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On families between the Hardy-Littlewood and
spherical maximal functions

Georgios Dosidis and Loukas Grafakos

Abstract. We study a family of maximal operators that provides a continuous link con-
necting the Hardy-Littlewood maximal function to the spherical maximal function. Our theorems
are proved in the multilinear setting but may contain new results even in the linear case. For this
family of operators we obtain bounds between Lebesgue spaces in the optimal range of exponents.

Introduction

Spherical averages arise naturally in PDE but L?P bounds for maximal spherical
averages were first obtained by Stein [24], who showed that the spherical maximal
function

0 S(a)i=sup —— [ | fw=t0)|do,1(0)

is bounded from LP(R™) to LP(R™) when p>—"+ and n>3 and is unbounded when
p<;"7 and n>2. The positive direction of this result was later extended to the case
n=2 by Bourgain [4]. Here do,_; is the canonical surface measure on the sphere
and w,_1 is the measure of the entire unit sphere. A number of other authors have
also studied the spherical maximal function; see for instance [6], [7], [20] and [23].
Extensions of the spherical maximal function to different settings have also been
considered; see [5], [9], [14] and [19].

The boundedness of the maximal operator S in [24] was obtain via the auxiliary
family of operators

2) Salf)(x) =sup 2

t>0 wnle(%vl_a)

| 1f@-tla-lP) e dy,
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defined originally for Schwartz functions, where 0<a<1. Here B™ is the unit ball
in R, B is the beta function defined by B(a:,y):fo1 t*=t(1—t)y~tdt for x,y>0.
For each 0<a<1, Stein obtained boundedness for the operator S, from LP to
itself in the optimal range of exponents: p>_"—, when n>3. This was extended
to the case n=2 indirectly in [4] and more explicitly in [20]. In [16] the authors
obtained boundedness results for maximal operators associated to a more general
set of measures that includes the family S,.

Recall another classical averaging operator, the Hardy-Littlewood maximal
function )

M(f)(x)=sup— | [f(z—ty)|dy.
t>0 Un Jpn

Here f is a locally integrable function on R™ and v, is the volume of B".

The relationship between the aforementioned operators is as follows: The fam-
ily S, provides a continuous link that connects M to S in the following explicit
way: For any feL} (R") and any x€R"™ we have

M(f)(@) < Salf)(2) < S(f) (@)
Tim Sa(f)(@) =S(£)(@)

lim So,(f)(z) = M(f)(x).

a—0

loc

These assertions are contained in Theorem 2 and are proved in the next section.

In this paper, we denote by do,_; the surface measure on unit sphere S*~!
in R*, v, the measure of the unit ball in R* and w,,_;=do,,_1(S*7!) is the total
measure of S*1. Recall that v, =w,_, for any integer »>2. We also use the
notation B* for the unit ball in R* and RB* for the ball of radius R>0 centered
at the origin in R*. The space of Schwartz functions on R” is denoted by S(R*).

Our purpose is to study multilinear versions of S, S, and of M. We define a
multi(sub)linear maximal operator as follows:

(3) M (1, s fin) () = Sup —— H | fi(w—ty,)| dyi...dym.

t>0 Umn mn
The uncentered version of this maximal operator first appeared in the work of
Lerner, Ombrosi, Perez, Torres, Trujillo-Gonzalez [18] with the unit cube in place
of the unit ball. Next, we introduce the family of operators

2/wmn_1 / m dy
4 So'(f1s s fm = B(mm 5 i@ =ty 7’
@ S )@ = g gy ) et = g

defined initially for functions f; €S(R™) and 0<a<1. This is a multilinear extension
of the operator S,=5. introduced in (2).
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We recall the definition of the multilinear spherical maximal operator

/ H|f1x 10,)] domn—1 (01, ..., Om),

i=1

(5)  S"(f1sw fr) (@) =sup
t>0 Wmn—1
given also for functions f; €S(R™). When m=1, S™ reduces to S in (1). The bilinear
analogue of Stein’s spherical maximal function (when m = 2) was first introduced
in [10] by Geba, Greenleaf, Iosevich, Palsson, and Sawyer who obtained the first
bounds for it but later improved bounds were provided by [3], [12], [15] and [17].
A multilinear (non-maximal) version of this operator when all input functions lie
in the same space LP(R) was previously studied by Oberlin [21]. The authors in [3]
provided an example that shows that the bilinear spherical maximal function is not
> 5. Last year Jeong and Lee in [17] proved that the bilinear
maximal function is pointwise bounded by the product of the linear spherical max-
imal function and the Hardy-Littlewood maximal function, which helped them es-
tablish boundedness in the optimal open set of exponents, along with some endpoint
estimates. These results were extended to the multilinear setting in [8]. Recently
certain analogous bounds have been obtained by Anderson and Palsson in [1] and
[2] concerning a discrete version of the multilinear spherical maximal function.
We would like to extend the definitions of the operators in (4) and (5) to
functions in f; in Li,(R™). Fix f; in L}, .(R™) and x€R™; then

loc

m

(6) b B(t) = = / TT 16— t0)] domn—1 (01, -, Orm)

mn—1 °
S i=1

is integrable over any interval [0, L], which implies that the integrals in (5) are finite
for almost all t>0. Likewise, if F' is as in (6) and t€(0, L), then

T f (et dy [t F(tr) dr 1 L F(s)ds
(7) /m” H|f1(x tyl)|(1_|y|2)a _/0 (1—7'2)0‘ tmn71 S tmnia/o (t—S)a,

i=1

and the last integral is the convolution (evaluated at t) of the L' functions Fxo,1]
and s™%x(o,z) on the real line, hence it is finite a.e. on (0, L). We conclude that
the integral in (4) is finite for almost all t>0 for f;€L}, (R") and z€R".

Now, one cannot properly define the supremum of a family {A:}i~o (4:>0)
which satisfies A;<oo for almost all £>0. But it is possible to define the essential
supremum of {A;}+~o, which is practically the supremum restricted over the subset
of (0,00) on which A;<oco. So to extend the definitions of the operators in (5)
and (4) to functions f;€L} .(R™) for any z€R" by replacing the supremum in
these expressions by the essential supremum ess.sup. However, this adjustment

is not needed when f;€LPi(R") with >

1 < mn—a

) , since, in that case, the
p p
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corresponding averages vary continuously in ¢. See Corollary 5 below. Based on
this discussion we provide the following definition.

Definition 1. Let t>0, f;eL}, .(R™) for 1<i<m, and x€R™. We define

2/ d
() ST i) @) = it /mnﬂfﬂtylwyma

B(mn/2,1—a)

and
Q SE (s i) (@) = 559D ST (1 il o ) 2)

for 0<a<1. We also define

(10) m (fl,. . fm)(;L') = wmi’_l /Smn71 Z];[1 fi(w—tei) damn,l(é‘l, ...,Hm)
and
(11) Sm(fh---’fm)(ﬂd“)Zesifélpsﬂ(lfﬂ’---a | fm]) ().

In this paper we prove the following results:

Theorem 2. Let 0<a<l. Given f;€L;, (R") and x€R" we have

(12) M™(f1, oo fin) (@) < ST (f1s ooy fin) (@) < ST (f1y oy frn) ()
(13) T S (e f) () = 5™ (1 s i) (@)
(14 T S (i fon) (@) = M7 (s o) (@)

These statements are valid even when some of the preceding expressions equal oo.

As M™ is pointwise controlled by the product of the Hardy-Littlewood opera-
tors acting on each function, this operator is bounded from LP*(R™)x ... xLPm(R™)
to LP(R™) in the full range of exponents 1 <p1, ..., p <oco and 1/p1+...4+1/pm=1/p.
Boundedness for S™ holds in the smaller region n/(mn—1)<p<oc as shown in [8].
So it is expected that S7' are bounded in some intermediate regions. This is the
content of the following result.

Theorem 3. Letn>2, 0<a<1, and 1<p;<oco. Definep by > -
there is a constant C=C(m,a,p1,...,pm) such that

1 . Then
i= p

m

(15) ST (f1y woos ) Lo @ny < C T T I fill o cremy

i=1

for all f;e LPi(R™) if and only if

<p<oo.
mn—ao



On families between the Hardy-Littlewood and spherical maximal functions 327

1/p2 A
(0,1)
(";1 )
1/101
(0,0) (1,0)

Figure 1. Range of LP! x LP2 — [P boundedness of Sg when 0<a< 1 and n>2. The bilinear
spherical maximal function is bounded below the black dotted line, while the bilinear Hardy-
Littlewood maximal function is bounded on the entire square.

Moreover, if (15) holds, then the constant C' can be chosen to be independent of the
dimension (as indicated by the parameters on which it is claimed to depend).

We graph the range of boundedness for the bilinear operator S2.

Remark 4. As a consequence, we obtain dimensionless LP* x...x LPm— P
bounds for the multilinear mazimal function M™ for all %<p§ 00; this extents the
result of Stein and Stromberg [26] to the multilinear setting.

The estimates in (15) imply that when f;€LPi(R") with Y7, o —%<%,

then for almost all z€R", SI',(f1, ..., fm)(x) are finite uniformly in ¢>0.
Corollary 5. Let 0<a<1 and suppose that for all 1<i<m, f;€LPi(R™) where
1<p;<oco satisfy > v, p%:%<%. Then for almost every x in R™, the function
t=> ST (f1y s fim) () s well defined and continuous in t€(0,00). Therefore in Defi-
nition 1, for almost all t€R™, we can replace the essential supremum by a supremum

in both (9) and (11).

Corollary 6. Let O<a< 1 and suppose that for all 1<i<m, f;€ L}’ (R™) where

1<p;<oco satisfy > i, o —%<W. Then for almost every x€R™,

(16) W S (frs s fn) (@) = f1(@)- fon ().

Parts of Theorem 2 may be new even when m=1. Theorem 3 is only new when
m>2 as the case m=1 was considered in [24]. The proofs of these theorems can be
suitably adapted to the measures

q dy
B(mn/q,1-a) (1-|g]9)~
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for any ¢>0 in lieu of
2 dy

B(%, 1—a) (1= [7[*)~

in (4). To simplify the notation in our proofs, we adopt the following conventions:

g_(ylv' ;ym) (Rn)m [f]_(f17 afm)

dj=dy...dyn (F19--® fon) ()= F1 (50)---Fon (9m)
9:(917"'30771)68"1"71 ®f_)*fl®®fm
T=(z,...,z)e(R")™ ®f 1=1/1]®...®| fml

times

Two main ideas are used in the proof of Theorem 2; integration by parts and
the fundamental theorem of calculus, both with respect to the radial coordinate.
Theorem 3 is based on a slicing formula that allows us to control S7* by the product
of the Hardy-Littlewood maximal operators acting on m—1 input functions and of
Se (defined in (2)) acting on the remaining function. This gives estimates near the
vertices of the region on which boundedness is claimed, while the remaining bounds
are obtained by multilinear interpolation.

The proof of Theorem 2

Before we discuss the proof of Theorem 2 we note that when a=0, equality
holds in the first inequality in (12), since

Wmn—lB (@ 1) _ Wmn—1 l
2 27 2 mn

That is, M™[f](z)=S2[f](x). In fact (12) is valid even when a=0, since

=Umn-

M™(f)(x) = 53" (x) = sup

t>0 Umn

1 .
<— sup/ &f (ZF—t'6) dopm—1(6)r™ " dr
Um 0 t'>0 mn—1

// &f (T—tr0) dopp—_1(0)r™ " dr
§mn—1

=mn Sm[f](x)/o rmnt gy
=5"[f](@).

Proof of Theorem 2. First we show that for any 0<a<1 we have S™[f](z)<
S™[f1(x) for any x€R™. Indeed, we have

1 2 -
mn €ss.sup Qf (T—t7)(1—|712) "> di
B Ty S [ e ) g
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! 2 / il [ ef\=rif) don 2 (0)a
ess.su T—r O rn— r
T Wmn—1 B(%,l—a) 0 (1—’/‘2>D‘ t>0p gmn—1 net

1 2 1 ,r.mn—l . . .
< dr ess.su/ QFf (T—t'0) do(0
Pr— B(%,loo(/o (1—r7)e ) ssup | lE=t0)do(8)
=S"[f](),

as the r integral in the parenthesis is equal to %B(%, 1—a). This concludes the
proof of the second inequality in (12).

Next we prove the first inequality in (12). That is, for a fixed x€R"™ and 0<a<
1, we show that M™[f](x)<S™[f](x). If for some z€R™ we had M™[f](x)=0o0,
we would also have that S™[f](x)=0c as (1—|7|2)~*>1 when |7|<1. So we may
assume that M™[f](z)<oo in the calculation below. For fixed t>0 we define

my=[Cam ([ eiiEsyao@) ds= [ i)

for r>0. As each f; is locally integrable, the integral on the right converges abso-
lutely, and thus the expressions in the parentheses are finite for almost all s>0 and
moreover, the s-integral converges absolutely. Thus Hy(r) is the integral from 0 to
r of an L' function. Then, the Lebesgue differentiation theorem gives

d . L
& H(r) = H{(r) =™ 1/ ©F |(F—tr8) do(§) for almost all > 0.
Smn—l

Moreover, for any r>0 we have

Hy (1) = M™[f)(x) < o0

ess.sup ———— H(r) = ess.sup H,(1) =ess.sup
t>0 UmnT t>0 Umn >0 Umn

where in the last equality we replaced the essential supremum by the supremum,
using the continuity of the function

t'_>M1;m(flv 7fm

Umn

/ H|fz :E tyz ‘dyl dyma

for any f;€L} .(R™), which can be obtained by an application of the Lebesgue
dominated convergence theorem. Let

2
Cmn,a = Wmn—lB(%; 17@).
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For any 0<b<1 we write

Se[f (=)
b 1
> ess. mn,a | H{(r) m—pa d
_esi>s(}1pc , / +(r) (1—r2) 4
=ess.sup ¢ Hy( / Hy( o dr
oS emna | H0) 7 b2 =
S os8.SUD H(b)#_/ Mm[f](lj&’u AL PN
> t->0p mn,o t (17b2 a (177’2)a+1 e
- . Umn Mm —2ar mn g
= o [f] 1 b2 )a+1 1 2yarl UmnT T

mr P pmn b —9 .
:cmn,aM [f](x)vmn [(1—b2)a _A (1_71;;7;_’_17‘ d’l"|
. b
= Cmn.a M [f 1(2)Vmn [mn/ (1_T2)*armn—1 dr] ’
0

where all the previous steps make use of the assumption that M™] f J(z)<oo. Let-
ting b— 1~ we obtain the first inequality in (12). So we established both inequalities
in (12) for f;eL} (R™).

Our next goal is to show that

(17) lim S [f](x) = 5™ [f](x).

a—1-

where lim denotes the limit inferior. Let us fix f; in L}, (R") and z€R". We define

Gf(t):/Smn_l f |(T—0) doyn—1(0).

We observed earlier that for any L<oo we have

(G (1) di < / iy dys < 00
/o H (Jz|+1)B"

thus G 7(t)<oco for almost all £>0. So let us fix a ¢>0 for which G 7(t)<oo. For
this ¢ we will show that
1 2T7nn—1(1_r2)—a

(18) Jim [ G0 gy dr =G ()
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Once (18) is shown, we deduce

Qpmn— 1(1 ’I“) [eY
(%alfa)

li_msup/G (rt")

L S dr > Gf-‘(t)

a—1—t'>0
and taking the supremum on the right over all #>0 for which G 7 (t) <o, yields (17).
Notice that the supremum over these t’s is the essential supremum which appears
in the definition of this operator.

To prove (18), it will suffice to show that

1 2rmn71(1_r2)7o¢
19 li G(rt)—G#(t dr=0.
(19) Jim [ (G- B e
For smooth functions with compact support ¢; we have
1 —1 2y—
. 2= (1—r2) ™
2 | z(rt)—Ggz(t dr=
(20) Jm [ 165016 (0] L dr =0
as
H wi(z—rth;) H wi(z—16;) ‘ ‘ngi(:c—rtﬁi)—n%(x—té)i) <Ct(l-r)
i=1 i=1 1 i=1

and this factor cancels the singularity of (1—r2)~% while lim,_,;- B, 1-a)=
+00.

Let us suppose that 0<e<1 is given. For our given f;€L}, .(R™), fixed ¢>0,
and z€R", we pick ¢; smooth functions with compact support such that

1fi=@ill L1 (2 41)(of+1)8m) <€
This implies that

(21) Hf1®"'®fm_<p1®"'®<pm”Ll((%+1)(|r\+1)3m") < 0/87
where
(22) = 11 (HfJ”Ll T+ (\x|+1>IB")+1>
i=11<j<m
i#i

using the identity (valid for complex numbers a;, b;)
(23) alag...am—blbg Z b1 i —b; )ai+1...am

In view of (20), the proof of (19) will be a consequence of the estimate:

2rmn—1(1_r2)—a

1
(24) /O|Q(ﬁ¢>‘,tnt)\ B 1 a) dr <C"¢
2
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where
QUf,@,tr,t)= (G (rt) =G (1)) - (Gz (rt) =Gz (1))

Notice that this function is integrable in r over [0, 1]. Thus the fundamental theorem
of calculus applies, in the sense that ’I“KQ(f G, tr, t)= for sKQ( f P, ts,t) ds for
almost all 7 in [0, 1]. (K here is a fixed positive power. )

For any 0<b<1 we have

b . 2rmn—l(1_r2)—a
|l gm0

— b d " mn—1 g 2(177'2)70‘
_/0 a/0 QU vt O] ds iy s

oo 2(1-b?)~"
o mn—1 Srmn 14\
(/0 5 IQ(f,%tSvtﬂds) B(™ 1—q)

o 2(-20m)(1—r?)
mn—1
_/0 (/0 s |Q(f7w»t8»t)|d5> B(™2 1—-q) ar

1 . r 2\ —a b _22y—a-1
S'm,n—1|c2(f7¢>7 t87t)’ dS) (}nnbl) a) _/0 2( 2304(7271(”1 17“0)[) dr
2

<(/
/Olsm"—l\Q(ﬁa,ts,t)yds) / B, 1 :d]
/Osm"*1|Qf<ﬁ st|ds) / an . Z d]

1
< [ e s o) s,
0

as (1—a)B(mn,1—a) is bounded from below by some constant C’(mn). It remains

to show that the integral
1 —
/ sm"71|Q(f,<ﬁ7 ts,t)| ds
0

is bounded by a constant multiple of . But this integral is controlled by
/ Hfi(xftyi) *’H%(zftyi)

=1 i=1

m m
—I-/’ 11 fiz—w) —‘ [eitz—w)

=1 i=1

&

&



On families between the Hardy-Littlewood and spherical maximal functions 333
which, in turn, is bounded by

| Hfzx i)~ [T ta—tuo)| g+ | Hfzx v~ [ wita—:)| d7
i=1 i=1

Then using (23) we obtain that the preceding expression is bounded by 2C’e, where
(' is as in (22). This proves (24), which as observed earlier, implies (17).

Finally, we prove (14). To do this, in view of (12), we fix  in R™ and f; in

L}, (R™). It will suffice to show that
(25) lim Sy'(f](z) < M™(f)(@).
a—0+t

For ¢t>0 we set

2

K. (o) =
(@) W 1B(ZE 1—a)

[ Tila—ta-1g2) ag.

Since we are taking the limit as a—0" we may consider a<1/2. By the triangle
inequality, for 0<a<1/2 we have

(26) Ki(a) < Ky(0)+|Ki(a)— K (0)| < Ky (0)+a  sup  |K,(B)],
0<B<1/2

where we denoted by K}(8) the derivative of K; with respect to 3. Let us tem-
porarily assume that f; are bounded functions. Fix 0<8<1/2. We write

2/wmn—l

B (7 1-p)"

[Ki(8)|=

B(%51-8) [ fefi@=t)(1n 1—7179) (1—C|Z§|2>B

(558 (521-9)) [ eile-ma-lgp
MLl ot () o
AL ("o (1 am o) o (51-5)
<[ et () a
(n})a-9% s

1 J
- 2
2
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where we used that 0<3<1/2 and that

‘%B(—l ﬁ)‘ /01 (1n1)(1 5) 2”1d5</0155(1n§)(1_3)7%"

Taking the essential supremum in (26) with respect to t>0, we conclude for
a<1/2 that

SPF(@) < M™[f)(@)+aCh,,,
Therefore for every z€R"™ we obtain
Tm S™[F(z) < M™[f](x),
a—0t

under the assumption that f; are bounded functions. We now remove this assump-
tion on the f;. Given f; in Lj,,(R™), define fF=f;x|s <k, k=1,2,3,.... Then

loc

I < <Al

|fE11]fi] as k— o0, and the functions fF are bounded. Let [f—’“'}:(f{“7 ey fE). For
each k=1,2,3,... and each t>0 the monotonicity of S' in each variable and the
preceding argument for bounded functions give

o 2wt i dy
lim S™ > Tim S™[f* >$—1/ k(e —ty;)| ——e—.
g, 21702 Ty sV 2 i ), TN el s
Ignoring the middle term and letting k— 00 we obtain

T, S2171(0) > i | mﬂm e

a0+ m” ,1—a) ly|?)

via the Lebesgue monotone convergence theorem. Taking the essential supremum
over all >0 yields inequality (25), and thus concludes the proof of (14). O

The proof of Theorem 3

Proof of Theorem 3. For any 0<a <1, we prove that the estimate

(27) Sa (1o fn) (2) < Sa(fi) (@) [T M (fi) (@)

i£k
is valid for all f;€ L}, .(R™) and all z€R™, where S, is defined in (2) and M is the
Hardy-Littlewood maximal operator on R™. For any fixed t>0, we set

e (v )@ =G [ T Ua=t)( 1) dy
=1

where ¢n,a=2/(Wmn—1B(mn/2,1-a)).
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For y' €R"™ we set

y:(y17"'7ym) and yk:(y 7"'Jy 7y AR

Then for a fixed k€{1,2,...,m} we have

Cmna (fh' 7fm)(x)

-/ H o=ty (1= lyl?) dy

dy" dg"*

i t

/IBW R /w " %wg‘f ) ( ‘ 1-[g* IZ‘ )
) 1— 2

:/M,,LWH'fi“—tyz)'/ﬁ,!fk@—tw—lﬂkl%’“)l%d“’“ '

d'\k:
/ [T 1@ty ess. sup/ | fi(—tu®) | (1= *) = du k%
Bom-vn L (I-gk[2)*=
dg*
<col RN
<c, LS sup/B(m oo H |fi(z—ty") Z[FR) %

with ¢, =2/(wn—1B(n/2,1—q)).

Next, we use the following fact concerning multilinear approximate identities:
Suppose that ¢:R**—C has an integrable radially decreasing majorant ®, and let
o (§)=t=""p(y/t). If x denotes convolution on R*™, then the estimate

28) sup (@ #4(2)| < @] 1) M ]2

is valid for all locally integrable functions f; on R", j=1,...,5. This follows by
applying [11, Corollary 2.12] to the function (z1,...,2,)—&f(x1,...,z,) on R*"
and using that the »n-dimensional Hardy-Littlewood maximal function of ® f at

the point (z, ..., z)€(R™)* equals M™[f](x).
Returnmg to the previous calculation, for §* € R(™~1" we consider the function
d(F)=(1—9*|2 ) . Using that n>2 (hence n/2—«a>0), we calculate that
_ Wim—1)n—1 (m—1)n n
||¢||L1(R(mfl)n)— 5 B ( 5 ,54—1—& .
Using (28) for »s=m—1, we can see that
d@kz m—17 £k
sup H |fi(z—ty’) W <N @llLreny M™ 2 [f7) (),
£>0 JBOn-1n Ty (I—[gF2)2
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£ . n/2
where [f¥]=(f1, .., fu—1, fer1, fm). Using the well known fact that w, ;=25

T(n/2)
and the identity B(a,b)= Fr(zla)ig)v

one can verify that

Cmn,a o0l =1.

Thus we conclude that

Sate(f1s s fin) (@) < Sa(fi) (@) M™ ¥ ().

Taking the essential supremum of S, (f1, ..., fm)(x) over >0 yields

(29) St (f1ywees Fn) (@) < Sa(fi) (2) M [f¥] ().
Since (29) holds for a=0, we have that
MZFT< M(fu) @) M ).

Therefore, consecutive applications of (29) conclude the proof of (27).

We now turn to the boundedness of S, when m=1. It was shown in [24] that
S, is bounded on LP for #< p<oo when n>3. We remark that this result also
holds when n=2. We now provide a sketch of a proof valid in all dimensions n>2.
To do this, for feS(R™), we express S, f as a maximal multiplier operator

)

Rn jtg| =~

using the identity in [11, Appendix B.5]. To derive this we use the Bochner-Riesz
multiplier (1—|z|?)~® with a negative exponent, viewed as a kernel. Then the
Fourier transform expression for (1—|z|?)* when Re 2>0 is also valid for Rez>—1
by analytic continuation. Notice that in this range of z, the kernel remains locally
integrable. Using properties of Bessel functions, the multiplier

J% —a (27T|§|)
IS
is a smooth function which satisfies for all multi-indices -y

Cus

627ri1~§ dé-

2% T(l-a)
Saf(x) N Wn—1 B(%7 1—04) il>110)

ma(§) =

|07 ma (8| <
and the exponent a:"THfa is strictly bigger than % (since n>2 and a<1). Then
the hypotheses of [22, Theorem B] apply and we obtain that S, is bounded on
LP(R™) (when restricted to Schwartz functions) for

< 2n _n
n+2a—1 n—a

p
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(In [22, Theorem B] there is an upper restriction on p, but as S, is bounded on L>
this does not apply here.) Then S, extends to general feLP(R") for p>_"— by
density, and this extension coincides with that given in Definition 1.

We now use (27) to obtain that

(30) 1Sa (f1y s )l Lo(mn) < C H | fill Lo: (my

i=1

for all f;€LP!, when 1<p;<oo for i#k and "~ <pp<oo. Here the constant C'=
C(m,a,p1,...,pm) doesn’t depend on the dimension n, since S, (f)(x)<S1(f)(x)
and |[S1(f)(2)||Lrn) <c|| fllrmn) for a constant ¢ independent of n (see [26]).

To describe geometrically the points (1/p1, ..., 1/pm) for which we claim bound-
edness for ST, consider the cube @=[0, 1]™ and let V be the set of all of its vertices
except for the vertex (1,1,...,1). Then |V|=2"—1. We consider the intersection of
() with the half-space H of R™ described by

H={(t1, ., tm): t14..+ty, <™=}
Then QN H has 2™ —1+m vertices, namely the set V' union the m points

(1,0, 1,020 1),

Where mn—o

ranges over the m slots. We claim that S satisfies strong L” bounds
in the interior of QN H. To see this, we interpolate between estimates at the vertices
of QNH. Precisely, the interpolation works as follows: Let W be the vertices of
QNH that do not belong to V and let W’ be a finite union of open balls centered
at the points of W intersected with QNH. We interpolate between points P=
(1/p1y.s 1/pp) in VUW'. If PeV, then we have an estimate LP* x...x LPm to LP
for ST, as at least one coordinate 1/py, is 0 (i.e., pr=00), and we apply (30) for this
k. Now if P lies in W', then there is a k€{1,...,m} such that p,>-"— and p; are
near 1 for all i£k. Using estimate (30) again for this choice of k, we obtain that
ST maps LP' x...x LP™ to LP at this point P. Applying the m-linear version of
the Marcinkiewicz interpolation theorem [13], we deduce the boundedness of S7* in
the interior of QN H. Similar reasoning provides weak type bounds on all the faces
of QNH, except possibly on the H face, on which we don’t know if there are any
bounds at all.

Finally we show the optimality of the range p>_—"—.
tion of S7* on characteristic functions; specifically, let f1=...=f,,,=xg~. Since the

-,

characteristic functions belong in all LP spaces, in the definition of SJ'[f] we can

We consider the ac-
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replace the essential supremum by the supremum (see Corollary 5). Therefore for
|| sufficiently large it is enough to pick t=+/m |z| in order to write the estimate

et o ST(fry o fon) (2 /Hm — V]l (-7 1) di

> / (1-[7%)" d7

(31) =27 (=g~ dy

since

—

T 1
- ]s
vmlz|l T /m |z

= |z—vmlz|y;| <1 forall j=1,..,m.

The point 0, = \/—‘ | lies in the sphere S™"~1. A simple geometric argument gives
that the integral in (31) expressed in polar coordinates gj’zr§ is at least

1 —« —a
/ (177,,)7armn71/ dovm1(8) ;i_z L 27% C(mn) _27°C(m,n)
1- |

§*E\S‘TC‘| — lel—a |x‘mn—1 |I|mn—a

Tel

for some small constants ¢,C' (depending on n and m). We conclude the proof by
noting that the function |2z|=™"" %y ;>100 does not lie in LP(R") for p<— O

mn—a”

We proved Theorem 3 working directly with LPi functions. Alternatively, we
could have worked with a dense family of LP and then extend to LP¢ by density.
There is no ambiguity in this extension, in view of the following proposition.

Proposition 7. Let 0<p1, ..., pm,p<00. Suppose that T is a subadditive op-
erator in each variable(') that satisfies the estimate

(32) IT(frs e f) e S K[ frllzes || fnll Lom

for all functions f; in a dense subspace of LPi. Then T admits a unique bounded
subadditive extension from LP* x...x LP™ to LP with the same bound.

Proof. For any je{1,...,m}, given f;€LPi pick sequences aj,bz, k,1=1,2,3,.

in the given dense subspace of LP/ which converge to f; in LPi. Using the 1dea

(1) this means [T(.... f+g...)|<|T(w. £, )| +T (g, ..)| for all f.g
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proving (23) and the subadditivity of T in each variable we obtain:
T (af,af,....ak)—T(bY, b, ... 0| <

m
ST by 0 = by 0| TS, by bE—al b))

=1

Applying the LP (quasi norm) and hypothesis (32) we deduce

HT(a’f,aQ. ,am) (b bé,...,bin)HLp

(33)
SCpKZ llaf =b5 e T [llafllzes + 1165 e ]
i=1 i
Taking bé—zaé- in (33) we conclude that the sequence {T(a’f,alg,...,aﬁl)};l is

Cauchy in LP and thus it has a limit T(fy,..., fm). This limit does not depend
on the choice of the sequences a¥ converging to f;, as we can choose =k in (33)
and let k—o0. Thus T has a unique extension 7. This extension is also bounded

J
with the same bound and is subadditive by density. [

The proofs of Corollaries 5 and 6

Next we discuss the proof of Corollary 5. The case m=1 of this result is
contained in [25, Chapter XI Section 3.5].

Proof. Tt suffices to prove the assertion for almost all  in a ball NB", as
R"™ is a countable union of NB™ over N=1,2,.... Let us fix such a ball NB".
It will suffice to prove the continuity of ¢+ Sy (f1,..., fm)(x) on (0, R) for every
R>0. Fix such an R>0 as well. Then we may replace each f; by g;=fix(~v+r)B»
as Sa,t(f1, - fm)(®)=50,(g1, s gm)(z) when z€ NB" and 0<t<R. As g; have
compact support and lie in LP¢ they also lie in L9, where ¢; <p; are chosen so that
%—ZT 13, < mn=2. (The purpose of introducing ¢;<p; was to replace all infinite
indices p; by finite ones, as there is no good dense subspace of L*.)

We pick sequences 4,0;? of smooth compactly supported functions with @?—> gj
in L% (R™) (since ¢; <oo) and consider the sequence

eSf.S&Ip ngt(glfgolf, e Gm—@F), m=1,2,3,...
>

By (15) if a<1 (or by [8] if a=1) this sequence converges to zero in L9(R"™), thus
there is a subsequence that converges to zero a.e. This implies that there is a subset
E of R™ of measure zero such that for all x€R™\ E we have

lim HS [7]( )ngft[(pT](x)

k—o0

||L°°((O,oo),dt) =0,
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-

ie., ngthT](x)%Sﬁt [f](x) uniformly in ¢>0. Since Sg”f[cp—k](z) is continuous in ¢,
we conclude that S7';[7](z) is also continuous in ¢, for almost every z€R". [

To prove Corollary 6, we will need a proposition analogous to [11, Theorem
2.1.14]. Let (X,p) and (Y,v) be o finite measure spaces and let 0<p;<oo, j=
1,...,m, and 0<g<oo. Let D; be a dense subspace of LPi (X, u). Suppose that for
all t>0, T} is an m-linear operator defined on LP* (X, 1) X ... x LPm (X, u) with values
in the space of measurable functions defined a.e. on Y. Assume that for all f; € L7,
the function

y'_>T*(f17 7fm)(y) :EEIO) |Tt(f17 ) fm)(y)|

is v-measurable on Y.

Proposition 8. Let 0<p;<oco, 1<i<m, 0<g<oo and T; and Ty as in the
previous discussion. Suppose that there is a constant B such that

(34) ITo(frs s for)llLace < BT Ifillpes

j=1
for all f;€LPi(X, ). Also suppose that for all p;€D;
(35) %LmOTt(gol,...,gpm):T(gpl,...,gom)

exists and is finite v-a.e. Then for all functions f;€LPi(X,u) the limit in (35)
exists and is finite v-a.e., and defines an m-linear operator which uniquely extends
T defined on Dy X ...x D, and which is bounded from LP* x...x LPm to L2 (X).

Proof. Given f;€LPi we define the oscillation of f for y€Y by setting
Of (y) =limsup lim sup |7:[](y) — To[f ] ()|
e—0 6—0
We will show that for all f;€LPi and all 6>0,
(36) v({yeY : Of(y)>6}):0.
Once (36) is established, we obtain that O f(y):O for v-almost all y, which implies

-,

that Ty[f ](y) is Cauchy for v-almost all y, and it therefore converges v-a.e. to some
T[f(y) as t—0. The operator T defined this way on LP*(X)x...x LP»(X) is linear
and extends T given in (35) defined on Dy X...X Dy,.

To approximate O f(y) we use density. Given 0<n<1, we find ¢;€D; such
that || f;—@jllLrs <n, j=1,...,m. Without a loss of generality, we also assume that
llillr: <2||fillzr:. Since T @] —=T[F] v-a.e., it follows that Oz =0 v-a.e. Us-
ing (23), we write

Lf 1 -Ti[7] :ZTt(Sﬁl» s @ity fi— iy fits s fm)

i=1
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and from this we obtain

m

Ofg O¢+Z O(LPI~,~~-7§0i—17fi*§0i’fi+1;~~~,fm) v-a.e.

i=1

Now, for any >0 we have

v({yey : O7(y) >6})

gy({er : ZO(Sﬂl7~--a§9i—17fi_Saivfi+17--<7f7n) >6})
=1

V({yEY : iQT*(gpl,...,<pi_1,fi—<pi,fi+1, s fm) >5}>

i=1

V({Z/EY 22T (@1, vy @im 1y fi =i fi1s oy frm) > %})

IN

&

o
Il
fa

»E%s

©
I
-

m
(2B ) lerllim izl =il

< (2"B% Yor S (TT1A12).

i=1  j#i

fisllgrirll fll o |

Letting n—0, we deduce (36). We conclude that T;[f] is a Cauchy sequence and
hence it converges v-a.e. to some T[f ] which satisfies the claimed assertions. [

We now prove Corollary 6

Proof. Tt suffices to prove the assertion for almost all  in a ball NB", as
R"™ is a countable union of balls. Let us fix a ball NB"”. Then we replace the
given f; in L}, by gi= fiX(n+1)B» since Sa i (f1, -, fm)(%)=Sa,t(g1, -, gm) () When
xe€NB™ and 0<t<1. As g; have compact support and lie in LPi | they also lie in
L% where g;<p; are chosen so that %:ZT 1 ?<W' As ¢;< o0, the space of
smooth functions with compact support is a dense subspace of L%. Now (16) is
easily shown to hold for smooth functions with compact support f;, when 0<a <1,
thus (35) holds with T;=S, ;. Moreover (34) holds by Theorem 3 if a<1 or by
[8] if a=1. By Proposition 8, for t<1, we obtain that for almost all z€ N B" we
have

i 2y (f1soes fin) (@) = 1im ST (91, oy g) (@) = [ T 95(0) = T ] fi(@)
j=1 j=1

thus (16) holds for all g; in L%, in particular for our given f; in LY . O

loc*
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