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Abstract
In this paper, we prove that equation £ =1,

—u, tu f(u)-avu,

—buu 5 =0 js self-adjoint and quasi self-adjoint,

then we construct conservation laws for this equation using its symmetries. We investigate a symmetry classification
of this nonlinear third order partial differential equation, where fis smooth function on v and a, b are arbitrary constans.
We find Three special cases of this equation, using the Lie group method.
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Introduction

A new procedure for constructing conservation laws was developed
by Ibragimov [1]. For Camassa-Holm equation are calculated in studies
of Ibragimov, Khamitova and Valenti [2]. In this paper, we study the
following third-order nonlinear equation

1)

and we show that this equation is self-adjoint and quasi self-adjont.
Therefore we find Lie symmetries and conservation laws. There are three
cases to consider: 1) b # 0, a = arbitrary constant, 2) b =0, a # 0, and
3) b =0, a=0. Clarkson, Mansfield and Priestly [3] are concerned with
symmetry reductions of the non-linear third order partial differential
equation given by u,—eu, + (k-u)u, ~puyu, =0, where €, k, and
are arbitrary constants. Symmetry classification and conservation laws
for higher order Camassa-Holm equation are calculated in framework
of Nadjafikhah and Shirvani-Sh [4].

E=u—u, + u f— auu , —buuA3 =0,

—uu
el

The special cases of (1) are:

Camassa-Holm (CH) equation wu, —u, +(k+3u)u, =uu;+2uu, ,
k-arbitrary (real), describing the un1d1rect10nal propagation of shallow
water waves over a flat bottom (let f=k + 3u,a=2,b=11in(1).

Degas peris-Procesi (DP) equation v —u, +(k+4wu, =uu, +3uu,,
k-arbitrary (real), is another equation of this class (let f=k + 4u, a = 3,
b=1 in(1).

Fornberg Whitham (FW) equation v, —u, +(1+wu, =uu; +3uu, , is
another equation of this class (let f=1+u,a=3,b=11in (1)).

BBM equation u, —u, +u, +(uu,)=0, is another equation of this
class(letf=1+wu,a=0,b=0in (1)).

Preliminaries

In this section, we recall the procedure in literature of Ibragimov

[1]. Let us introduce the formal Lagrangian

[u—

L=E, (2)

where v = v(t, x) is a new dependent variable.

We define the adjoint equation by E" = =9 _ 0 Here

s_0o 8 2 o %
—=—-D,—+D.D, i,j,k=1,2,
Su ou oy 6u,j au

is the variational derivative and D, is the operator of total diferentiation.

An equation E = 0 is said to be self-adjoint [5] if the equation
obtained from the adjoint equation by substitution v = u is identical
with the original equation.

An equation E = 0 is said to be quasi- self—adjoint [5] if there
exists a function v=g(u), ¢ (u)#0 such that E|_ oy~ AE  with
an undetermined coefficient A. Eq.(1) is said to have a nonlocal
conservation law if there exits a vector C = (C', C?) satisfying the
equation

(©)

on any solution of the system of differential equations comprising (E)
and the adjoint equation (E’). We say that orginal equation has a local
conservation law if (3) is satisfied on any solution of Eq.(1). In studies
of Ibragimov [1], the conserved vector associated with the Lie point
symmetry v=_¢'(z,t,u)0, +&(,t,u)d, + §(x,t,u)d, is obtained by the
following formula :

D,(CHY+D.(CH=0,

§L+W[——D( )+DD(

i/k

oL oL oL
+D (W)[— - D,(—)]+D.D,(W)——, (4)
05— DG N+ DD 0N 7o

where i, j, k=1,2and W =¢-¢&'u, . (Here 0 _means aﬁ ).
X

We recall the general procedure for determining symmetries for an
arbitrary system of partial differential equations [6]. Let us consider the
general system of a nonlinear system of partial differential equations of
order n, containing p independent and g dependent variables is given
as follows

A, (z,u™) =0, &)

vl
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involving z=(z',---,2"), u=(u',--,u’) and the derivatives of u
with respect to x up to n, where u ™ represents all the derivatives
of u of all orders from 0 to n. We consider a one-parameter Lie

group of transformations acting on the variables of system (5):
T =a+el(z,u)+0E), u=u+ed (z,u)+0(E’), where i=1,,
p»j =1, q. &' ¢/ are the infinitesimal of the transformations for

the independent and dependent variables, respectively, and € is the
transformation parameter. We consider the general vector field
v as the infinitesimal generator associated with the above group
U:Zﬁ,cf’(l’,u)ﬁxf +27,1¢J (#,u)0 ;. A symmetry of a differential
equation is a transformation, which maps solutions of the equation to
other solutions. The invariance of the system (5) under the infinitesimal
transformation leads to the invariance conditions. (Theorem 2.36 of
studies of Olver [6], Theorem 6.5 of literature of Olver [7]).

v=1,-,r, (6)

where v" is called the n™ order prolongation of the infinitesimal
generator given by v :v+2izlzk¢kj(z,u("))6ui , where k = (i, ), 1
<i <p,1<a<n, and the sum is over all k’s of order 0 < #k < n. If #k
= a, the coeficent ¢/ of ‘%{ , will depend only on «’th and lower order
derivatives of u and ¢/ (x,u")=D,(¢,— " (Eu/)+Y." Eu],, where

u‘/ = ou’ | ox' and u[, = 614[ /ox' .

v'[A, (z,u")]=0, A (z,u")=0,

Adjoint Equation and Classical Symmetry Method
Formal Lagrangian for Eq. (1) is
L=vE =0y —u, +u.f-auu,—buu,]. (7)
Therefore, the adjoint equation E" to Eq. (1) is
S+, +au 0, +auw,, =3bu v, +3buv, +buv,, +v,,. (8)
Upon setting v = u it becomes
U = U, — u, f —2auxuYZ + 6buxux2 + buux3.
Hence, Eq. (1) is self-adjoint if and only if it has the form
a=2b. )
Consider again Eq. (1), and substitute
v=pu), v =gu,
v, =,

v, = 40'qu +o'u,
v, = (p'u'YB + Sqfuruxz +o'ul,
Vig = (p'u'YZZ + (p”u,u“2 +o ulu + 20 v u,,
in the adjoint equation (8), then
- fou, —pu - 2ago'uxuxz —ap'u} +6bp'u, u,
+3bp u + bgo'uux3 + 3b¢>”uu‘ux2 +bp" uu
+¢7'ux2’ + ¢"u\2ul +o wlu, +20 v,
=Au, — U, +u, f- auu , = bqu3 ).
Hence, Eq. (1) is quasi self-adjoint if and only if it has the form
a=2b,v=-Au+e (10

In this section, we will perfom Lie group method for Eq. (1) on
(' =2 2 =t u = uw), @&Lo)=(otu+e(E@tu),r(z,tu),d,tu)+0E),

where ¢ < 1 the group parameter and &'=¢, =7 and ¢'=¢ are
the infinitesimals of the transformations for the independent and
dependent variables respectively. The associated vector fields is of the
form v=_(x,t,u)0, +7(z,t,u)0, +#(z,t,u)0, and the third porolongation
of v is the vector field

vV =v+g o, +¢' 0, + ¢*2 0, , +¢" Ouy, +-+¢" ou

[

with coefficent

¢ = D=2 )+ 2 S w, 1m

where D, is the total derivative with respect to independent variables.
The invariance condition (6) for Eq. (1) is given by,

vVl —u, +uf-auu, —auu =0, (12)
whenever E = 0. The condition (12) is equvalent to

¢ —bu g+ (f—au )¢’ —aug” —bug” —¢ =0, (13)

whenever E = 0. Substituting (11) into (13), yields the determining
equations. There are three cases to consider:

a and b # 0 are arbitrary constants

In this case, complete set of determining equation is:

£, =0, (14)
7,=0, (15)
7, =0, (16)
4.0, (17)
ap , +ad, +ar,—3as, =0, (18)
£, 24, -0, (19)
3bug, +ag, —3bS yu+25, +4,=0, (20)
2%, -4, =0, (1)
&~bp.— ¢, ~bur, +3bug, =0, (22)
aé ;u—2ag, =0, (23)
So tbus s +of,+4 [+ S +rf=ap,+& +28,, +3bug ,, (24)
~bug, ++4f 4, =O. (25)

With substituting (14) - (17) into (18) - (23) we have

d=c, +%a’(t), r=—ct+e, E=a(l). (26)
With substituting (26) into (24) - (25) we have

f=-1+K(u+1), (27)

where ¢, ¢, and K are arbitrary constants. With substituting (27) into
determining system, we have

_=abu+l)

¢ PR

where c,i=123are arbitrary constants.

T=ct+c,, &=-ct+c,,

Theorem 3.1.1. Infinitesimal generators of every one parameter Lie
group of point symmetries in this case are:

_Ma“’
b

v, =—t0, +10, v,=0,, v;,=0.

We want to construct the conservation law associated with the
symmetry

o =—to,+t0, - LD
: b
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We have £=0 (35)
W=—u— % —tu, +tu,. (28) 7, =0, (36)
The right-hand side of (4) is written r =0 (37)
C'=Ww-D? DW)(Dv)—D:(W)w,
(v=D; () + (D)D) =D (W)v 3¢, = ap , +az, —a (38)
C* =Wluf - avu , + D, (avu,) - D’ (buv)—2D,D, (v)] (29) 4 +ag, =0, (39)
+D, (W)[-avu, + D, (buv) + D, (v)]+ D,(W)[D, (v)] 24 +E,=0 (40)
-2D,D,(W)[v]- D} (W)[buv]. 2 —¢ =0 (41)
x JIXZ ’
We eliminate the term & 'L since the Lagrangian L is equal to zero
on solution of Eq.(1). Substituting in (29), the expression (7) for L and as, —2a4, =0, (42)
(28) for W, we obtain tf L+ b ,f =28, + [E +ad,, (43)
C'=—w- 1 v —tu,v +tu,v+uv,, + 1 v, +tu, —tu,v,,
b = : b+0=9,. (44)

—u,v, —tu,v, + tz/l,qu TULU+ tulev - tuABU, (30)
and

C* =—u(vf - bou , —buv,, —2v,,)

(0 (vof - bvux2 —buwv, —2v,))

—tu, (vf — bou , —buv,, —2v,)

+tu, (vf - bvuYz —buv,, —2v,)—u (buv, —bvu, +v,)

—(tu, )(buv, —bvu, +v,)+ (tu , )(buv, —bvu, +v,) = 2u,v,

*t“/z”x +uv, +tu,v, + bm}u{z + tb'uxuule - tbmm,x}
+4u\,v+2tuyzv—2ux2v—2uxztv. (31)

We can eliminate u, by using Eq.(1) and then substitute in (30) and
(31) the expression v = u, therefore arrive at the conserved vector with
the following components:

C'= 771(1}(21)71%11,"2 +buu 5 —u f+u, Jub
—t(2buxu‘2 + buu# —u f+ U, )uxzb —tu ub (32)
+tu,u b+ t7LX3ub - t“v\ZIUb +ub— 2uux2b +u’b+u— U, )
C* = —u(uf - 2buu,, —2u,,) — (" (uf - 2buu,, —2u,,))
—tQbu,u, +buu 5 —u,f+u, )uf - 2bun,, —2u,)
+tu, (uf —2buu,, —2u,)—u, (v,)—tu, (v,)
+H(tu , )u,) —2(2bu, U, + buul3 —u,f+ U, Yu,
U Uy Uy 1, + buqu2 + tbuzule - tbuzux_3 +4u u
+2tuxlzu - Zuux2 - 2uleu‘
Where f=-1+K(bu+1).
a is an arbitrary nonzero constant and b = 0.

In this case Eq.(1) is not self adjoint because a # 2b. Complete set
of determining equation is:

$u =0,
=0

(33)
(34)

Now, by considering Eq. (33) - (42) it is not to hard to find that the
components &, 7 and ¢ of infinitesimal generators become

dR®)  z d’F ()

(45)
dt o dt?

d=u +F(t), t=-F{)+c,, &=c.

To find complete solution of the above system, we consider Eq. (43)
and [ = dim Spam_{f , f,1}. Three general cases are possible:

3.2.i) [ =1, then f = constant;
3.2.ii) =2, thenfM =af+f;
3.3.ili) I =3, then af + Bf+y# 0, 2 0.

Case 3.2.i). With substituting f = constant in determining system
(33)-(44), we have ¢ = cpT=c,é=¢c, where ¢, i=1.23are arbitrary
constants.

Theorem 3.2.1. Infinitesimal generators of every one parameter Lie
group of point symmetries in this case are:

vy, =0, v,=0,, v,=0

x u

Case 3.2.ii). With integrating from f, = af + f8 with respect to u,
we obtain

f= =B e, (46)
a
where C is an integrating constant. With substituting (46) into Eq.
(43)-(44) and Eq. (45), we have
_ _a(Ca-e™p)
E=c, = ‘T.
Theorem 3.2.2. Infinitesimal generator of every one parameter Lie

group of point symmetries in this case is:
+M 5. (48)

t 2 u

a

Case 3.2.iii). The Eq. (43) leadsto 9 =0, 7=¢, & =c,.

T=—qt, ) (47)

v=0_—10

Theorem 3.2.3. Infinitesimal generators of every one parameter Lie
group of point symmetries in this case are:

v, =0, v,=0,.
b=0,a=0.
Complete set of determining equation is

& =0, (49)
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£ =0, (50) c*= =, v, + fu,v, +2cv, —tu,v, —tv,u, —tufu , + tof*u,
7,=0, (51) +20u,, +2tu v —cvf +2tv,u,, —2tfu,v,. (69)
7,=0, (52) Now, we substitute in (68) and (??) the expression v = u, therefore
4 =0 (53) arrive at the conserved vector with the following components:
4 =0, (54) C'=-cu+ cu, + tufu, + tu s, — tfuxz u, —tu,u,, (70)
$,=2&, (55) C*=—cuf —u 2+ Sul +2cu, —tu u, —tu, + 2tuu,,
20, =S ,s (56) =2 ftuu,, —tufu ot tuf*u_+2uu, +2tu s (71)
h+f6 =9, (57) where f=L¢"".
fr,+fE +¢f =0. (58) Case 3.3.ii). By considering Eq. (49) — (54), we find that the

To find a complete solution of the above system we consider Eq.
(58) and with assumption f/ f, # 0 we rewrite:

! (59)
Two general cases are possible:
330 L=, 3.3.if) fi = h(u),

where ¢ is constant.

Case 3.3.i).

With integrating from f/ f, # ¢ with respect to u, we have

=L, (60)
where L is an integrating constant. Then the Eq. (58) reduce to
p=—c(z, +&). (61)
With substituting Eq. (61) into determining equation, we have
E=¢, ¢=—cc,, (62)

where c,i=123are arbitrary constants.

T=ct+c,

Theorem 3.3.1. Infinitesimal generators of every one parameter Lie
group of point symmetries in this case are:

v, =t0,—c0,, v,=0,, v,=0.

x

We want to construct the conservation law associated with the
symmetry

v, =10, —cd,.
We have

W =—c—tu,. (63)
The right-hand side of (4) is written

C' =W (w=v,)+(D,W)[v,]-D;(W)[v], (64)
C* =W[vf =2v,1+ D,0)[v,]1+ D,(W)[v,]1-2D.D,(W)[v]. (65)

Substituting in (64) and (65), the expression (7) for L and (63) for
W, we obtain

C'=—cv+cv, —tvu, +tv,u, —tv,u, +tou,,, (66)
C* = —cvf —u, +2cv,, —tu,v,

—tv,u, —tofu, +2vu, +2tu_,v+2tu,. (67)
We can eliminate u, by using Eq. (1) and obtain

C' = e ven, +tfu, + o, ~tfo,, 1o, (@)

components &, 7and ¢ are & = &(x), 7= 7 (t) and ¢ = A(z)u+ B(z,t). By
considering Eq. (55) and (56) we have

E=cexp2z+c,exp—2z+c;,

A(z) = exp2z —c, exp—2z +c,.

By considering Eq. (57) we have

7= ft*(2¢, exp 2z + 2¢, exp—2z) + cit + ¢,
where c, i = 1..6 are arbitrary constants.
From the following identity:

A(z)u+ B(z,t)= _Tf(rl +&0),

we find that ¢ = ¢, = 0 and ¢=—(f/f,)c;. Hence we have two
particular cases:

L=Ku, i#Ku=g(u),

I, Iy

where K is an arbitrary nonzero constant. For the first case, we have
¢=gq,
and for the second case, we have
$=0.

Theorem 3.2. Infinitesimal generators of every one parameter Lie
group of point symmetries in this case, when [/, = Ku are

T=cit+c, ¢=-Kuc,

E=c;, T=c,

v,=0, v,=0,, v,=t0,—ud,,

X

and when f/f, # Ku=g(u) are

vy, =0,

x

v, =0,
where K is an arbitrary nonzero constant.

To construct the conservation law associated with the symmetry
v=10,-ud,, we find that W=-u-tu, . Therefore, we have the
conserved vector with the following components:

C'=—v’ +uu,, —tuu,

wat

+tfuu, +tu

zz Uaat

—tfulum —U,— tu,u, +uu,, +tuu,,,

C* = —u>f —tufu,, +tufu, +2uu, +2tu_u,, —2 ftu u,

wat

—u,u, —tu,u, +4u v+ 2tu, u—2u, 0, + 2fuf -2uu,,

xxt
where f/f, # Ku=g(u).
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