine Kac-Moody algebra, Trans.
Am. Math. Soc. 367 (2015), 4111–4156.

[LZ19] Lanini, M. and Zainoulline, K., Twisted quadratic foldings of root systems,
Algebra Anal. 33 (2021), 93–118.

[Le16] Leclerc, M.-A., The hyperbolic formal affine Demazure algebra, Algebr. Repre-
sent. Theory 19 (2015), 1043–1057.

[Pa04] Panin, I., Riemann-Roch theorem for oriented cohomology. Axiomatic, enriched



384
A Riemann-Roch type theorem for twisted fibrations of moment graphs

Martina Lanini and Kirill Zainoulline:

and motivic homotopy theory, in NATO Sci. Ser. II Math. Phys. Chem.
131, pp. 261–333, Kluwer Academic, Dordrecht, 2004.

[Ro03] Rosu, I., Equivariant K-theory and equivariant cohomology with an appendix by
I. Rosu and A. Knutson, Math. Z. 243 (2003), 423–448.

[To99] Totaro, B., The Chow ring of a classifying space, in Algebraic K-theory, Proc.
Sympos. Pure Math. 67, Seattle, WA, 1997, pp. 249–281, Am. Math. Soc.,
Providence, 1999.

[Ty08] Tymoczko, J., Permutation Representations on Schubert Varieties, Am. J. Math.
130 (2008), 1171–1194.

[Za20] Zainoulline, K., Localized operations on T-equivariant oriented cohomology of
projective homogeneous varieties, J. Pure Appl. Algebra 226 (2022).

Martina Lanini
Dipartimento di Matematica
University of Rome Tor Vergata
Via della Ricerca Scientifica 1
Rome IT-00133
Italy
lanini@mat.uniroma2.it
https://sites.google.com/site/marti-
nalanini5/home

Kirill Zainoulline
Department of Mathematics and Statistics
University of Ottawa
150 Louis-Pasteur
Ottawa, ON, K1N 6N5
Canada
kirill@uottawa.ca
http://mysite.science.uottawa.ca/kza-
ynull/

Received March 28, 2021
in revised form April 22, 2021

mailto:lanini@mat.uniroma2.it
https://sites.google.com/site/martinalanini5/home
mailto:kirill@uottawa.ca
http://mysite.science.uottawa.ca/kzaynull/

	1 Introduction
	2 Moment graphs and their quotients
	2.1 Definitions and examples
	2.2 Moment graph morphisms
	2.3 Quotient graphs

	3 Structure algebras of moment graphs
	3.1 Two filtrations
	3.2 Structure algebras and characteristic maps
	3.3 Pull-backs

	4 Push-forwards on structure algebras
	4.1 Fibrations
	4.2 Fibres and monodromy
	4.3 Push-forwards

	5 The Chern character and the Riemann-Roch theorem
	5.1 Truncated Chern character
	5.2 Forgetful, characteristic maps and pull-backs
	5.3 The Riemann-Roch type theorem

	6 The case of Kac-Moody flag varieties
	6.1 Preliminaries and notation
	6.2 Localization
	6.3 The forgetful map
	6.4 The equivariant Riemann-Roch type formula

	References

